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ABSTRACT

Unmanned aerial vehicles (UAV) are potential candidates for mobile aerial base
stations (BS’s) which can aid in the deployment of reliable millimetre wave com-
munication systems. Moreover they can support long transmission distances and
extensive coverage range. In this letter, we derive simple approximations for evalu-
ating the outage probability (OP) of the ground users of a system with an UAV BS
equipped with a uniform planar array (UPA) of antennas. We use the method of
moment matching to derive approximate expressions for the cumulative distribution
function (CDF) of the received signal to interference plus noise ratio (SINR). Using
this CDF, we derive the OP, and analyze the different terms in OP with respect to
variations in certain system parameters. Furthermore, we present simulation results
to corroborate the utility of the results proposed.
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Chapter 1

Introduction

1.1 Introduction to UAV-aided mmWave network

One promising approach to augment the performance of cellular communication is
by introducing air-based platforms such as an UAV’s or a high-altitude platforms
(HAP) for deploying base stations or relays. There have been extensive surveys on
the design, channel modeling, and security of UAV based cellular communication.
One of the major challenges of using UAV’s is to have realistic air to ground (AG)
propagation model and the design of large and small scale fading models for different
environments and scenarios [1]. New regulations are being developed to manage the
commercial use of UAV’s in cellular communication to overcome security concerns,
interference issues [2] and other challenge’s. The performance of UAV-aided cellular
networks mostly depend on the altitude of the UAV and this unique ability can be
used to serve efficiently in different environments [3].

The authors of [4] study the prospects of deploying UAV’s as flying base stations
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1.1. INTRODUCTION TO UAV-AIDED MMWAVE NETWORK

to provide wireless communication to a given area, to enhance coverage and study
the trade-off between coverage and delay in UAV aided systems. To optimize the
network for multiple destinations, the authors of [5] proposes an algorithm to find
the optimum altitude of the UAV for maximum coverage region by guaranteeing a
minimum outage performance. The authors of [6] analyses the downlink coverage
of UAV aided systems to reveal several use-full trends in coverage probability as a
function of the UAV height. To obtain the optimum system parameters in terms
of the drones antenna beamwidth, density and altitude, the authors of [7] proposes
an algorithm for coverage maximization. The authors of [8] discusses the coverage
probability analysis for the low altitude UAV network in urban environments. A
critical cornerstone of the next-generation communication systems is the potential
exploitation of the unused spectrum of mmwave carrier frequencies for information
transmission. In this direction, the authors of [9–14] have investigated the challenges
of mmwave based A2G and air-to-air (A2A) communications. The applicability of
the two-ray propagation model in different scenarios employing UAVs was explored
in [9]. The pros and cons of UAV-BS in complementing the mmwave back-haul was
demonstrated in [10]. The concept of mmwave A2A networks was first explored by
Cuvelier and Heath [12], while mmwave based HAP’s in terrestrial transmissions
were studied in [13, 14]. The UAV is mounted with planner arrays to improve
the performance of beam-forming and their use as adaptive multi-beam antennas
is discussed in [15]. Experiments have shown that beam-forming can improve the
performance in different applications like CDMA wireless communication systems.
The authors of [16] used a null steering beam-forming algorithm to suppress co-
channel interference. In the mmwave communication systems, beam-forming is also
used to improve the spectral efficiency without improving the complexity when the
beam pointing is unstable,this was demonstrated in [17, 18]. Similar to the system
model discussed in [15], the use of a UPA mounted on a UAV to improve the beam
gain in mmwave beamforming is discussed in [19]. To achieve flexible beam coverage
for any type of target area in mmwave UAV communications, the authors of [20]
used 3D-beam forming. Reinforcement learning approach is proposed by authors
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1.1. INTRODUCTION TO UAV-AIDED MMWAVE NETWORK

of [21] to improve the maximal coverage while taking into account the human body
blockage effects.

The rest of the paper is structured as follows. In Section II, the proposed system
model is discussed in detail. In Section III, approximate expressions are derived for
the CDF of SINR LoS, NLoS using moment-matching approximation. We derive the
OP, and analyze the different terms in OP with respect to the variations in specific
system parameters in Section IV. In Section V, our simulation results are presented,
and in Section VI, conclusion and some future works are provided.
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Chapter 2

System Model

In this chapter, we discuss the system model for the analysis of the UAV aided
communication system studied in this thesis.

2.1 Geometric Structure

Consider a UAV equipped with a UPA of dimensions M ×M positioned at the
origin of the coordinate system. Let zu be the height of UAV from the ground [20].
Assume the x-axis is parallel to an edge of the UPA, z-axis is perpendicular to the
ground. The N single antenna users are at (xi, yi,−zu) i = 1, ..., N . Let (θzi , θai )
represent the zenith and azimuth angle pair for the ith user, which are:

θzi = tan−1


√
x2
i + y2

i

−zu

 , i = 1, ..., N (2.1.1)
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2.1. GEOMETRIC STRUCTURE

Notation Environment a0 b0 ηL(dB) ηNL(dB)
En1 Urban 9.61 0.16 1.0 20
En2 Dense Urban 12.08 0.11 1.6 23
En3 High-rise Urban 27.23 0.08 2.3 34

Table 2.1: Environment parameters

and

θai = tan−1
(
yi
xi

)
, i = 1, ..., N. (2.1.2)

For i = 1, .., N , let ei be the M2 × 1 vector representation of the ith user’s
steering vector with respect to each of the components of the planar array. The
three-dimensional Cartesian co-ordinates of the (m,n)th component of the pla-
nar array are represented by (xm, yn, 0), where xm =

[
−M−1

2 + (m− 1)
]
λ
2 and

yn =
[
−M−1

2 + (n− 1)
]
λ
2 , for m = 1, ...,M and n = 1, ...,M . Note that the inter-

elemental spacing is λ/2, where λ is the wavelength of the carrier. Thus the entry
of ei, which corresponds to the position of the user with respect to the (m,n)th
element of the planar array, is given by exp

[
j 2π
λ

(xmψxi + ynψ
y
i )
]
, where we have

ψxi = sin θzi cos θai , (2.1.3)

and

ψyi = sin θzi sin θai , (2.1.4)

while θzi and θai are defined in (2.1.1) and (2.1.2), respectively, which are functions
of the user location.
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2.2. PATHLOSS AND PATHLOSS EXPONENTS

2.2 Pathloss and Pathloss exponents

At the users, two different instantaneous SINR is possible depending on the
probability of Los [22], which is in turn dependent on the zenith angle and the type
of channel setting (urban, dense urban, high-rise).

PLos (θzi ) = 1
1 + a0 exp

(
−b0

[
(π2 − θzi − a0

]) , i = 1, ..., N (2.2.1)

Similarly, probability of a non-line-of-sight path is given in (2.2.2)

PNLos (θzi ) = 1− PLoS (θzi ) , i = 1, ..., N (2.2.2)

The relationship between the path-loss exponent and zenith angle is given in (2.2.3)

αi = a1PLoS (θzi ) + b1, (2.2.3)

Where, a1 = α(π/2) − α0 and b1 = α0, take α(π/2) = 2 and α0 = 4. The path loss of
the Los and Nlos channel links are given by (2.2.4) and (2.2.5) respectively.

βLi = ηL
(
z2
u + r2

i

)αi
2 , (2.2.4)

βNLi = ηNL
(
z2
u + r2

i

)αi
2 , (2.2.5)

Where, zu is the height of the UAV from ground and for the i-th user ri =
√
x2
i + y2

i

and the Rician factor (Ki) is given in (2.2.6).

Ki = a2e
b2(π2−θ

z
i ), (2.2.6)

Where, a2 = K0, b2 = 2
π

log
(
Kπ
2K0

)
. Let’s take K0 = 2 dB and K(π2 ) = 5 dB. For the

Los path, K is the Rician factor, and K = 0 for the Nlos path. The Rician fading
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2.3. SINR

channel the UAV and the i-th user is represented by:

hi,Ric =
√

Ki

1 +Ki

ei +
√

1
1 +Ki

hi, (2.2.7)

Where, Ki is the Rician factor, hi is the Nlos component, and ei is the steering
vector.

2.3 SINR

The symbol received by the i-th user if Los is

yi =
√
Pt
βLi

hHi,Riceixi +
√
Pt
βLi

N∑
j=1,j 6=i

hHi,Ricejxj + n, (2.3.1)

and if Nlos is
yi =

√
Pt
βNLi

hHi eixi +
√

Pt
βNLi

N∑
j=1,j 6=i

hHi ejxj + n, (2.3.2)

Where, n represents the complex Gaussian noise having the power of σ2 = kTBNF ,
with k = 1.374× 10−23 being Boltzmann’s constant, T the temperature in Kelvins,
B the bandwidth, and NF the noise figure of the receiver. Thus, the SINR of the
i-th user, for the Los and Nlos path are given by (2.3.3) and (2.3.4) respectively.

γiL =

∣∣∣hH
i,Ricei

∣∣∣2∑N
j 6=i

∣∣∣hH
i,Ricej

∣∣∣2 + βLi
Pt
σ2
, (2.3.3)

and

γiNL =

∣∣∣hH
i ei

∣∣∣2∑N
j 6=i

∣∣∣hH
i ej

∣∣∣2 + βNLi
Pt
σ2
. (2.3.4)
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2.3. SINR

Where, Pt is the transmit power, σ2 represents the noise power, ei and ej are the
steering vectors for i-th and j-th users respectively.
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Chapter 3

Derivation of the CDF of SINR

In this chapter, we derive approximate expressions for the distributions of γiL and
γiNL.

3.1 SINR LOS

Lemma 3.1.1. The distribution of γiL can be approximated as

FγiL(x) =
B

 x
x+

θL,i,1
θL,i,2

, kL,i,1, kL,i,2


B [kL,i,1, kL,i,2] ; x > 0, (3.1.1)

Where, θL,i,1, kL,i,1, θL,i,2 and kL,i,2 can be evaluated using (3.1.7) and (3.1.9). Here,

B[., ., .] is the incomplete beta function evaluated as B(z, a, b) =
∫ z

0 t
a−1(1 − t)b−1dt

9



3.1. SINR LOS

and B(a, b) is the beta function [23] evaluated as B(a, b) =
∫ 1

0 t
a−1(1− t)b−1dt.

Proof. Here, we begin by deriving the first and second moments of the numerator

and the denominator of γiL. Let, the numerator term be represented as XL =∣∣∣hH
i,Ricei

∣∣∣2 and the denominator term as YL = ∑N
j 6=i

∣∣∣hH
i,Ricej

∣∣∣2 + βLi
Pt
σ2. Then, we have

XL =
∣∣∣∣∣M

2∑
k=1

hk∗
i,Rice

k
i

∣∣∣∣∣
2

where hk∗
i,Rice

k
i ∼ CN

(√
Ki

1+Ki ,
1

1+Ki

)
. Let ALk := Re

(
hk∗
i,Rice

k
i

)
and BL

k := Im
(
hk∗
i,Rice

k
i

)
. Thus, we have XL =

(
M2∑
k=1

ALk

)2

+
(
M2∑
k=1

BL
k

)2

, where

ALk ∼ N
(√

Ki
1+Ki ,

1
2(1+Ki)

)
and BL

k ∼ N
(
0, 1

2(1+Ki)

)
. Thus, using the properties of

normal distribution and proof of (6.1), we have

E(XL) = M4Ki

1 +Ki

+ M2

1 +Ki

. (3.1.2)

Similarly, we have,

Var(XL) = M4

(1 +Ki)2

(
1 + 2KiM

2
)
. (3.1.3)

Next, to evaluate the moments of YL, we note that hk∗
i,Rice

k
j ∼ CN

(√
Ki

1+Kie
k∗
i ekj ,

1
1+Ki

)
.

Let, CL
kj := Re

(
hk∗
i,Rice

k
j

)
and DL

kj := Im
(
hk∗
i,Rice

k
j

)
. Then, we have

∣∣∣hH
i,Ricej

∣∣∣2 =(
M2∑
k=1

CL
kj

)2

+
(
M2∑
k=1

DL
kj

)2

, where CL
kj ∼ N

(
Re (µijk) , 1

2(1+Ki)

)
andDL

kj ∼ N
(
Im (µijk) , 1

2(1+Ki)

)
.

Here, µijk :=
√

Ki
1+Kie

k∗
i ekj . Again, using the properties of the normal distribution

and proof of (6.1), we have E
(∣∣∣hH

i,Ricej
∣∣∣2) =

(
M2∑
k=1

Re (µijk)
)2

+
(
M2∑
k=1

Im (µijk)
)2

+

Department of Electrical Engineering, IIT Madras 10



3.1. SINR LOS

M2

1+Ki . Thus, we have

E(YL) =


N∑

j=1,j 6=i

M2∑
k=1

Re (µijk)
2

+
M2∑
k=1

Im (µijk)
2
+ (N − 1)M2

1 +Ki

+ βLi σ
2

Pt
.

(3.1.4)

= Ki

1 +Ki


N∑

j=1,j 6=i

M2∑
k=1

Re (µ̃ijk)
2

+
M2∑
k=1

Im (µ̃ijk)
2
+ (N − 1)M2

1 +Ki

+ βLi σ
2

Pt
,

(3.1.5)

Where, µ̃ijk = ek∗i ekj . Similarly, neglecting the correlation of the terms in YL, we

have

Var(YL) = M4(N − 1)
(1 +Ki)2 + 2M2Ki

(1 +Ki)2


N∑

j=1,j 6=i

M2∑
k=1

Re (µ̃ijk)
2

+
M2∑
k=1

Im (µ̃ijk)
2
 .

(3.1.6)

Next, we approximate both the numerator and the denominator as a gamma RV

using the method of moment matching [24]. Thus, XL will be approximated as a

gamma RV with scale parameter and shape parameter given by

θL,i,1 = Var[XL]
E[XL] = M2 + 2KiM

4

(1 +Ki)(1 +KiM2) and kL,i,1 = E[XL]
θL,i,1

= (1 +KiM
2)2

1 + 2KiM
.

(3.1.7)
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3.2. SINR NLOS

θL,i,2 = Var[YL]
E[YL] = 2g(ei, ej)KiM

2 +M4(N − 1)
(1 +Ki) (γ̄L +Ki(γ̄L + g(ei, ej))) +M2(N − 1) and (3.1.8)

kL,i,2 = E[YL]
θL,i,2

=

((
γ̄L +Ki(γ̄L + g(ei, ej)

)
+M2(N − 1)

)2

2g(ei, ej)KiM2 +M4(N − 1) . (3.1.9)

Where, γ̄L = βLi σ
2

Pt
and g(ei, ej) =

N∑
j=1,j 6=i

(
M2∑
k=1

Re (µ̃ijk)
)2

+
(
M2∑
k=1

Im (µ̃ijk)
)2

.

Thus, we have γiL ∼ β′
(
kL,i,1, kL,i,2, 1, θL,i,1θL,i,2

)
and the corresponding CDF is given in

(3.1.1).

3.2 SINR NLOS

Lemma 3.2.1. The distribution of γiNL can be approximated as

FγiNL(x) = 1−
1− x

x+ θNL,i,1
θNL,i,2

kNL,i,2 x > 0, (3.2.1)

where, θNL,i,1, kNL,i,1, θNL,i,2 and kNL,i,2 can be evaluated using (3.2.2) and (3.2.3).

Proof. Note that this is a special case of the scenario considered in Lemma 3.1.1 for

the case of Ki = 0n ∀ i. Thus, following similar steps we can determine the first

and second moments of the numerator and denominator of γiNL represented as XNL

and YNL respectively. Again, we can use moment matching to approximate XNL as

Department of Electrical Engineering, IIT Madras 12



3.2. SINR NLOS

a gamma RV with scale parameter and shape parameter given by

θNL,i,1 = Var[XNL]
E[XNL] = ϑ4

i

ϑ2
i

= M2 and kNL,i,1 = E[XNL]
θNL,i,1

= ϑ2
i

ϑ2
i

= 1. (3.2.2)

Similarly, the denominator YNL can also be approximated as a Gamma RV with

scale parameter and shape parameter given by

θNL,i,2 =
∑N
j 6=i ϑ

4
j∑N

j 6=i ϑ
2
j + βNLi σ2

Pt

= (N − 1)M4

(N − 1)M2 + βNLi σ2

Pt

and kNL,i,2 =
(N − 1)M2 + βNLi σ2

Pt

θNL,i,2
.

(3.2.3)

Thus, we have γiNL ∼ β′
(
kNL,i,1, kNL,i,2, 1, θNL,i,1θNL,i,2

)
(where, ϑ2

i =
M2∑
j=1
|eji |2 = M2.) and

the corresponding CDF is given in (3.2.1).

Finally, approximate expressions for the distributions of the CDF of SINR LoS
(γiL) and the CDF of SINR NLoS (γiNL) for i-th user are derived.
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Chapter 4

Outage probability Analysis

In this chapter, we derive an expression for i-th user’s Outage probability. Then,
we analyze specific terms in the OP for NLoS and LoS case by varying particular
system parameters.

4.1 Outage Probability expression

The outage probability of the i-th user for a threshold γth is defined as

OPi =
(
PLos(θzi )× P

(
γiL ≤ γth

))
+
(
PNLos(θzi )× P

(
γiNL ≤ γth

))
. (4.1.1)

Next, we see how we can analyse the different term in OPi with respect to the vari-
ations in certain system parameters

14



4.2. ANALYSIS OF OP

4.2 Analysis of OP

NLOS:
Variations with respect to N : Note that we can make the following observations
from the expressions of θNL,i,2 and kNL,i,2.

∂θNL,i,2
∂N

=
M4 βNLi σ2

Pt(
M2(N − 1) + βNLi σ2

Pt

)2 > 0, ∀M,βNLi , σ2, Pt. (4.2.1)

∂kNL,i,2
∂N

= 1−
βNLi σ2

Pt

M4(N − 1)2 > 0, ∀M,βNLi , σ2, Pt. (4.2.2)

Using (3.2.1), the value of OPi for the Nlos scenario can be evaluated as 1 − (1 −
yi)kNL,i,2 , where yi = x

x+
θNL,i,1
θNL,i,2

. From the observations in (4.2.1) and (4.2.2), we can

conclude that both θNL,i,2 and kNL,i,2 increases with an increase in the number of
interferers N . This in turn would mean (1 − yi) decreases and hence the outage
increases.
Variations with respect to M : In this case we have,

∂θNL,i,1
∂M

= M > 0, ∀N, βNLi , σ2, Pt. (4.2.3)

∂θNL,i,2
∂M

=
2(N − 1)

(
M5(N − 1) + 2M3 βNLi σ2

Pt

)
(
M2(N − 1) + βNLi σ2

Pt

)2 > 0, ∀N, βNLi , σ2, Pt. (4.2.4)

∂kNL,i,2
∂M

=
−4β

NL
i σ2

Pt

(
M2(N − 1) + βNLi σ2

Pt

)
M5(N − 1) < 0, ∀M,βNLi , σ2, Pt. (4.2.5)
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4.2. ANALYSIS OF OP

Thus, from (4.2.3), (4.2.4) and (4.2.5), we can conclude that as M increases, yi
increases and kNL,i,2 decreases, which in turn would mean that the outage decreases.
LOS:
Note that the expression for the OP in the Los scenario is more complicated and
hence we cannot easily arrive at general conclusions as in the case of Nlos links.
Note that P (γiL ≤ γth) can also be evaluated as P

(
X̃L
ỸL
≤ γthθL,i,2

θL,i,1

)
where X̃L ∼

Gamma (kL,i,1, 1) and ỸL ∼ Gamma (kL,i,2, 1). Now, from the results in [25], we
know that increasing the values of kL,i,2 by keeping the values of kL,i,1 and γthθL,i,2

θL,i,1

constant would increase the outage probability. Similarly, a decrease in the value
of kL,i,1 by keeping the values of kL,i,2 and γthθL,i,2

θL,i,1
constant would also increase

the outage probability. Using (3.1.7)-(3.1.9), we can evaluate the changes in the
parameters of the CDF of γiL and this in turn can be used to study the corresponding
variations in the outage probability.
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Chapter 5

Simulation Results

5.1 Simulation Setting

In this section, demonstrated the simulations to verify the results derived in the last
section, and different environment parameters from Table 2.1 and Table 5.1 sum-
marises the simulation parameters used throughout this section unless mentioned
otherwise.

5.2 Simulation Results

Figure 5.1 and Fig 5.2 compare the simulated and theoretical CDF of SINR in the
Los and Nlos scenarios respectively. We can observe that the simulated and the
theoretical values of CDF are in good agreement for both the scenarios.

Next, in Fig 5.3 and Fig 5.4, we demonstrate the variations in the outage prob-
ability with respect to the variations in M and N . As expected, we can see that
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5.3. CONCLUSIONS AND FUTURE WORK

Parameter Value
Dimensions of the planar array M 8

UAV height zu 50
UAV position (xu, yu,−zu) (0,0,0)
User’s position (xi, yi,−zi) (xi, yi,−50)

Number of users N 2
Simulation area Square of side L

L 30
λ 0.0128

Transmit SNR Pt
σ2 1 dB

Table 5.1: Simulation Parameters
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Figure 5.1: Simulated and theo-
retical values of the CDF of γL,i
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Figure 5.2: Simulated and theo-
retical values of the CDF of γNL,i

the outage probability decreases with an increase in the antenna array dimension
and with a decrease in the number of users (which in turn reduces the number of
interferers for a particular user).

5.3 Conclusions and Future Work

This proposed approach tells us that the outage probability depends on the number
of users and antenna array dimension and it is demonstrated by varying the M and
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Figure 5.3: Simulated and theo-
retical values of the CDF of γL,i
for different values of M and N
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Figure 5.4: Simulated and theo-
retical values of the CDF of γNL,i
for different values of M and N

N for the Nlos case. For the Los case, evaluated by changing the parameters of the
CDF of SINR. The UAV-aided mmWave communication is a promising candidate
for the upcoming generation 5G and future mobile communication system due to its
high mobility, flexibility, and sufficient bandwidth. . This work only considered that
UAV is positioned at a stationary point, and in the future, it would be interesting
if we do this work for Moving UAVs. Similarly, it would be more challenging and
exciting to analyze UAVs when working as an emergency Base station at disaster
areas, Vehicular networks, etc.
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Chapter 6

Appendix

6.1 Proof of eHi ej
The steering vectors ei and ej are given as

ei =
[
1, ...., ejπsinθzi [(m−1)cosθai +(n−1)sinθai ], ..., ejπsinθzi [(M−1)cosθai +(M−1)sinθai ]

]T

ej =
[
1, ...., ejπsinθzj [(m−1)cosθaj+(n−1)sinθaj ], ..., ejπsinθzj [(M−1)cosθaj+(M−1)sinθaj ]

]T

eHi .ej =
[
1, ...., e−jπsinθzi [(m−1)cosθai +(n−1)sinθai ], ..., e−jπsinθzi [(M−1)cosθai +(M−1)sinθai ]

]
.

[
1, ...., ejπsinθzj [(m−1)cosθaj+(n−1)sinθaj ], ..., ejπsinθzj [(M−1)cosθaj+(M−1)sinθaj ]

]T

=
M−1∑
m=1

M−1∑
n=1

e−jπsinθ
z
i [(m−1)cosθai +(n−1)sinθai ]ejπsinθzj [(m−1)cosθaj+(n−1)sinθaj ]
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6.1. PROOF OF EH
I EJ

=
M−1∑
m=1

M−1∑
n=1

e−jπ(m−1)[sinθzi cosθai −sinθzj cosθaj ]e−jπ(n−1)[sinθzi sinθai −sinθzj sinθaj ]

Both summation’s are independent, so divide them into individual

=
M−1∑
m=1

e−jπ(m−1)[sinθzi cosθai −sinθzj cosθaj ]
M−1∑
n=1

e−jπ(n−1)[sinθzi sinθai −sinθzj sinθaj ]

Let’s take, G1 and G2 here

G1 = e−jπ[sinθzi cosθai −sinθzj cosθaj ], G2 = e−jπ[sinθzi sinθai −sinθzj sinθaj ]

Now, substitute these variables in original equation then we get

eHi .ej =
M−1∑
m=1

Gm−1
1

M−1∑
n=1

Gn−1
2 =

M−1∑
m=0

Gm
1

M−1∑
n=0

Gn
2

=
[

1−GM
1

1−G1

] [
1−GM

2
1−G2

]

=
1− e−jπM[sinθzi cosθai −sinθzj coθaj ]

1− e−jπ[sinθzi cosθai −sinθzj cosθaj ]

1− e−jπM[sinθzi sinθai −sinθzj sinθaj ]

1− e−jπ[sinθzi sinθai −sinθzj sinθaj ]


We can take common factors from both numerator and denominator

= e−jπM[sinθzi cosθai −sinθzj cosθaj ]/2

e−jπ[sinθzi cosθai −sinθzj cosθaj ]/2

ejπM[sinθzi cosθai −sinθzj cosθaj ]/2 − e−jπM[sinθzi cosθai −sinθzj cosθaj ]/2

ejπ[sinθzi cosθai −sinθzj cosθaj ]/2 − e−jπ[sinθzi cosθai −sinθzj cosθaj ]/2



e−jπM[sinθzi sinθai −sinθzj sinθaj ]/2

e−jπ[sinθzi sinθai −sinθzj sinθaj ]/2

ejπM[sinθzi sinθai −sinθzj sinθaj ]/2 − e−jπM[sinθzi sinθai −sinθzj sinθaj ]/2

ejπ[sinθzi sinθai −sinθzj sinθaj ]/2 − e−jπ[sinθzi sinθai −sinθzj sinθaj ]/2


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I EJ

Now, we can write them as Sin() function

= e−jπM[sinθzi cosθai −sinθzj cosθaj ]/2

e−jπ[sinθzi cosθai −sinθzj cosθaj ]/2

sin
(
Mπ

2

(
sinθzi cosθ

a
i − sinθzj cosθaj

))
sin

(
π
2

(
sinθzi cosθ

a
i − sinθzj cosθaj

))


e−jπM[sinθzi sinθai −sinθzj sinθaj ]/2

e−jπ[sinθzi sinθai −sinθzj sinθaj ]/2

sin
(
Nπ
2

(
sinθzi sinθ

a
i − sinθzj sinθaj

))
sin

(
π
2

(
sinθzi sinθ

a
i − sinθzj sinθaj

))


finally, lets take modulus on both sides and for i ! = j , we have |eHi .ej|

=

∣∣∣∣∣∣
sin

(
Mπ

2

(
sinθzi cosθ

a
i − sinθzj cosθaj

))
sin

(
π
2

(
sinθzi cosθ

a
i − sinθzj cosθaj

))
∣∣∣∣∣∣
∣∣∣∣∣∣
sin

(
Mπ

2

(
sinθzi sinθ

a
i − sinθzj sinθaj

))
sin

(
π
2

(
sinθzi sinθ

a
i − sinθzj sinθaj

))
∣∣∣∣∣∣

For i=j , we have |eHi .ei |

=

∣∣∣∣∣∣
sin

(
Mπ

2 (sinθzi cosθai − sinθzi cosθai )
)

sin
(
π
2 (sinθzi cosθai − sinθzi cosθai )

)
∣∣∣∣∣∣
∣∣∣∣∣∣
sin

(
Mπ

2 (sinθzi sinθai − sinθzi sinθai )
)

sin
(
π
2 (sinθzi sinθai − sinθzi sinθai )

)
∣∣∣∣∣∣

Using L-Hopitals rule,we get

=

(
Mπ

2 (sinθzi cosθai − sinθzi cosθai )
)

(
π
2 (sinθzi cosθai − sinθzi cosθai )

)
∣∣∣∣∣∣
cos

(
Mπ

2 (sinθzi cosθai − sinθzi cosθai )
)

cos
(
π
2 (sinθzi cosθai − sinθzi cosθai )

)
∣∣∣∣∣∣

(
Mπ

2 (sinθzi sinθai − sinθzi sinθai )
)

(
π
2 (sinθzi sinθai − sinθzi sinθai )

)
∣∣∣∣∣∣
cos

(
Mπ

2 (sinθzi sinθai − sinθzi sinθai )
)

cos
(
π
2

(
sinθzi sinθ

a
i − sinθzi sinθaj

))
∣∣∣∣∣∣

= M2
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