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ABSTRACT

KEYWORDS: Virtual full-duplex relaying; Successive Relaying; General Com-
pute and Forward (GCoF); Non-integer penalty; Cutset upper

bound

Motivated by the wireless backhaul application, multihop virtual full duplex relaying using
a successive relaying protocol based on compute-and-forward (CoF) was proposed recently
by Hong and Caire. The channel gain in each hop was assumed to be equal. In this work,
we consider multihop virtual full duplex relaying where the gain in the different hops can be
unequal. We use the recently proposed general compute-and-forward (GCoF) scheme along
with successive relaying. GCoF eliminates the non-integer penalty present in CoF or the CoF
with simple power allocation used earlier. We determine the achievable rate of virtual full
duplex relaying using GCoF for the multihop case and show that this rate is within a constant
gap (also independent of the number of hops) of the cutset upper bound under some mild

assumptions.
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CHAPTER 1

INTRODUCTION

In communication networks, relays are used to improve the network coverage and through-
put when the source and destination are far apart and cannot communicate with each other
efficiently. In a full duplex relay, the relay transmits and receives in the same time slot. The im-

plementation of a full duplex relay is difficult because of the huge amount of self-interference .

s @ @ @D

R

Figure 1.1: Two-hop relay network with full-duplex relay

In case of a half-duplex relay, the relay can either transmit or receive at a time. Since a half-
duplex relay can forward a message from source to destination over two time slots, it makes an

inefficient use of the radio channel resource.
hs
s@——@ @
R
(a) Time Slot 1
hp
s@ ® @
R

(b) Time Slot 2

Figure 1.2: Two-hop relay network with half-duplex relay

Hence, a full duplex relay is implemented by using 2 half-duplex relays. This is called
a virtual full duplex relay. At each time slot, one of the relays receives a new data from the
source while the other relay forwards the processed data to the destination. The role of relays

is swapped at each time interval. This relaying operation is known as successive relaying. The



main issue is the inter-relay interference, corresponding to the self interference in full-duplex

relays.

RQ RQ
(a) Even Time Slot (b) Odd Time Slot

Figure 1.3: Virtual full-duplex relay

The relay does some form of processing on the received data before transmitting to des-
tination. Depending on the processing that is done, we have different relaying schemes. The
capacity and the corresponding optimal relaying schemes of general relay channels are not
known. Among the various relaying schemes, compute-and-forward (CoF) relaying Nazer and
Gastpar (2011) is an important relaying scheme. CoF and the related physical layer network
coding strategies were initally studied extensively in the context of two-way relay channels

Wilson et al.|(2010); Nam et al.| (2010).

1.1 Previous work

R

R

Figure 1.4: 2 hop network

Consider the 2-hop relay network in Fig. [I.4] InHong and Caire| (2015)), they consider the

case when the channel coefficients hg and hp are equal to unity, and each node has the same

2
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Figure 1.5: K-hop network

average transmit power constraint. Some relevant results in Hong and Caire (2015) are that:
(1) successive relaying with dirty paper coding (DPC) achieves the cutset bound when SNR
> 1,

(2) CoF with a simple power allocation can achieve rates within a constant gap of the cutset
bound for a K-hop relay network with equal hop gains (Fig. [[.5|with hy = hy = ... = hx =
1), and

(3) the gap between CoF with power allocation and the cutset bound grows linearly in the num-
ber of hops. The cutset bound and gap results in this paper are valid only for the network with
equal hop gains. The equal hop gains are assumed to be achieved in the backhaul application

by appropriate placement of nodes and power adjustment.

1.2 Proposed Algorithm

In this work, we consider the more general K -hop network in Fig. @ We, therefore, do not
require each hop to have the same gain. (Note that this unequal gain network cannot be reduced
to a network with equal gains and equal power constraints at all nodes.) We do assume as in
Hong and Caire| (2015) that the distance between two relays in the same hop is much smaller
than the hop distance, so that the gain for the two relays in each hop is the same. The CoF
scheme used in |Hong and Caire (2015) is based on Theorem 1 in Nazer and Gastpar (2011J).
The rates are found using two methods: with Power Allocation (PA) and without Power Allo-
cation. In this work, we use the General Compute and Forward (GCoF) formula given in Zhu

and Gastpar (2017) for our protocol. We will denote our scheme as the GCoF scheme. We



obtain the following results:

(1) For the 2-hop network, we show that successive relaying with DPC is within 1 bit of the
cutset bound under all conditions,

(2) We derive an expression for the rate achieved using the GCoF scheme over a K'-hop net-
work,

(3) We show that the gap between GCoF and the cutset bound is finite as long as the first or
last hop is the bottleneck, i.e., min{h?, h2 h3, ..., h%,v*} = h? or h3, and hiSNR > 1, Vk.
Furthermore, this gap does not grow linearly with the number of hops as in Hong and Caire
(2015).

(4) Also, inZhu and Gastpar (2015) they consider a symmetric many-to-one Interference Chan-
nel (IC) and show the conditions under which each user can achieve capacity. In this work, we
extend this result to a non-symmetric many-to-one IC. The coding scheme used for this channel

1s based on the GCoF scheme.

1.3 Organisation of the thesis

Chapter 2] describes the system model that is used throughout the paper.

In chapter 3] the expression for the cut-set bound for a 2-hop network is found.

In chapter @] we discuss the Dirty Paper Coding and the rate that can be achieved by it. We
also find the gap between the cutset bound and the rate of DPC. We then state and prove the
conditions under which DPC achieves the cutset bound.

Chapter [5] discusses the Compute and Forward protocol. The GCoF rate is found for a 2-hop
and 3-hop network and then extended to a general K-hop network. We also derive an upper
bound on the cut-set bound for a K-hop network. The gap between the cut-set bound and the
rate achieved by GCoF is also studied for special cases.

The non-symmetric many-to-one IC results are given in Chapter [6]

The simulation results are given in Chapter [7]



CHAPTER 2

SYSTEM MODEL

D hg
Rg RQ
(a) State 1 (b) State 2
Rl Rl

h . hp
S @, 5@ D
E o
RQ R2

(c) State 3 (d) State 4

Figure 2.1: States of a 2-hop network

In successive relaying, only the state 1 and state 2 of the 4 states given in Fig. (i.e, Fig.
[2.1(a) and Fig. 2.1(b)) are taken by the 2-hop network. In even time slots, the network is in
state 1 and in odd time slots, it is in state 2. In the even time slots, the source sends a message
to relay 1 and the relay 2 sends to destination. Because of the inter-relay interference level -,
the relay 1 also receives what is sent by relay 2. The role of relays 1 and 2 is reversed in odd

time slots. The encoding and decoding is done over n channel uses of a discrete time Gaussian

For odd time slot ,
Y, [t = hsXg[t] + Xz, [t] + 2z, [1]

Y plt] = hoxg, [t] + zp|t]



For even time slot ,
Y, [t = hsXg[t] + vz, [t] + 2z, [1]

Y pltl = hoXg,[t] + zplt]

where v € R is the inter-relay interference level and hg € R and hp € R are the channel
gains from the source to relay and relay to destination respectively. Here x¢[t] € R™™ and
Xp,[t] € R™" are the signals transmitted by source and relay & . Also, y [t] € R™" and
y Rk[t] € R denote the received signals at destination and relay k respectively. Noise is
assumed to be i.i.d. Gaussian with zero mean and unit variance (denoted by A (0,1)). Power

constraint at each transmitter is denoted by SNR.



CHAPTER 3

CUTSET BOUND

Figure 3.1: C' = min{C} + C5,Cy + C5 + C4,Cy + C5,Cy + C5}

Cut-set bound serves as an upper bound for capacity. Suppose we want to find the maximum
information flow from S to D and each of the edges have capacities C; (see Fig. 3.1). The
maximum information flow across any cut-set cannot be greater than the sum of the capacities
across cut edges. Thus minimizing the maximum flow across cut sets yields an upper bound on
the capacity of the network. The cut-set bound for the 2-hop network is given by considering 4

cuts as follows. The rate corresponding to each state for a given cut is shown below.

Rl Rl
g @ .,
S @ s @ @0 5@ @,
/’ hs /’ ./HVD
RQ RQ
(a) State 1-C} (b) State 2-C'y (c) State 3-C5 (d) State 4-0

Figure 3.2: Cut 1



Rl Rl
S S . @D 5@ . @D
> ./ﬁvD
Ro Ro R
(a) State 1-C3 (b) State 2-0 (c) State 3-C (d) State 4-C4

Figure 3.3: Cut 2

R
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gl D
ha<
Ro
(a) State 1-0 (b) State 2-C'3 (c) State 3-C1 (d) State 4-C4
Figure 3.4: Cut 3
Rl Rl Rl Rl
hg . /// h/D hs /// .\Q/\D
S T @D S T @D S @D 5@ @D
\D hs N hgs , ./E\VD
RQ Rz RQ RZ
(a) State 1-C}y (b) State 2-CY4 (c) State 3-0 (d) State 4-C'5

Figure 3.5: Cut 4

Here, C; = C(h4SNR),
Oy = C(2h%SNR),
Cs = C<(h§ + h% +72)SNR + h%hZSNR? + %)
Cy = C(h3SNR),
Cs = C(4h%SNR)

The cut-set bound is obtained as follows.



Rcut—set = max mln{jla [27 137 14}
t1,t2,t3,t4
s.tt1+to+t3+ta=1
t1,t2,t3,t420

where

I, £ t,C(h%SNR) + t,C(h%ZSNR) + t;C(2h%SNR)

2
L= tQC((hg + k3 +v*)SNR + h3h%iSNR? + 2—2) +t3C(h%SNR) + t,C(h3,SNR)
D

2
I; 2 tlc((hg + h3, +v*)SNR + h}hiSNR? + ;—2) + t3C (h%SNR) + t,C(h3,SNR)

D
Iy 2 t,C(h3SNR) + t,C(h%SNR) + t,C/(4h% SNR)

Here, t1,t5,13,14 is the fraction of time the 2-hop network is in states 1,2,3 and 4. Also,
1y, I, I3, I, is the maximum information flow corresponding to the 4 possible cuts of a 2-hop
network.

C(SNR) = 0.5log,(1 + SNR)



CHAPTER 4

SUCCESSIVE RELAYING WITH DPC

Dirty Paper Coding (DPC) is a technique for efficient transmission of data through a channel
subjected to some interference known to the transmitter. The technique consists of precoding
the data in order to cancel the effect caused by interference. For a two-hop network with single
relay stage and inter-relay interference level v, where hg = hp = 1, Dirty Paper Coding (DPC)
is optimal, i.e., it can achieve the performance of ideal full-duplex relay.[Changiz Rezaei et al.

(2008)) |Chang et al. (2007)]

Ra

S .\ @,
Xg(W;)hg

[ J
R,

W,

Figure 4.1: Time slot 1

Figure 4.2: Time slot 2

For a 2-hop network, we can achieve the rate of ideal full-duplex relay by using half-duplex

relays with successive relaying and DPC. We analyse the action of DPC in each of the time



Figure 4.3: Time slot 3

slots. In the first time slot, (See Fig. the source encodes the first message as xq(w,) and
transmits it to relay 2. The relay 2 decodes w,. In the second time slot, (See Fig. [4.2)) relay 2
re-encodes w; as X (w;) and transmits it to destination and the destination decodes w,. Also,
the source encodes the second message as xq(W,) and transmits it to relay 1. The encoding
is done in such a way that the relay 1 can decode w,. In the third time slot, (See Fig. {.3)
the source transmits x(w3) and the destination decodes w, and the cycle continues. The role
of relays 1 and 2 can be reversed in the above time slots. So, in the even time slot, the 2-hop
network is in the state given in Fig. 4.2]and in the odd time slot, the state given in Fig. @#.3]

In the even time slot, R; can successfully decode the message if the source transmits at a
rate Rgy < C (h%SNR) and destination can decode reliably if R, transmits at a rate Ryp <
C(h%,SNR).

In the odd time slot, R, can successfully decode the message if the source transmits at a
rate Rgg < C (h%SNR) and destination can decode reliably if R, transmits at a rate ?1p <
C(h%,SNR).

Hence, the rate of DPC can be expressed as follows.
1. :
Rppc = max —[min(Rg1, Rip) + min(Rga, Rap)]
Rs1,Rs2,R1p,Rap

Hence, we obtain the following result.

If hs > hp, Rppc = C(h3,SNR)

If hD > hs, Rppc = C(hQSSNR)

11



4.1 Gap between cut-set bound and the rate of DPC

4.1.1 Upper Bound

Lemma 1.

max min{ fi(z), f>(2)} < min{max fi(z), max f,(2)}

We use the above lemma to compute the gap between cut set bound and rate of DPC. The

upper bound for the 2-hop network is obtained by considering cuts /; and /, alone.

Reut—set < Rupper = max mm{[l, [4}
1,t2,t3,t4
s.tt1+to+ts+ta=1
t1,t2,t3,t4>0

where

I1 2 t,C(hASNR) + t,C (h%SNR) + t3C(2h%SNR)

I, 2 t,C(h%SNR) + t,C(h%SNR) + t,C(4h%SNR)
Proof.

Rypper = maximize R
subject to R < Cgt + Cpots
R < Cpt+ Cyacty

t4ts+ty=1

where
Cs = C(h%4SNR),Cpc = C(2h%SNR)

Cp = C(h3,SNR), Cprac = C(4h3,SNR)

L=t +ty

12



which can be written as

Rypper = maximize R
subject to R < Cgt + Cpots

R < CDE—F CMAC(l —t— ng)

= max min {Cg£+ Chpcts, (CD — CMAc)tN—F Crrac — CMACtg}

", H{l?X min {C,gﬂ?‘f“ OBCtg, (CD — OMA(/*)E'}‘ OMAC — CMACt3}
f+z;33§1

< min { max (Csl?—i- CBctg), max {(CD — CMAC)E
tt [
t”+t33§1 f+t33§1

+ Cryac — Cuacts} Husing LemmalT))

< min(Cpe, Crrac)

Hence R,pper < min(Cpe, Crrac)
We try to find the gap between cut-set bound and the rate of DPC using the above result.
It || > [hol

Rcut—set - RDPC S Rupper - RDPC’
< COyac — 0.51og(1 + h3,SNR)
= 0.5log(1 + 4h%,SNR)

—0.5log(1 + h%,SNR)

1+ 4h%SNR
—o051og (52 )
1 + h%SNR

<1
If |hg| < |hp|

Rcut—set - RDPC S Rupper - RDPC

< Cpc — 0.51log(1 + h%SNR)

13



= 0.5log(1 + 2h%SNR)

— 0.5log(1 + h3SNR)

1+ 2h§SNR)

= 0.5log (
1+ hZSNR

<0.5

4.2 Condition under which DPC achieves the cutset bound

Theorem 1. Rppc = Reys—set if and only if |hs| = |hp| = h, when |h|>SNR > 1

Proof. Throughout this section we use the following results.
There is a dual linear program associated with every linear program.

Consider the linear program

maximize b7\
subject to AT\ < ¢

A>0 4.1)
The dual of the above program is given by

minimize ¢’ z
subject to Ax > b

x>0 4.2)

The strong duality theorem is stated below.

O

Theorem 2. If either of the problems or has a finite optimal solution, so does the

other, and the corresponding values of the objective functions are equal i.e, b \* = c'x*. If

14



either problem has an unbounded objective, the other problem has no feasible solution.

The complementary slackness theorem is stated below.

Theorem 3. Let x and \ be feasible solutions for the primal and dual programs, respectively, in
the pair (4-1) or (4.2). A necessary and sufficient condition that they both be optimal solutions
is that for all i and j
;> 0= al')\=¢
7, =0« al' ) < ¢
N >0=dadz =0

)\j:O<:CLjI'>bj

Here, a; denotes the ith column of A and «’ denotes the jth row of A.

The optimization problem for the cut-set bound in Chapter [3|can be rewritten in matrix form as

follows. o
i
ta
maximize [O 000 1] t3
7
R
aq aq (05} 0 1 ro 0
131
0 as aq ay 1 0
123
. as 0 aq ay 1 0
subject to ts]| < (4.3)
as as 0 a5 1 0
12}
1 1 1 1 0 1
R
-1 -1 -1 -1 0| = - -1

t 0
t) 0
ts| = 10
ty 0
_R_ _O_

15



where

a; = —C(hZSNR)
as = —C(2h%SNR)

2
as = —C((h@ + h% 4+ v*)SNR + h%4h2SNR? + ;—3)
as = —C(h3,SNR)

as = —C(4h%SNR)
The above problem is of the form

maximize b7\
subject to AT\ <c¢

A>0

Note: The last 2 rows of (#.3) is obtained as follows.

i tta+ts+t,=1
:>t1+t2+t3+t421&t1+t2+t3+t4§1

:>—t1—t2—t3—t4§—1&t1+t2+t3+t4§1

The dual problem of the above optimization problem is given by

T1
X2
C . X3
mnmmize (0 0 0 0 1 —1]

Ty

Ty

Ze

16



a1
a1

subject to | a,

This is of the form

X2

€3

A%
o o o o o o

Xy

Zs

Te

minimize ¢’ z

subjectto Az > b

x>0

T
T2
Zs3
Ty
Ts

Ze

v
_ o o o o

(4.4)

We prove the necessary condition for DPC to achieve cutset bound. We assume t5 = t; =

0 &t = t5 = 0.5. The optimization problem reduces to

maximize R

subject to R < C(hSNR)

R <0.5C ((h@ + h3, +v?)SNR + h%hESNR? +

R < C(h%SNR)

17



Below we consider the case when hg > hp
2
0-50((h2s + h2 +7?)SNR + h% h2SNR? + ;—%)
= 0.25log (1 + (h% 4 h% 4+ +*)SNR + hAh2SNR? + %)
> 0.251og(1 + 2h7,SNR + h7,SNR?)
= 0.25log((1 + h},SNR)?)
= 0.51log(1 + hHSNR)

= C(h%SNR)

Hence optimal R is C(h%,SNR)

Next we consider the case when hp > hg

2
0.5C <(h§ + h2 4+ v*)SNR + h:hiSNR? + 2—2)
D

— 0.25log (1 + (h§ + hD +7°)SNR + h}, hESNR? + %)
> 0.251og(1 + 2h%SNR + h§SNR?)

= 0.25log((1 4+ h%SNR)?)

= 0.5log(1 + hZSNR)

= C'(h%SNR)

Hence optimal R is C'(h%4SNR)

el [ o5 ]

t 0.5
=1t | = 0

t 0

R _min{dl, &4}_

18



By the Strong Duality Theorem, we have

Tt =l N

= bt
x] r 7
! 05
x*
2 05
x3
00001—1} =[00001 0
T
0
xy
min{ay, as}
Tg - -

*

xry — x5 = min{a, as}

The second and third inequalities of (4.3)) are strictly less than zero since R < 0.5as
By Complementary Slackness theorem,

k ko
x5 =3 =0

We first consider the case when hg > hp

T:— Ty = Q4

Since t; > 0,t5 > 0, R > 0, by Complementary Slackness Theorem, the 1st, 2nd and 5th
inequalities of (4.4) become equalities. Hence, we have

a121 + a3x3 + asxs + x5 — 6 = 0

1T + a3y + ayxs + x5 — 26 = 0

T1+ a0 +ax3+a4=1

: * * * ook
Since, 25 = 0,25 = 0 & 2 — x5 = —a4
a1r1 + asxy — ay = 0

$1+$4:1

: * * * *
Since 5 = 0,25 = 0 and 2§ — x5 = —a4

19



121 + A4T4 — Ay = 0

T+ x4 =1

Solving, we get 2] = 0,2} = 1

We check if x7, x5, x5, x}, x%, x§ satisfies the 3rd and 4th inequalities of (4.4))
We first check the third inequality.
Ty + a1y + a1x3 + x5 — 6 = —aqg > 0

Next, we check the fourth inequality.
A4To + @43 + a5Ta + T — g = a5 — ag < 0
(- —ay = C(h%SNR) & — a5 = C(4h%4SNR))

Hence, we find that the 4t/ inequality is not satisfied.

Below we consider the case when hp > hg
121 + a4y = a4
1+ x4 = 1

Solving, we get 27 = 1,2, =0

Again, we check the third inequality of (4.4).

o1 + 1o + 123 + T5 — Tg = Ao — a1 < 0

(. —ap = C(h%4SNR) & — ay = C(2h%SNR))

Next, we check the fourth inequality.

A4y + a4x3 + a5ty + 5 — Tg = —aqg > 0

(.- —a; = C(h%4SNR))

Hence, we find that the third inequality is not satisfied.

To satisfy the 3rd and 4th inequalities in both the cases, a;should be equal to ay,i.e., |hs| =
\hp| = h

20



Hence, the necessary condition for

=15 =05t =t; =0is |hg| = |hp| = h

The sufficient condition for successive relaying can be proved by following similar steps to

the proof of Lemma 1 given in|Hong and Caire| (2015)

21



CHAPTER 5

COMPUTE AND FORWARD

Upon receiving the data from the source, the relay does some form of processing on it and
then forwards it to destination. Depending on the processing that is done, there are different
encoding schemes for the relay.

* Amplify and Forward (AF): Here, the relay acts as a repeater and forwards a scaled
version of the received signal to the destination.

* Quantize-Map and Forward (QMF) : The relay quantizes the received signal, maps it to
a codeword, and then forwards it.

* Decode and Forward (DF) : The relay decodes the received message, re-encodes it and
then forwards it to the destination.

Yet another scheme is the Compute and Forward (CoF) which we study in detail.
In case of CoF, the source maps the messages wy, to lattice codewords t; which are then en-
coded and transmitted as x; = €5 (wy) to the relay. The relay receives a noisy linear combina-

tion of what is sent by the source and the other relay.

y = hgX1 + 7Xs + Z

Here, x5 is the interference signal. Instead of treating interference as noise, the relay decodes
an integer linear combination of the message signal and interference signal u from the received
y.

u = a1X1 + aoXy

This is further encoded and transmitted to destination where the messages are recovered using

forward substitution.



5.1 Lattice codes

Below we give a short description of the lattice codewords used in CoF scheme.

A lattice A is a discrete subgroup of R™ which satisfies the property that if t1,t, € A,
thent; +t, € A.

The lattice quantizer is defined as

Qa(x) = argmingc, |[t — x||

The fundamental Voronoi region is defined as

Vi={xeR": Qx(x) =0}

In a general K-user Gaussian MAC, for every user, a lattice Ay, which is good for AWGN
channel coding is chosen. We denote the coarsest lattice among them by A.. Also, we
construct K lattices A} which are simultaneously good and which satisfies the condition
Aj C A.. The lattice Aj is used as the shaping region of the codebook of user k. They
have the following second moment.

1

2 2
S — dx = 2P
nVol(V,j) v HXH X Bkz

Here, 8 = (B4, B2, ...0x ) where B, k = 1, ...K are K non-zero real numbers.

In this section, we compare the performance of CoF that is computed using General Com-
pute and Forward Formula in Zhu and Gastpar (2017) (We denote it by Rgcor) with DPC for
a 2-hop network at high SNR.

Theorem 4. A General Compute-and-Forward Formula : Consider a K-user Gaussian MAC
with channel coefficients h = (hq, ..., hx) and equal power constraint P. Let p, ..., Bk be

K nonzero real numbers. The computation rate tuple (R, ..., R}) with respect to the sum

u = {Zle aktk] mod A} is achievable with

1 +

\2
P a) ) + 0.5log ﬁi}

R% = O.5log< alf - —————

where @ = [pa1, ..., Bkak] and a, € Z forall k € [1 : K|. Here, A3 is the finest lattice

among Aj.
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Figure 5.1: K-user Gaussian MAC

5.2 CoF for a 2-hop network

Below we discuss the action of Compute and Forward (CoF) protocol in each of the time slots.

Ra

Figure 5.2: Time slot 1

In the first time slot, (See Fig. the source encodes the first message w, as xq(w, ) and

transmits it to relay 2. The relay 2 decodes w; .
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Figure 5.3: Time slot 2

In the second time slot, (See Fig. relay 2 re-encodes w, as X5 (u,) and transmits it
to destination and the destination decodes w,. Also, the source encodes the second message
as Xg(w,) and transmits it to relay 1. The relay 1 receives xgq(wW,) + 7Xxr(u;). The relay
decodes an integer linear combination of what is sent by the source and the other relay u, =

asW, + a14;.

S i @,

§S(ﬂ3) y W, = ql’luQ — Q1flq21_11
s

Q@ uw-aw;+eu
R

Figure 5.4: Time slot 3

In the third time slot, (See Fig. [5.4) the relay 1 re-encodes u, and transmits it as x5 (u,) to
destination. The destination decodes w, using forward substitution (W, = ay 'u,—asta;u,).
This cycle is continued in successive time slots.

Below, we find the rate that can be achieved by the CoF protocol. This is found by using the
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General Compute and Forward formula (Theorem ). We denote the rate by Racor.

Compared to the CoF scheme in Hong and Caire| (2015)), the GCoF coding scheme has addi-
tional lattice scaling coefficients that allow us to choose the scaling depending on the channel
parameters. This reduces the rate loss due to mismatch between the channel coefficients and
the integer combination computed at the relays. Our choice of these scaling coefficients and

the integer combination will help us overcome the non-integer penalty.

From Fig. the source and the relay 2 can be considered as 2 users and the other relay 1 as
destination. This forms a 2 user Gaussian MAC with channel coefficients hg and 7y respectively.
Using the General Compute and Forward formula, the relay can reliably decode the linear

combination a;w; + asw, if

1+ SNR(h2 + ~2
RS§0.510g( 1+ SNR(hg +7) 2)+o.510g(5%)
tai + B3a5 + SNR(hgf2as — yf1a1)
1+ SNR(h2 + 2
Rz < 0.5log ( + (hs +77) 2) +0.5log(2)
f7a? + f3a3 + SNR(hgfras — yf1aq)

where, Rg denotes the rate at which the source can transmit and Ry denotes the rate at
which the relay can transmit. (i, 3, are non zero real numbers which control the rates and
ai,as € Z. [1,P2 and aq,as can be chosen to optimize performance. We would like the
term SNR(hgfaas — vf1 a1)2 in the denominator to be zero, so that there is no penalty at high
SNR. In order to completely eliminate this loss, we consider hgfsas — v81a; = 0. We take

2a% + B3a3 = 1. Solving these two equations, gives: Hence, we get the following values.

Substituting the above, we take the achievable rate of the source as Ry = min{Rg, Rr }

2

. h
R, =min {O.5log (1 + SNR(h% + 72)> +0.51og <h2 _i 2),
s T

2
0.51og 1+ SNR(AZ +~2) ) +0.51 ( B
Og( + (S+7))+ 0g h§+v2>
h% )
—minJ 0510 <—+h SNR),0.510 (
mln{ g h?g-I—VQ S g

2

hg + 2

+ VQSNR> }
The decoded linear combination at the relay is reliably transmitted to destination if the relay
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transmits at a rate B < R,

where Ry = 0.5log(1 + h%SNR)

Hence, the achievable rate of GCoF is given by
Racor = min{ Ry, Ry}
Clearly, Rgc,r satisfies the following condition.
Reeor > min {0.51og(hESNR), 0.5log(h,SNR), 0.5 log(7*SNR) }
Also, when min{hg, hp,v} # v
Reeor > min {0.5log(hESNR), 0.5 log(h,SNR) }
The rate of DPC is given by
Rppc = min {0.5log(1 + hZSNR), 0.51log(1 4+ h,SNR) }

When h%SNR, 1% SNR > 1 and min{hg, hp,v} # 7, we get |Rppc — Racoor| < 0.5. Thus,
Rccoor achieves the rate of DPC within 0.5 bits.

The above results are also found for the 3-hop case.

* In time slot 2 (Fig. [5.5(b)), relay 2 can reliably decode the linear combination if the
source transmits at a rate

2

h
<0 2 2 . 1
R <0.5log <1+SNR(h1+7 )) +0510g(h%+72)

2

o hl 2
— 0.510g (h% Tt hlsNR)

Also, the relay 1 has to transmit at a rate

2

gl
R < 0.5log <1+SNR h? 4 ~* ) +0.5log (————
() ) (h%—i—fﬂ)
,}/2

hi + 72

— 0.510g ( + ”yQSNR>
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(b) Time slot 2

Xg(Wy)
@ u = ay; +auy

Ro Ry

U; = W, + aiug

(d) Time slot 4

Figure 5.5: GCoF for a 3-hop network

* In the next time slot (Fig. [5.5(c)), relay 3 can reliably decode the linear combination if

the relay 2 transmits at a rate

R < 0.5log (1 + SNR(h2 + 72)) +0.51og (

h2
= 0.5log ( 2

h3 + 72

Also, the relay 4 has to transmit at a rate

R <0.5log (1 + SNR(h2 + 72)) +0.51og ( 2 )

2
= 0.5log ( i

h3 + 2

2
i)
h3 + 2

+ h%SNR)

2

h3 + 2

+ vzsNR>

* The decoded linear combination can be reliably transmitted to destination if relay 4 trans-

mits at a rate

R < 0.5log(1 + h3SNR)

This is seen in Fig. [5.5|c).
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Hence

2 2

h
Recor = min 4 0.51 (—1+h2SNR>,0.51 (
GCoF mm{ 0g W22 1 0g EEe

n 72SNR) ,
2 2

h’2
0.5log (h% ek P3SNR), 0.5 log <h§ o

+ VQSNR> ,0.5log(1 + h§SNR)}

5.3 CoF for a K-hop case

Choosing the scaling coefficients at each stage in a similar manner, we get the rate for the
general K-hop case to be the following expression. The last term is for the destination to
decode the message. Each of the first ' — 1 hops contributes two terms, one for each relay to

reliably decode the linear combination.

Racor =

2
v 2
—f}/2—|—’)/ SNR)},

i

- 2 _
i=1,2,..,K—1 hi + i=1,2,..,.K

B2
min{ min {o.5log< 12+h§SNR)},, min 1{0.510g<

0.5log(1 + hﬁ(SNR)}

From the above, we get

Recor > min { ;Ilrng{o.mog(h%NR), } 0.510g('yQSNR)} 5.1)
Corollary 1. For the case when SNR > 1, hy = hy = ... = hg = 1l and v > 1, Rgcor

achieves the cut-set upper bound within 0.5 bits.

Proof. When hy = hy = ... = hx = 1,7 > 1, Rgoor > 0.5l0og(SNR). From (Hong and
0.51og(1 +
SNR) — 0.5log(SNR)| < 0.5 for SNR > 1. O

Caire, 2015, Lemma 3), the cut-set upper bound is 0.51og(1 + SNR). Therefore,
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5.4 Gap between cut-set bound and R¢cor for a K-hop net-

work

Ry Re

Figure 5.6: Cuts for K-hop network

Theorem 5. For a K-hop network, we have the following results.

o Ifmin{h? h3 hZ, ... h%,7*} = h? and h3SNR > 1, then Reys_set — Racor < 0.5log 3.

o Ifmin{h? h3 h3, ..., h%, v*} = h3, and h3-SNR > 1, then Ry set— Racor < 0.51log 5.

Proof. An upper bound using cutsets, for the K-hop case, can be obtained by considering the

cuts as shown in Fig. [5.6]

Rcut—set = max min{[b [27 137 cy IK}

< min{max I, max I, max I3, .., max [ ¢ }.

The maximum of I; for such a channel is bounded by C'(2h?SNR). Similarly, the maximum
of I}, is 2C(h2SNR) for k = 2,3,..., K — 1. Maximum of I is bounded by C'(4h%SNR).

Hence, we get
Reut—set < min{C(2h3SNR), 2C(h3SNR), ..., 2C (h3,_,SNR), C(4h7.SNR)} (5.2)

Using the lower bound for Rgcor in (5.1)) and the upper bound for R, in (5.2)), we bound

the gap between the cut set bound and the rate achieved by GCoF for the following cases.

30



(1) If min{h?, h3, h3, ..., h3% ~*} = h?, then

Rcut—set S O(Qh%SNR),
Racor > 0510g(h€SNR)
Therefore

1+ 2h§SNR>

Rcut—set - RGC’oF < 0510g (
h2SNR

If h2SNR > 1, then
Rcut—set - RGC@F S 0510g 3.
(2) If min{h? h3, h3, ..., h% v} = h3., then

Rcut—set S C(4h§(SNR) 5

Racoor > 0.51log(h%SNR).

Therefore

1+ 4h§<SNR>

Rewt—set — Racor < 0.51og (
h? SNR

If h2.SNR > 1, then

Rcutfset - RGC@F S 0510g 5

We illustrate the results with three numerical examples here.
(1) We consider a 3-hop network where hy ~ N(2,1), hy ~ N(3,1), hs ~ N(3.5,1), and
v ~ N(5,1). Using the realizations where the condition min{h?, h3 h3,v*} = h? is satisfied,
we plot the average achieved rate of the GCoF scheme versus SNR in Fig. The averaged

cut-set bound is also shown. The gap result is shown by plotting the sum of the achieved rate
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Figure 5.7: Average Rgcor vs SNR when min{h? h2 h2,v*} = h?

and the derived gap.

(2) We consider a 3-hop network where h; ~ N (2.5,1), hy ~ N(2,1), hg ~ N(1,1), and
v ~ N(5,1). Using the realizations where the condition min{h?, h3 hZ,v?} = h3 is satisfied,
we plot the average achieved rate of the GCoF scheme versus SNR in Fig. [5.8] The averaged
cut-set bound is also shown. The gap result is shown by plotting the sum of the achieved rate

and the derived gap.

(3) We consider a 3-hop network where h; ~ N(2,1), hy ~ N (1,1), hg ~ N (4.5,1), and
v ~ N(5,1). Using the realizations where the condition min{h?, h3 h3,v*} = h3 is satisfied,
we plot the average achieved rate of the GCoF scheme versus SNR in Fig. [5.9] The averaged

cut-set bound is also shown.
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CHAPTER 6

MANY TO ONE INTERFERENCE CHANNEL

Z
ho =1 !
. 0= O\ . ~
Wy | Primary Tx 0 At » Primary Rx 0 | 11/,
Xo hy z, Yo
. }
W1 Tx 1 '@ Rx 1 Wl
X1 h Y1
! ZiK
1 -
Wi Tx K (+) 4 RxK Wi
XK Yk

Figure 6.1: Many to one Interference channel

Consider a many to one interference channel as shown in Fig. Eachuser k, k € [0 : K]
has a message W, to send to its corresponding receiver. Each transmitter has an encoder & :
W, — R™ which maps the message to its channel input as x;, = &, (Wy), k € [1 : K].

K

Yo =X¢o + Z hixy, + zo,
k=1

Vi =Xp + 2z, ke[l:K],

The noise z;, € R is assumed to be i.i.d. Gaussian with zero mean and unit variance. This
system is referred to as the many-to-one interference channel, since only Receiver O experiences

interference from other transmitters.

In Zhu and Gastpar (2015)), they show that for a symmetric channel, (i.e., hy = hy = ... =
hx = h), every user can achieve the capacity under some channel conditions.

Here, we extend the theorem to a non-symmetric channel. The result is stated below.



Theorem 6. Consider a non-symmetric (non-cognitive) many to one interference channel with
y 8 y
K+1 users. If h? > %ECH—PO),(R = 1,2, ...K) then each and every user can achieve capacity

. Here, P, is the power of the primary transmitter and P, the power of the k" transmitter.
1
RO = §l0g(1 + Po)

1

Proof. We use theorem 2 in Zhu and Gastpar| (2015) which is stated below to prove the above
result.

For any given positive numbers /3 and coefficient matrix A, define £, := {¢ € [1 : L]|a,({) #
0} with L € [1: K + 1} . If re(age—1,8) > 0forall £ € Ly, k € [0: K], then the following

rate is achievable for the many-to-one interference channel

Ry <min7o(agi.e—1, )
LeLo -

1
R), <min {— log (1 + R} Py), min 7, (ag1.0-1, 5)}
2 LeLly, -

fork e [1: K|

1 B P
 (autes. ) = “logh [ =k
Tr(age—1, B) al,r?,%z)feRQ 08 (NO(K))

-1 2
]\N/vo(f) Z:Z <C¥ghk — ak(é)ﬁk — Za]ak(])ﬂk> Pk

k>1 j=1

-1 2
+ (Oée —ao(€)By — Z aﬂo(i)ﬁo) Py+ aj.
=

Like in the GCoF protocol, the primary receiver Rx0 decodes integer linear combinations of the
messages sent by the transmitters. Using these, the primary receiver Rx0 decodes the message
sent by the primary transmitter Tx0. Here, A is the coefficient matrix whose rows indicate the

linear combination of the messages that is decoded by the primary receiver Rx0.
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ap(1) ap (1) as(1) ak(1)
A ) ) : :

ao(L)  a1(L)  as(L) ... ag(L)
fk(am:g_l , é ) refers to the rate at which transmitter & can transmit so that the [—th sum can be
decoded, given that the previous [ — 1 sums are already decoded. The term % log(1 + h2P) is

for the receiver Rxk,k € [1 : K] to decode the message sent by transmitter Txk reliably.

This result is proved by taking the coefficient matrix

in |Gnanasambandam)| (2017

Here, we take the coefficient matrix given below.

1 1
A=
1 . 1
_ ao(l)  ay(1) oo ag(1)
ao(2)  a1(2) oo ag(2)

When the primary user decodes the first equation, the variance of the equivalent noise is given
by
No(1) == af + Z(Oélhk — ax(1)Bk)* Py

k>1

+(a1 — ag(1)By)* Py.

Like in the GCoF protocol, the encoder maps the messages to lattice codewords which are
scaled and then transmitted. [, denotes the scaling coefficient for each user. By choosing
different ) for each user, we can adjust the rate of individual user and achieve a better rate
region. We choose 3, = hy and 5y = 1

The parameters o, s, . .., aq s used to balance the effect of the noise that comes due to the

non-integer channel gain and also the additive white Gaussian noise at the receiver. We find the
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optimal oy, aa, . .., oy so as to minimize the effective noise and hence maximize the rate. This
is found by differentiating Ny (1) with oy, g, . . . , .
No(l) L= CY% + Z(alhk - hk)zpk + (Cvl — O)2P0
k>1
=of + (= 1)’ WP+ i h.

k>1

We have to find o; that minimizes Ny(1) so as to get maximum rate.

dNo(1) 9
:2041+2041—1 hP]g—I—ZOélPO:O

dOél ( ); k

> WPy
k>1
ap = 3
1L+ Py+ > hiPy

k>1

Substituting for oy in Ny(1) we get

(2 hePe) (1 + Ry)

> k>1
No(l) = —
oW =T R T S R,
k>1

= )
X (h2P)(1+ Py + > hiPy)
| |

k>1

(1+ Po) (> hiPy)

k>1

~ 1 h2 Py,
Hence 7 (a1, 3) > §l09(1iPo>
Decoding this sum does not impose any constraint on R since the linear combination does not

contain Wj.

When the primary user decodes the second equation, the variance of the equivalent noise is
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given by

No(2) : =3+ > (anhi — ar(2)hy — cnar(1)B)* Pt
=1
(o — ag(2)Bo — crao(1)Bo)* P
= ozg —+ Z(aghk — hk — Oélhk)QPk —+ (CYQ — 1)2P0

k>1

We have to find «; and as to minimize NO(Q) and hence maximize the rate.

dNy(2
d0< ) _ 2000 —on — 1)(=1) Y _hiP =0
a1 E>1
o =0a1+1 (6.1)
dNy(2
02) _ 90y + 2%y — a1 — 1) ST hEP 20y — 1)Py =0
dOég 1
Substituting for (6.1]) in the above expression, we get
Fy
Qo =
T 1+ R
-1
Ry
Substituting for a; and a in Ny (2)
~ B
No(2) =
o) =17 Py
ri(ag, 8) = zlog| =
k\azgi, P B g No(2)
1 h2P)(1+ P
_ _log<< 2P+ 0))
2 Py
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1 (hiPo)(1 + Ry)
RO = 5109( PO

= Slog((R)(1 + Py))

Since hy = 1, we get Ry = %log(l + R}), i.e, the primary transmitter O can achieve capacity.

We know R, = min{ry(a1, 8), re(ag, 8), 5log(1 + Py)}

hZ P,
1+ Py

Also, we know 7 (ay, 3) > %log(

If hi > %, then ri(ay, 8) > $log(1+ P)

Also, 7 (agp, 5) > %log—(HPk)]%JrPO)z

Hence, we have min{r;(as, 8), ri(az, ), 3log(1 + Pr)} = $log(1+ P)

: P 14+P,)(1+ P,
Hence, each and every user can achieve capacity if h? > (++i+°)
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CHAPTER 7

SIMULATION RESULTS

We plot the rate vs interference for the 3 hop network for various encoding schemes. This is

considered for the case when h; = hy = hp = 1 and SNR=20 dB

CoF without Power Allocation given in Hong and Caire (2015])
R(K ) _ R(l)
CoF CoF

CoF with Power Allocation given in Hong and Caire|(2015])
RY) = 0.5l0g(SNR) + 0.5K log(12,,,)

where 7., = max {[z—], %}

With General Compute and Formula - Rgoop

Decode and Forward scheme given in Hong and Caire (20135)

Rpr = min {0.5 log(1+SNR), max 0.5 log (1+ - SNR =), 025 log (1+(1-+7%)SNR) }}
Quantize Map and Forward scheme given in|Hong and Caire (2015)

SNR**!
(1+SNR)x+1_SNR"**

RQMF = 0.510g (1 +

Amplify and Forward Scheme given in Hong and Caire (2015)

B 1+SNR__\K SNR"™!
Rap = 0.5log (1 + (H(lﬂz)SNR) "1+SNR)x+1_SNR* "

We compare it with the upper bound. This is shown in Fig.
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Figure 7.1: Plot of rate vs interference

We observe that Rsc,.r almost achieves the cut-set bound. The rate of the CoF scheme
with and without power allocation fluctuates as the interference levels vary. The Quantize Map
and Forward (QMF) scheme has a constant gap with interference. The rate of Amplify and
Forward (AF) scheme decreases as the interference levels increase. Also, the rate of Decode

and Forward (DF) scheme increases with interference.
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Figure 7.2: Plot of rate vs number of relay stages

We also compare the rate vs the no of relay stages for different encoding schemes. This
is shown by simulation in Fig. This is done when the channel coefficients hg and hp are
equal to 1 and inter-relay interference level + is also equal to 1. We observe that CoF without
PA, CoF with PA, GCoF almost achieves the upper bound. The DF scheme has a constant gap
with the upper bound. For QMF scheme, the gap increases logarithmically with the number of

relay stages. For AF scheme, the gap increases much faster.
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CHAPTER 8

CONCLUSION

In this work, we extend the virtual full-duplex relaying scheme in Hong and Caire| (2015) by
considering unequal gain across hops for the channel coefficients. We found the gap between
the cut-set bound and DPC for a 2-hop network. We also showed the conditions under which
DPC achieves the cut set bound.

We use the General Compute-and-forward (GCoF) scheme to derive an expression for the rate
achieved using the GCoF scheme over a K-hop network. We show that the gap between GCoF
and the cutset bound is finite as long as the first or last hop is the bottleneck. Furthermore, this
gap does not grow linearly with the number of hops as in[Hong and Caire|(2015)). Also, for a 2
hop network, Rscor can achieve the rate of DPC within 0.5 bits.

We also considered the case when the channel coefficients are equal to unity. We showed that
Raeor achieves the cut-set bound within 0.5 bits for a K-hop network.

We also studied the non-symmetric many-to-one interference channel and showed that all the

users achieve the capacity under certain channel conditions.



REFERENCES

. Chang, W., S.-Y. Chung, and Y. H. Lee (2007). Capacity bounds for alternating two-path
relay channels.

. Changiz Rezaei, S. S., S. Oveis Gharan, and A. K. Khandani (2008). Cooperative strategies
for the half-duplex gaussian parallel relay channel: Simultaneous relaying versus successive
relaying.

. Gnanasambandam, A. (2017). On the many-to-one and one-to-many gaussian interference
channels.

. Hong, S. N. and G. Caire (2015). Virtual full-duplex relaying with half-duplex relays. /IEEE
Transactions on Information Theory, 61(9), 4700-4720. ISSN 0018-9448.

. Nam, W., S. Y. Chung, and Y. H. Lee (2010). Capacity of the gaussian two-way relay channel
to within 1/2 bit. IEEE Transactions on Information Theory, 56(11), 5488-5494. ISSN 0018-
9448.

. Nazer, B. and M. Gastpar (2011). Compute-and-forward: Harnessing interference through
structured codes. IEEE Transactions on Information Theory, 57(10), 6463—6486. ISSN 0018-
9448.

. Wilson, M. P., K. Narayanan, H. D. Pfister, and A. Sprintson (2010). Joint physical layer
coding and network coding for bidirectional relaying. IEEE Transactions on Information The-
ory, 56(11), 5641-5654. ISSN 0018-9448.

. Zhu, J. and M. Gastpar (2015). Lattice codes for many-to-one interference channels with and
without cognitive messages. IEEE Transactions on Information Theory, 61(3), 1309-1324.

. Zhu, J. and M. Gastpar (2017). Gaussian multiple access via compute-and-forward. IEEE
Transactions on Information Theory, 63(5), 2678-2695. ISSN 0018-9448.

44



	ACKNOWLEDGEMENTS
	ABSTRACT
	LIST OF FIGURES
	ABBREVIATIONS
	NOTATION
	INTRODUCTION
	Previous work
	Proposed Algorithm
	Organisation of the thesis

	SYSTEM MODEL
	CUTSET BOUND
	SUCCESSIVE RELAYING WITH DPC
	Gap between cut-set bound and the rate of DPC
	Upper Bound

	Condition under which DPC achieves the cutset bound

	COMPUTE AND FORWARD
	Lattice codes
	CoF for a 2-hop network
	CoF for a K-hop case
	Gap between cut-set bound and RGCoF for a K-hop network

	MANY TO ONE INTERFERENCE CHANNEL
	SIMULATION RESULTS
	CONCLUSION

