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ABSTRACT

DNA renaturation is the process of recombination of two single

strands(c-ssDNA) to form a double stranded DNA(dsDNA). Previous

studies have shown that renaturation involves a slower process of

nucleation of the two reacting c-ssDNA strands followed by a much faster

zipping. Hence, The overall rate of renturation is dependent on the

nucleation rate and the zippering rate. We model the DNA strands as 3D

self avoiding random walks(SARW) confined in a lattice cell and observe

the variation of probability of correct contact formation, which is required

for the nucleation step, with various parameters. The zipping rate depends

on the ratio of length and the complexity of the DNA. experimentally it is

known that the overall rate is directly proportional to the square root of

length of DNA strands and inversely proportional to its complexity.
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SYMBOLS,ABBREVIATIONS AND THEIR DEFINITION

● DNA: Deoxyribonucleic Acid

● c-ssDNA: complementary single stranded DNA

● dsDNA: double stranded DNA

● : Length of DNA(number of base pairs)𝐿

● : length of side of lattice box𝑙

● : complexity (length of repeating sequence in DNA)𝑐

● 𝜌: copy number(𝐿/𝑐)

● SARW: Self avoiding random walk

● RW: random walker

● RV: random variable

● 3D : three dimensional

● : rate of nucleation𝑘
𝑛

● : rate of zipping𝑘
𝑧

● : overall rate of renaturation𝑘
𝑟𝑒𝑛𝑎𝑡𝑢𝑟𝑎𝑡𝑖𝑜𝑛

● MSE : Mean squared error
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1. INTRODUCTION

DNA ,in its natural state, occurs in a double stranded(dsDNA) helical

structure ,which is stabilized by weak hydrogen bonds between nitrogen

bases of individual strands of DNA. When heated above the melting

temperature, this double stranded structure breaks down yielding two

corresponding single strands of DNA(c-ssDNA), this process is called

denaturation of the DNA. Once the heat is removed and the DNA starts to

cool down again, the c-ssDNA strands reunite back to form the original

dsDNA structure, this process is known as the renaturation. In this paper

we explore the dependencies of this renaturation rate on various

parameters of DNA.

The length and complexity of the interacting c-ssDNA are the main

parameters that determine the renaturation rate. The length(L) is the

number of the base pairs in the c-ssDNA strands. The complexity(c) is

defined as the length of the repeating sequence(if any) in the c-ssDNA

strand. In the case where there is no repeating sequence, the complexity

will be simply equal to the length of c-ssDNA. The copy number(ρ) is
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defined as the ratio of total length to complexity of DNA. experimentally it is

known that the renaturation rate is directly proportional to square root of

Length and inversely proportional to the complexity.

In this paper, we primarily focus on the nucleation and zipping step of the

denaturation process. Nucleation occurs when sufficient base pairs(above

a certain critical number N) of c-ssDNA are in correct contact to form a

nucleus. The Zipping occurs after the formation of nucleus ,resulting in

formation on the dsDNA. Since the overall renaturation rate is dependent

on the nucleation rate and the zipping rate, we consider these rates to

analyse the renaturation rate.

We model the DNA as a self avoiding 3D random walk confined in a lattice

box. Using various methods, we analyse the effects that these

parameters(length of dna, volume of lattice box, complexity) have on the

renaturation rate .
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2. MODEL OVERVIEW

We consider a cubical lattice box of side length as l. We model the

c-ssDNA strands as a self avoiding random walk(SARW) in three

dimensions confined in this lattice box. The random walk is a L step walk,

where L is the length(number of base pairs) of interacting c-ssDNA strands.

We consider a volumetric walk, which means that every step of the random

walker is of length √3 (along the longest diagonal of the individual lattice

cell). It is important to note that the L lies between 0 and l3 as the length of

DNA can not exceed the available lattice points.

Since two c-ssDNA interact to form a dsDNA. We generate two such

mutually avoiding c-ssDNA simultaneously in the lattice box.The model

accomplishes this by randomly selecting one of the c-ssDNA and

incrementing it by one step while looking for the presence of the other

strand at every step. By following this process for every step the model

generated two self avoiding random walks of length L which are also

mutually avoiding.
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After obtaining the DNA strands we look for the resulting number of “correct

contacts'' . A correct contact is defined when the distance between two

bases of the same step of the interacting complementary strands(the

random walks in this case) is less than √3 in the lattice box. Similarly an

incorrect contact is defined when the distance between two bases of

different steps of the interacting complementary strands is less than √3 in

the lattice box. We define the correct contact probability as the number of

correct contacts divided by the number of total(correct and incorrect)

contacts. Since the nucleation step involves correct contacts between the

base pairs of interacting strands, the nucleation rate(Kn) is directly

proportional to the probability of correct contacts.Hence,The relation

between nucleation rates and the parameters will be the same as the

relation between probability of correct contacts and the parameters . We

compute this probability while varying other parameters such as Length of

c-ssDNA.

In the case when the DNA has a repeating sequence, an incorrect contact

can also result in formation of a partial duplex .For example, let’s consider

the case when complexity is 10, which means that a repeating sequence of

length 10 forms the entire DNA. Now, a contact between the 2nd base of
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one c-ssDNA and the 12th base of the other c-ssDNA will lead to formation

of a partial duplex. In our model we define the probability of partial

contacts as the number of partial contacts divided by the number of

total(correct and incorrect) contacts. The variation of this probability with

respect to the length of the repeating sequence is also analyzed to observe

its dependency on the complexity. The probability of partial contacts scales

inversely with the complexity and hence we can conclude that the zipping

rate is proportional to repeats(copy number) in the DNA.
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3. METHODS USED FOR SIMULATION

We begin our simulation by defining a cubical box of length over a 3D𝑙

space.Then we randomly choose two different points inside the lattice box.

These points denote the starting point of the two c-ssDNA. We check if the

chosen points are different before passing them as input parameters to the

next functions. Then we take these two points as input in a random walk

generating function that returns two lists of length that represent two self𝐿

avoiding random walks SARW1 and SARW2, that are also mutually

avoiding, and every element(a list of length 3) in those lists represents a

coordinate point inside the lattice box where the c-ssDNA is present.

3.1 Choosing a SARW to increment

Now, we pass the chosen starting points as input parameters into our

random walk generating function. Here,The function chooses a SARW

randomly to increment at every step. The function accomplishes this by

setting a random variable r that can take values either 0 or 1. The function

increments SARW1 if r returns a value 0 , and increments SARW2 if r

returns value 1. To check the possibilities for the next step, the random

walk generating function uses another helper function ,discussed below.
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3.2 Incrementing the SARW

Let’s say the random walk generating function chose SARW1 to increment.

Let’s assume that the SARW1 is currently at point (X1,Y1,Z1). We define a

possibilities function . The function contains the following eight elements:

[ 1, 1, 1]

[ 1, 1,-1]

[ 1,-1, 1]

[-1, 1, 1]

[ 1,-1,-1]

[-1, 1,-1]

[-1,-1, 1]

[-1,-1,-1]

These elements represent all possible next steps that the walker can take

from its current position.The possibilities function randomly chooses an

element from the above list depending on the value of a random variable p,

from the above list and adds it to the current point of SARW1 . Let’s say the

possibilities function chooses the element (1,1,-1) based on the value of a

random variable ,then the next point added to SARW1 will be
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(X1+1,Y1+1,Z1-1).  Now, the walk generating function checks the feasibility

of this next point.

The feasibility criteria is:

1. The coordinates of the next point exist within the limits of the lattice

box. For our example, this means that,

0 ≤  𝑋
1 

+ 1 ≤  𝑙 

0 ≤  𝑌
1 

+ 1 ≤  𝑙 

0 ≤  𝑍
1 

−  1 ≤  𝑙 

2. The next point is not already a part of either of the SARWs generated

until the current step.

If the above conditions are met then the sarw1 is incremented and the

process ,starting from randomly choosing a SARW to increment, repeats

again. If the conditions are not met then this point is discarded and the

possibilities function is called again and another element is chosen

randomly from the remaining elements of possibilities list to add to SARW1

and then conditions are verified again .
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The process repeats till we generate both the SARWs of required length L.

This simultaneous generation of mutually avoiding SARWs can be

interpreted as 3D-3D diffusion of the c-ssDNA.

Fig 3.1 Two SARWs of length(L) = 100, generated in a cubical lattice box of side length(l) = 15

Table 3.1 Tabular form of stepwise coordinates of SARW1 and SARW2
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3.3 Finding correct and incorrect contacts

In our model we define a Contact checker function that takes the lists

SARW1 and SARW2 as input parameters and returns the number of

correct contacts, incorrect contacts and partial contacts.

The magnitude of distance vector is taken as euclidean distance between

the ith coordinates of the SARWs i.e

+ +√{(𝑠𝑎𝑟𝑤
1
[𝑖][0] − 𝑠𝑎𝑟𝑤

2
[𝑖][0] )2 (𝑠𝑎𝑟𝑤

1
[𝑖][1] − 𝑠𝑎𝑟𝑤

2
[𝑖][1] )2 (𝑠𝑎𝑟𝑤

1
[𝑖][2] − 𝑠𝑎𝑟𝑤

2
[𝑖][2] )2}

A correct contact is defined as a contact where the magnitude of the

distance vector between the same step of SARWs is less than √3. The

contact checker function returns the total number of correct contacts using

the above condition.

An incorrect contact is defined as a contact where the magnitude of

distance vector between different steps of SARWs is less than √3.Contact

checker function returns the total number of incorrect contacts using the

above condition.

The total number of contacts are the sum of correct and incorrect contacts.
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3.4 Incorrect contacts resulting in the formation of partial duplex

When there is a repeating sequence in the DNA, an incorrect contact can

result in the formation of partial duplex . A partial duplex has overhangs

and hence is not stable as a dsDNA. A partial duplex is defined when an 𝑖𝑡ℎ

step of SARW1 is in contact with step of SARW2, where n is a(𝑖 + 𝑛𝑐)𝑡ℎ

non zero integer conditioned on , and c is the complexity of0 ≤ 𝑖 + 𝑛𝑐 ≤ 𝐿

the DNA. The contact checker function returns the total number of such

partial contacts using the above condition.
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4. RESULTS

4.1 Variation of correct contact probability w.r.t. the volume of the box

When the length of sarw is kept constant and the length of the cubic lattice

box is increased, the number of correct as well as incorrect contacts

reduces. The reason behind this observation is that when the length of the

cube is increased, the volume of the box increases and hence the SARW

now has more volume to expand into rather than being compressed into a

smaller volume. And since the length of SARW is kept constant, this

expansion leads to reduction in contacts between the SARWs.

Now, since the number of correct and total contacts approaches zero very

quickly when the volume is increased, their ratio does not provide an

accurate idea of variation of probability of correct contacts.

Hence, we look at the number of correct contacts in this case. We compute

the number of correct contacts as the length of the box increases and the

results show that the number of correct contacts is inversely proportional to

the cube of the length of the lattice box.
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Fig 4.1 Probability of correct contact vs Fig 4.2 Average number of correct contacts
length of cubical lattice box vs length of cubical lattice box

Table 4.1 Data showing Average number of correct contacts against length of cubical lattice box
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4.2 Variation of correct contact probability w.r.t shape of lattice box

In this segment we explore the variation in the contact probabilities as we

vary the shape of the box. The volume of lattice box is kept constant at

1000 and the -dimension of the box is varied . The other two dimensions𝑧

of the box are calculated as the values are rounded, 𝑥 =  𝑦 = (√1000/𝑧),

off to the nearest integer.

 Fig 4.3 SARWs in lattice box with dimensions Fig 4.4 SARWs in lattice box with dimensions
z = 2, x=y=22 z = 40, x=y=5

Fig 4.5 Average distance between starting Fig 4.6 Probability of correct contacts against
points of SARWSs against z-dimension z-dimension
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The probability of correct contacts initially increases with increase in

z-dimension and then decreases , obtaining a maxima at z = 10. This

observation can be explained as the average distance between randomly

chosen starting points of the SARWs is minimum when the lattice box is a

perfect cube . This is in line with the fact the length of(𝑥 = 𝑦 = 𝑧 = 10)

longest diagonal of the box is minimum when the box is cubical.(10√3)

This length increases when the shape of lattice box deviates from perfect

cube.

4.3 Variation of correct contact probability w.r.t the length of SARW

In this segment we observe the variation of probability of correct contact

with respect to the length of interacting SARWs. The length of the cube is

kept constant at 25 dimensionless units and the length of SARW is varied

from 100 to 500 dimensionless units in steps of 5 (100,105,110...495, 500).

Under this situation, both correct contacts and total contacts increase .This

can be attributed to the fact that since the volume of the cube is constant,

more and more number of base pairs are being interacting in a confined

space and hence contacts increase. But the rate of increase of the total

contacts surpasses that of the correct contacts, hence the ratio, which

gives us the probability of correct contacts, decreases as L increases.
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Fig 4.7 Average number of correct contact against the length of DNA strand(L)

Table 4.2 Data showing the average number of correct contact against the length of DNA strand
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Fig 4.8 Average number of incorrect contact against the length of DNA strand(L)

Table 4.3 Data showing the number of incorrect contact against the length of DNA strand
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Fig 4.9 Probability of correct contact against the length of DNA strand(L)

Table 4.4 Data showing the probability of contact against the length of DNA strand
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4.4 Variation of partial contact probability w.r.t complexity of the DNA

Finally, we observe the variation of probability of partial contact with respect

to change in the complexity. It is important to note that the probability of

correct contact is independent of the complexity since a correct contact can

only happen between the same step base of interacting c-ssDNA and

complexity does not have any impact on this.

The findings show an inverse relation between probability of partial contact

and the complexity. The explanation of this is that when the complexity

increases, keeping the length of DNA constant, the copy number

decreases which means that the number of repeats in the DNA decreases ,

and this reduces the probability of partial contact

Fig 4.10 Probability of partial contact against the complexity of DNA (c)

29



Table 4.5 Data showing the probability of partial contact against the complexity of DNA strand
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5. ANALYSIS

The analysis of the results is performed using Least square fitting to obtain

the functional dependence between the probabilities and the various

parameters.

The inbuilt function of python is used to generate the fitting𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡

curve. In the following plots, the data is represented by a bold blue line and

the generated fit is represented by a dashed green line. The error analysis

is performed using the Mean squared error.

We analyse the following results and find the their functional dependencies

using the .𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡

● Variation of number of correct contacts w.r.t. volume of the box

● Variation of number of correct contacts w.r.t the length of SARW

● Variation of number of total contacts w.r.t the length of SARW

● Variation of correct contact probability w.r.t the length of SARW

● Variation of partial contact probability w.r.t complexity of the DNA
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5.1 Variation of number of correct contacts w.r.t. volume of the box

Fig 5.1 Fitting number of correct contacts against the length of cubic lattice

Since the number of correct contacts depends on the number of lattice

points available , or in other other words, the volume of the lattice box, the

functional dependency of number of correct contacts varies inversely(𝑦)

w.r.t the cube of length of cubic lattice box .Thus, we take the function,(𝑥)

the values of a and b obtained by the𝑦 =  𝑎/(𝑥3 + 𝑏),   𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡

function are 𝑎 =  2099. 677 ,  𝑏 = 0

The Mean Square error between the data and the fit ,

𝑀𝑆𝐸 =    0. 0002120350488841875 
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5.2 Variation of number of the contacts w.r.t. Length of the SARW

Fig 5.2 Fitting number of correct contacts Fig 5.3 Fitting number of incorrect contacts

Both the number of correct contacts and incorrect contacts increase with the

length of DNA .the number of correct contacts varies linearly w.r.t the length(𝑛
𝐶𝐶

)

of DNA .Thus, we take the function, the constant term(𝐿) 𝑛
𝐶𝐶

 =  𝐿/𝑎  +  𝑏,   (𝑏)

of this function will be 0 as there can be no contact when the length of DNA is(𝐿)

zero.  the value of a obtained by the function is .𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡 𝑎 =  726. 546

The number of incorrect contacts rises faster than w.r.t the length of(𝑛
𝐼𝑁𝐶

) 𝑛
𝐶𝐶

DNA . Thus, we take the function, the values of a and b(𝐿) 𝑛
𝐼𝑁𝐶

 =  𝑎(𝑥𝑏),   

obtained by the function are𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡 𝑎 =  0. 001,  𝑏 =  2. 012

The Mean Square error between the data and the fit ,

𝑀𝑆𝐸
𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑐𝑜𝑛𝑡𝑎𝑐𝑡𝑠

 = 0. 0014451941274426212

𝑀𝑆𝐸
𝑖𝑛𝑐𝑜𝑟𝑟𝑒𝑐𝑡  𝑐𝑜𝑛𝑡𝑎𝑐𝑡𝑠

 = 628. 860157972877  
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5.3 Variation of correct contact probability wrt to the length of SARW

Fig 5.4 Fitting probability of correct contact against the length of DNA strand(L)

Based on functional dependency of and on . we can take the𝑛
𝐶𝐶

𝑛
𝐼𝑁𝐶

𝐿

ratio / ( + ) to find .In this section, we generate a fit for the𝑛
𝐶𝐶

𝑛
𝐶𝐶

𝑛
𝐼𝑁𝐶

𝑃
𝐶𝐶

curve of to verify the results obtained by taking ratio of and total𝑃
𝐶𝐶

𝑛
𝐶𝐶

contacts . The probability of correct contacts reduces as the length of𝑛
𝑇𝐶

interacting SARWs increases in a fixed lattice box. The best fit is obtained

when we take the relationship between probability of correct contacts(𝑦)

and the length of DNA strand is taken as ,the value of(𝑥) 𝑦 =  𝑥/(𝑎𝑥𝑏 +  𝑥)

a obtained by function are𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡 𝑎 =  0. 604,  𝑏 =  2. 078

𝑀𝑆𝐸 = 0. 004153335620956   
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5.4 Variation of partial contact probability wrt to complexity of the DNA

Fig 5.5 Fitting probability of partial contact against the complexity of DNA strand(c)

The probability of incorrect contacts resulting in formation of a partial

duplex(partial contacts) varies asymptotically with c. The best fit is obtained

when we take the dependency of probability of partial contact on the(𝑦)

complexity as ,the value of a obtained by function(𝑥) 𝑦 =  𝑎/𝑥 𝑐𝑢𝑟𝑣𝑒
−

𝑓𝑖𝑡

is .𝑎 =  0. 775

The Mean Square error between the data and the fit ,

𝑀𝑆𝐸 =    6. 721821862285786𝑒 − 05 
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6. CONCLUSION

Based on the results and analysis of the research ,various conclusions can

be drawn about the functional dependency of probabilities of contacts on

several parameters and consequently the dependency of rate the

nucleation and zipping on those parameters.

The first significant conclusion is that the probability of correct contacts

decreases as the length of DNA increases. The probability is(𝑃
𝐶𝐶

) (𝐿)

inversely proportional to the square root of length of DNA, other parameters

kept constant. Based on our research we found 𝑃
𝑐𝑐

  =  𝐿/(0. 604𝐿2.078 + 𝐿)

. Since the nucleation rate is directly proportional to this probability , we can

conclude that the nucleation rate also varies with in similar fashion.(𝑘
𝑛
) 𝐿

𝑘
𝑛
 ∝ 𝐿/(0. 604𝐿2.078 + 𝐿)

The second important conclusion is that the probability of partial contacts

scales inversely with the length on repeating sequence , that is the(𝑝
𝑝𝑎𝑟𝑡𝑖𝑎𝑙

)

complexity of the DNA. Based on our research we found that(𝑐)

. Since this probability determines the zipping rate ,𝑝
𝑝𝑎𝑟𝑡𝑖𝑎𝑙 

= 0. 775/𝑐 (𝑘
𝑍
)
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we can conclude that the zipping rate is directly proportional to the number

of repeats , that is the copy number of the DNA. In essence,(𝜌)

𝑘
𝑧
 ∝ 𝐿/𝑐

Since the overall renaturation rate of the DNA depends on the nucleation

and zipping rate i.e. the overall rate is directly proportional to nucleation

rate as well as the zipping rate. Hence the final conclusion is that overall

rate is directly proportional to the square root of length of DNA and

inversely proportional to the complexity of the DNA.

𝑘
𝑟𝑒𝑛𝑎𝑡𝑢𝑟𝑎𝑡𝑖𝑜𝑛

 ∝ 𝐿2/{𝑐(0. 604𝐿2.078 + 𝐿)}
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7. APPENDIX

1. SARW : A self-avoiding random walk is a sequence of moves on a lattice

(a lattice path) that does not visit the same point more than once. This is a

special case of graph theoretical notion of a path. In computational physics,

a self-avoiding random walk is a chain-like path in with a certain𝑅2𝑜𝑟 𝑅3

number of nodes, typically a fixed step length and has the property that it

doesn’t cross itself or another walk. A system of SARWs satisfies the

so-called excluded volume condition. In higher dimensions, the SARW is

believed to behave much like the ordinary random walk.

2. MSE : In statistics, The mean squared error or MSE of an estimator

measures the average of the square of errors. That is, it sums the square

of differences between the actual value(data) and predicted value(fit), and

averages it out over the total number of data points.

                 𝑀𝑆𝐸 =  (1/𝑛) Σ
𝑛
(𝑎𝑐𝑡𝑢𝑎𝑙

𝑖
− 𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑

𝑖
)2
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