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ABSTRACT

KEYWORDS: Congestion control ; Hopf bifurcation ; TCP fluid flow model ; Sta-

bility ; Nonlinear delay differential equation ; Wireless Networks

In this current work, we aim at the bifurcation behavior of a TCP fluid flow model in
wireless networks is investigated for internet congestion control. We study both wired
and wireless networks where traditionally wired network supporting internet TCP. First,
a nonlinear dynamic model for wireless networks is derived, where the study of modern
control theory on delay differential systems been applied. Later, for this model we
derive conditions to ensure local stability, then we perform Hopf bifurcation analysis
using Poincaré normal forms and the theory of Center manifold. We show how these
bifurcation behaviors may cause heavy oscillation of average queue length and induce

network instability.
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CHAPTER 1

Introduction

1.1 Internet Congestion

Main reason for internet congestion, is packets dropping and increasing delays, the up-
per formation application system performance drop, and can even break the whole sys-
tem by causing congestion collapse. Network congestion already became a bottleneck
that restricted the development and application of networks. If the congestion control
scheme is not well designed, the sources will try to push even more packets through the

network in response to packet drops, thus worsening the congestion.

Over the last decade, congestion control in the internet is an extremely important
and challenging problem, which has been the main subject of intensive studies. The
researchers in network states congestion control becomes a key issue. The stability of
internet largely dependent on the congestion control and avoidance mechanisms imple-
mented in its end to end transmission control protocol (TCP), developed by Jacobson
in 1980s [Jacobson (1988)]. However, this implementing from the network edge con-
trol mechanism is extremely limited, it is not sufficient to provide good services with
only the TCP congestion control on the internet in all circumstances. Therefore we are
trying to stablize the TCP congestion problem in wireless networks for the increase in

demand.

1.2 Wireless Networks

For a typical wireless network sources, we use access from a wired network, which
adapts the internet TCP protocol to transfer data. We knew TCP while operating over

wired networks, delivers good performance as the assumption made by TCP that packet



loss means congestion is valid over wired network. As wired link have very low error
rate which make very few packets get corrupted and dropped due to error introduce by
channel. Thus packet drop over wired network usually occur due to congestion and TCP
performs well as it is tuned for this. In case of wireless networks this assumption does
not hold. Whenever TCP operating over these wireless network it detects packet losses
caused by disconnection or error introduced by wireless channel, which causes unnec-

essary reduction in congestion window, results in degradation of TCP performance.

1.3 Linear Stability Analysis

In the study of dynamical systems, linearization is a method for assessing the local
stability of an equilibrium point of a system of nonlinear differential equations and it’s
first necessary condition for the bifurcation analysis. These equilibrium point help us
to know more about the system’s stability and unstability. In this paper, we examine

nonlinear system for TCP fluid flow model to ensure local stability condition.

1.4 Hopf Bifurcation Analysis

In two dimensions a Hopf bifurcation occurs at a spiral point where stable switches to
unstable (or vice versa) and a periodic solution appears. The fact that a critical point
switches from stable to unstable (or vice versa) alone does not guarantee that a periodic
solution will arise, though one almost always does but we need to check for the extra
conditions have to be satisfied. We will use a second order delay differential equations
to check the occurence of Hopf bifurcation, analytically we show type of the Hopf

bifurcation either supercritical or subcritical and the periodic solution also.

1.5 Summary and Organisation of the Report

In this paper the bifurcation behavior of a TCP fluid flow model for internet congestion
control in wireless networks is investigated. These bifurcation behaviors may cause

heavy oscillation of average queue length and induce network instability. Simulation



results show that the nonlinear behavior of the system. In section (3), modelling of
nonlinear dynamic TCP fluid flow model for wireless systems is dervied. In section
(4), for the system’s stability existence we perform linearization. In section (5), first we
focus on Hopf bifurcation occurence and then we study the direction and the stability of
bifurcating solution using the Poincaré normal form and the theory of Center manifold.
In section (6), we verify our theoretical analysis for the existence of Hopf bifurcation
and bifurcating periodic solutions of system. Finally in section (7) conclusion will be

drawn.



CHAPTER 2

Literature Review

Congestion is an inherent property of the current best effort internet, and hence conges-
tion control plays a crucial role on the success of the modern internet. As we already
stated about the literature Jacobson proposed his congestion avoidance and control algo-
rithm [ Jacobson (1988)]. Recently a significant attention to wireless access networks,
especially to the internet has received. This introduces new challenge for network re-
searchers. The main problem for the congestion control in wireless connections is that
the packet loss caused by the fading of wireless channels may be mistaken as the packet
loss caused by the network congestion. Hence the transmission rate is unnecessarily re-
duced. If the wireless connections coexist with other wired connections in the network,
the well behaved fairness maintained by the original internet transmission control pro-

tocol ( TCP ) may be destroyed.

In the past decade, a lot of efforts been made for the congestion control problem for
wired networks and a great progress has achieved. While the same problem for wire-
less networks has received relatively less attention, especially from the control theoretic
viewpoint. Our attention will be focused on the RED ( random early detection ) con-
gestion control algorithm. The reason is that the source transmission rate of wireless
networks using RED will not be affected so severely due explicit feedback information
for the packet marking probability [ Zheng and Nelson (2009)] whereas the networks

using other kinds of congestion control algorithms.

We study a nonlinear TCP fluid flow model for wireless network derived based on
wired networks [ Liu et al. (2012), Misra et al. (2000)]. We study the variations in
system parameters can induce a Hopf bifurcation [Liu et al. (2012)], which would lead
to the emergence of limit cycles. We also characterize the type of the Hopf bifurcation
and verify the stability of the bifurcating limit cycles as in [ Hassard et al. (1981), Raina

(2005)]. Before all of these we focus on the necessary condition.



CHAPTER 3

Nonlinear TCP Fluid Flow Model in Wireless Networks

As it is stated above, we learn about the fluid flow model of TCP congestion avoid-
ance algorithm for wired networks developed by [ Misra et al. (2000)]. Then we derive
a TCP fluid flow model for wireless access networks which is largely based on the
wired networks fluid model. We focus more on the window size and queue length
of the single congested router. Let the count of TCP flows be labeled as M where
i =1,2,3,... M traverse the order. Let the round trip time ( RTT ) be R;(t) and TCP
window size be W;(t) at time ¢t > 0 of flow 4, respectively, i = 1,... M. Let the queue
length of the router at time ¢ be ¢(¢) and the propagation delay of each flow, denoted
as T,;(¢ = 1,...M), which is fixed. Now, the round trip time of the flows is as the

following form

Ri(t):Tp7i+%, i=1,...M 3.1)

where % is the queuing delay, C'(¢) is available link bandwidth.

In the present scenario, the sources we use for the wireless network is to get access
from a wired network, which adapts the internet TCP protocol to transfer data. We
further assume that the network employs a RED algorithm to control the congestion.
The dynamic model of window size is captured by the following equation [ Misra et al.

(2000)] for wired access network:

W(t) = Ril(t) - W;(t) gé;:g;((z))))p(t — Ri(1)), i=1,..M (32

where p(t) is the packet’s mark probability at time ¢.



In the above (3.2) the first term of the equation is a window’s additive increase part

ie. %@ which adopts the phase of bandwidth probing from (3.1). This approach to

increase the window size, probing for usable bandwidth, until loss occurs. The policy
of additive increase, for every fixed amount round trip time increase the congestion win-

dow. Whereas, the second term of the equation is a window’s multiplicative decrease

Wi(t)

part1.e. —

in response to packet marking probability p. If once a congestion loss
is detected in RED, the transmitter decreases the window size by a multiplicative fac-

tor i.e. the window size is halved after loss and the marking/dropping is implemented

Wi(t)

R;(t) at

to distribute the losses in proportion to a flow’s bandwidth share, which is p(t)

time t. The AIMD result is a saw tooth behavior that represents the probe for bandwidth
[Zheng and Nelson (2009)].

Till now we discussed about wired network dynamical model for window size and
AIMD congestion control parameters. Let us know more about the the wireless network
model, transmission and its congestion properties. In wireless the connectivity happens
through up link and down link transmission. As we already stated source for wireless
we use wired network i.e. To transfer the data up link transmission is through wired
network, when it comes to down link transmission the source, marking probability is
fed back to sources. For down link communication two events can happen, One is that
the source has correctly received the marking probability, and second is that the due
to channel fading source has failed to receive the marking probability. In the down
link transmission if feedback packet marking probability is lost the probability of the
event at time ¢ of flow ¢, respectively ,7 = 1,... M be Py ;,t = 1,... M ( subscript dl
represents down link ). Whenever this event happens, the source will use the previous
packet marking probability to reduce its window size, and the window size is decreased
by one by convention. This is similar to the response of the source to a timeout loss in
traditional wired networks. Thus for a wireless network dynamics for the transmission

rate is governed by

X — L p(t — Rapa(t)), i=1,...M (3.3)

where R, ; denotes the time difference between the current time and the time at which

the latest marking probability has been successfully received. In packet losses it clear



that R,p,.:(t) > R;(t). In the congestion control algorithm we assume that the R, ;(t) =

aR;(t), where « is an integer larger than or equal to two.

Now we describe the dynamic model for the queue, in the case of wired networks,

the queue length is represent by the following equation

M W(t when
o) COFTEE heng() >0,
max(O, —C(t) + EM Wi(t) ) when ¢(t) = 0.

=1 R;(t

In wireless access networks, due to channel fading some uplink transmitted packets
will be lost. Let us denote the loss probability due to the fading in as P, ;(t) ( subscript
ul represents uplink ). Uplink channel loss probability at time ¢ is P, ;(¢). Taking the
channel loss into account, the actual queue length of wireless networks will be governed

by the following equation

sy — | OO TS R (1 Pusdd), wheng() >0,

max(o,—C() M, Wi —Pul,i(t))) when ¢(t) = 0.

The system dynamic behavior is completely described by M + 1 differential equa-
tions consisting of (3.3) and (3.5). Based on these M + 1 dynamic equation, it would be
very difficult to study the design method for the congestion control algorithm. To reduce
this kind of difficulty, assumption are made that the channel fading of all the wireless
connections has the same statistical property. We capture some basic characteristics of
each individual flows, these same statistical property makes this kind of representation
reasonable. Correspondingly, let the window size be W, the down and up link channel
loss probabilities be P,; and Py, respectively, and the round trip time of the generic

flow be R(t) =T, + g((?)



Then the system approximates a new set of ordinary differential equations for dy-

namic behavior described by

() = gy — (1= Pa) g 2 gt it = R(E)
Wt — R(1))
- Pa)v () - DT e pe)
q(t) = -C(t) + M% (1 - Pul(t)), when ¢(t) > 0 (3.6)



CHAPTER 4

Linear Stability Analysis

A fluid based TCP dynamic model was developed (3.6). We simplify the model further,
which ignores the timeout and slow start mechanism of TCP. The model relates the
average value of key network variables and is described by the following set of nonlinear

delay differential equations:

Wi(t) = % —(1 Pdl)WQ(t) V}Z(tt__}};((f)))p(t — R(t))
= Pal0V () = 1) = ple = Run(0),
q(t) = —-C(t) + M% (1 — Pul(t)>, when ¢(t) > 0

where W (t) denotes the average of TCP windows size ( packets ), ¢(t) is the average of
queue length ( packets ), M (¢) is the number of TCP sessions, C' is the queue capacity
( packets/sec ) and R(t) is the round trip time which consists of the propagation delay
T, and queuing delay, p(x) is the probability function of a packet mark. Assume that
the round trip delay R(¢)(s) and the number of TCP connections M (t) are constants,
ie, M(t) = M and R,,(t) =~ R(t) = 7, when the queuing delay is much smaller
than the propagation delay. Considering that the probability marking function p(x) is
proportional to the queue length, i.e. p(t) = Kq(t) . The down and up link channel
loss probabilities Py and P, are assumed to be constants. The above system can be

simplified as (4.1). We define

s.q) = -~ (1= 2O MW pyy oy pyvy - )M g 7,
ww.q) =+ "D py) @

The equilibrium point (WW*, ¢*) of system (3.6) is given by

T()C 2

S * = 4.2
M= Py)’ p 4.2)

W* = .
(1+ Py)W=> — 2P, W~




We consider a small perturbation about the equilibrium point, i.e.,
Wa(t) =W(t) = W*,  qut) =q(t) —q", pa(t) =p(t) —p’ (4.3)

Evaluating the following partials at the operating point (W*, ¢*) defined by (4.2) gives

89 . Ple* - 2(1 + Pdl)W*P*
%W B : )7‘
h 1— Pul
ow M T
dg  (2PyW* — (1+ Py)W)K
8_(] N 2T
oh
8_q =

0

Then using the first order Taylor series expansion, we get the linearized expression
and by substituting (4.3) into the these expression, we obtain the following linearized

equations about the equilibrium points.

Wd(t) =apWa(t) + boga(t — 7),

Ga(t) = coWa(t), ~ wheng(t) >0 (4.4)

where

_ PyP* — (14 Py)W*P*

Qg T )

2PyW* — (1 + Py)W+*?
by = aWV (1+ Pa)W K and

27

M(1— Py)

cg= ——-
-
Then the characteristic of (4.4) is
N4 GA+ Ge ™ =0. 4.5)

10



where

PuP* — (1+ Py)W* P
1 =ag = - ,

(2PyW* — (1 4+ Py)W*?K)(M(1 — P,))

272

Co = bocy =

We know the exponential series expansion, will consider first three terms in

Ml — M\ + A2272 and substitute in the characteristic equation, we obtain

N+ (G =GN+ G =0 (4.6)

C27'2
1422
1+

To find out the system stability, necessary condition is to have all the roots of the charac-
teristic equation are in the open left-half plane then only the system is stable. According
to Routh-Hurwitz stability criterion states that the system is stable if and only if the the

value of each determinant is greater than zero. For the above characteristic equation,

Determinant one: (¢ — Gor)ls
— T 0

Determinant two: (G 522)
(1+%5) G

System will be stable if it satisfies the following coefficients conditions, then

dynamic system (3.6) is considered to be stable.

(1+C2—72)>0 (¢ — 0 0 4.7
5 ) 1—Cr) >0, ¢ >0. 4.7)

11



CHAPTER 5

Hopf Bifurcation Analysis

5.1 Hopf Bifurcation Occurrence

In order to conduct a Hopf bifurcation analysis we choose a parameter which induces
the bifurcation. We consider the bifurcation parameter to be K and rewrite the charac-

teristic equation as
N4 QA+ GEKe™ =0. 5.1

where

¢ _ Pl = (L Pa)W*P*
1 — 9

[21—‘;W* — (1 4+ Py)W*3[M(1 — Py)]

272

Gk =G/ K =
In this section, We investigate the bifurcation behavior of the TCP fluid model. We
analyze Hopf bifurcation for (3.6) in the following steps

(1) First, we calculate parameter values such that the characteristic equation has pure

imaginary roots, then

(i1) We determine these values and also the critical value for which characteristic

equation has no positive real part roots and, then

(iii)) We observe the parameter strictly upper bounded by the critical value.



As this parameter K varies, which induce a Hopf bifurcation.

parameter K
0.10 0.15 0.20 0.25 0.30 0.35

0.05

S~ - o
- -

— M=60
- = M=120
- M=240

0.00

Figure 5.1: Stability chart for different TCP flows.

For 7 > 0,K > 0, let A\ = Fiw,w > 0, substituting \ = 4w and e~*" in (5.1),

which gives

A2+ G+ QkKe_’\T (iw)2 + (1 (iw) + QkKe_W

w? 4+ iCw + G Ke ™7

w? +i¢w + (K (cos wr — isinwr)

= (CkK COSWT — w2) +1 (Qw — (i K sin um-)

From (5.2) which gives

(K coswr —w? =0

—(p K sinwt + Gw =0

13

5.2)

(5.3)



we obtain,

\/—QZ + VG H 4G K2
Wy = 9

tan(wer) = f}—l (5.4)
0

where K. denotes the critical value of K at w = wy.

Next we prove that A = =iw, are simple roots of (5.1) when K = K. . Now

defining
ANK) =N+ QA+ GEKe™ (5.5)

Now we need to prove the transversality condition for the occurrence of Hopf

bifucartion. i.e. % # 0. we differentiate (5.5) and then we substitute e~*"
A=1w
from (5.1) ’
dA(N, K
AAAK) gy 1 — G Ae™T
d\
—AMA+G)
=2 — KT ———————
A+ G =G T( G
=T+ (TG +2)A+ G
dA(N, K
<d>i ) = T(iwo)Q + (TCl + 2)@&]0 + <1
A=iwo

=( — ng +i(7¢1 4+ 2)wo # 0 (5.6)

Again we differentiate (5.5) and then we substitute e =7, \ = iw, from (5.1),we get

A — (e
dK ~ 20+ G — G EKre ™
1 A2+ G
TRENAH(GTH2A G
—wi + 1wy

K (G — wi +i(GT A+ 2)w)
R < d\ ) 1 7wi+ 7CW2 + Gwd
el — | = =
dK K (G —wg)? + (G7 + 2)%w
1 Twé + TwaS + Clwg

K=K, T K (G — w2+ (G + 2)%8 (5.7)

14



> 0.
K=K.

For wy > 0, we get Re(%)

5.2 Direction and Stability of Hopf bifurcation

In this section, we use the Poincaré normal forms and the theory of Center manifold
helps to study the direction of Hopf bifurcation and the stability of bifurcating solution
at the equilibrium when K passes through certain critical values. A set of nonlinear

equations for TCP fluid flow model in wireless networks (3.6) are as follows:

W(0) = s — (1= Py = ata = i)
Wt — R(t))
— Pdl(t)<W<t) — 1)mp( Rah(t))
q(t) = —C(t) + MIZT(;)) (1 — Puz(t)), when ¢(t) > 0 (5.8)

above set of equation are further simplified to

W(t) _ % _ (1 + Pdl)W(t>M;<t) - 2Ple(t) Kq(t N 7_)’
q(t) = —-C+ MWT(t) (1 — Pul), when ¢(t) > 0 (5.9)

We know the linearized equation (4.4), Using Taylor series expansion we find quadratic

and cubic terms of defined by (4.2) at equilibrium point (W*, ¢*)

oww T
oh

OWW

dg  PuK — (1+ Py)W*K
oWgq T

oh
oWq

dg
dqq
oh
dqq
09  PuK — (1+ Py)W*'K
ogwW T

oh
W

0

15



similarly we will find the cubic terms.
The Taylor series expansion of (3.6), about the equilibrium point, including the linear,

quadratic, and cubic terms is

Wa(h) = <szP* - T+ Pdl)W*P*)Wd(t) N <2szW* - (21T+ sz)W*QK) wlt— 1)
g (- e + (2P ) - )|
- % {Mﬂf;(t}qd(t — 7’):| +.
M(1— Py)

da(t) = Wa(t) (5.10)

-
Let us now consider the following autonomous system

d

ﬁll,(t) = Luut + .F('U/t, ,u), (511)

t >0, u € R, where forT > 0

ui(0) = u(t + 60) uw:[—7,0] - R 0 € [-T,0].

Note that £, is a one-parameter family of continuous (bounded) linear operators.
The operator F (u;, 1) contains the non-linear terms. Further assume that F is analytic
and that 7 and £, depend analytically on the bifurcation parameter ;. for small |u|.

Then equation (5.10) is of the form (5.11), with w = [w ¢]" where

ao 0 0 bo
Lou; = u;(0) + w(—7),
¢ 0 00

oW (t) + wgWa(t)qa(t — 7) + w2 Wi (t)qalt — 7)
0

F(uh ,LL) =

16



where

 PyP* — (14 By)W*P*

ag )
T
oP,W* —(1+ P *2
by — aW* — (14 Py)W K.
21
M(l — Pul)
Co=—_" >
T
A (1 + Pa)Pr
ww — 27_ )
B (sz — (1 + Pdl)W*)K
wqg — I
T
—K(1+ Py)
Ew2q = —

The idea is to transform equation (5.11) into a form which contains only wu; instead
of both w and u, i.e.
d

First, we transform the linear problem du(t)/dt = L, u,. For this we employ the
Riesz representation theorem which states that there exists a 2 X 2 matrix function
n(-, 1) : [=7,0] — R?*2, such that the components of 7 have bounded variation and for

all ¢ € C[—,0]

Lo = / An(6, 1)) (6).

In particular,

0
Loy — / dn(0, pyult + 0). (5.13)

—T

Comparing equation (5.13) with the expression for £,,¢ , we obtain

dn((g’ ,u) _ aoz((z)) boé(eo‘F 7') de’

where 0(6) is the Dirac-delta function.

17



We now define A(u)@(0), for ¢ € C'[ — 7,0], as

Alp) () = 0 (5.14)
and

*F(¢7M)> 0 =0.

As du,/df = du,/dt, (5.11) becomes (5.12) as desired.
Let q(0) be the eigenfunction for .A(0) corresponding to A(0) = iw, namely

A(0)q(0) = iwq(0).

To find q(0) let q(0) = q,e™?, where q, = [1 ¢,]. Substituting in the above equation

and using the expression for A as in (5.14), we obtain

A RN

/0 (1,05(0) + b0¢15(8 + T) eiwede
—r cod (6)

a0+ bogre T
Co

we know A(0)g(0) = iwq(f), and g(f) = [ !

™ by equating, we get ¢, = L.
¢1

From above solved wy is

\/—QQ + VG H 4G K2
Wy = 5 .

Now define the adjoint operator .A*(0) for o € C1[0, 7] as

da(s
- di)’ 86(077]

A*(0)a(s) = (5.15)
[0 anT (¢, 0)a(~t), s=0.

18



A(0) = —iw(conjugate of A(0)) is an eigenvalue for .A*, and
A*(0)g" = —iwg",

for some non-zero vector g*. Let g*(s) = Be™* be an eigenvector of A* corresponding

to eigenvalue —iw, where B = B¢, 1]7. Substitute in (5.15) we obtain

o [ as0) s |
wg) = [ B] O WO g
-7 b05<¢9 + 7') 0 1
0 [aodad(0) + cs(0)]
:/ g |20?20(0) +cod(6) ——
-7 bo(S(@ + T)
B ag®2 + o
boein
* * : * * ¢2 —iwl 1 —c
We Know A*(0)g* = —iwq*, and ¢* = B e~ by equating, we get ¢o = %T‘;w
1

For ¢ € C[—,0] and 4 € C|0, 7], define an inner product

0 0
w8 =50 60~ [ [ %o
0=—7(=0

where p - ¢ means Y ., p;g;. Then, (¢, Ap) = (A*p, @) for ¢ € Dom(A) and
1 € Dom(A").
Let g and g*, with

_ _ _ ) -1

B = (9146, + thodrdne ™)

be the eigenvectors of .4 and .A* corresponding to the eignevalues iw and —iw respec-

tively. These eigenvectors are required to satisfy (¢*, g) = 1 and (¢*,q) = 0.

19



Now, we verify that (g*,q) = 1.

(q",q) =B [52 1] . [ ; } B /0 /GEe_iw(C_e) |: 512 ]

O=—1 (=0

« CLQ(S(@) b05<¢9 + 7') do
00(5(09) 0

L eideC
P1

:§@g+@)_§/ﬂaw[@ ']

O=—1

" |: ao6(0) + ¢1boc6(0 + 7) :I 0do
005<¢9)

+borand(0+ 7)) + 005(9))96“9d«9

= B(¢y + ¢1) + Brbogr e 7
=1.

Similarly, we may also verify that (g*,q) = 0.

=—7 (=0
« a05(9) bo(S(@ + T) 0 _1 e_ZdeC
cod(0) 0 o}
0
~B(@,+9)-B [ ' [5, 1]
O=—1

| a00(6) + $1bo3(6 +7) (1—62“9>d9
CQ(S(@)

25(52 +$1) _F/O (52(%5(0)

O0=—1
wlh _ —iwl
+ Gibod(0+ 7)) + 005(«9)> <%) df
=F@ﬁaﬁém@%w<37i§—) (5.16)
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Using the expressions of ¢, ¢, and e™" and their conjugates, we have

—Cp —Co apCo

Pty =—F—— =, (5.17)
iw  ag —iw iw(ag — iw)

and

Boibo) (7‘)

29w
2 ; 2 ;
—w® +apiw  w* + agiw

_ —C —Co b b()C() boCO
W ag — w 0 29w
_ %% (5.18)
iw(ag — iw)
Substituting (5.17) and (5.18) in (5.16), we get
- B apCo 5] apCo
* =B - B
(") iw(ag — iw) iw(ag — iw)
=0.
For wu;, a solution of (5.12) at 4 = 0, define
Z(t> = <q*7ut>7
w(t,0) = u,(0) — 2Re(=(t)g(0)).
Then, on the manifold, Cy, w(t, 0) = w(2(t),z(t), §), where
2 52
w(z,%, 9) = ’UJQ()(@)? + ’wn(@)zE + 'I.UOQ(H)E + e (519)

Effectively z and Z are projections for Cy in C' in the directions of ¢* and g*, respec-
tively. The existence of the center manifold enables the reduction of (5.12) to an ordi-

nary differential equation for a single complex variable on Cy. Aty = 0, this is

2 (1) = (¢, Au, + Ruy)
= iwz(t) +g*(0) - ]-“(w(z, Z,0) + 2Re(ZQ(9))>

=iwz(t) +q*(0) - Fo(z,2), (5.20)
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which can be abbreviated as

/

z (t) = iwz(t) + g(z,2). (5.21)

Our next objective is to expand g in powers of z and Z and to determine the coefficients
w;;(#) in (5.19). The differential equation (5.20) for z would be explicit when we

determine w;;. Expanding g(z, Z) in powers of z and Z, we have

9(2,2) =@ (0) - Fo(2,%)

22 P Z2 N 2’z
= _— v e —_ e .
920 5 g11 go2 5 g21 5
Following [Hassard et al. (1981)], we write
w=u,—2q-7%q
and using (5.19) and (5.20), we obtain
, Aw — 2Re(q*(0) - Foq(h)), 6 €[-7,0)

Aw — 2Re(q(0) - Foq(0)) + Fo, 6 =0,

which can be rewritten as

w = Aw + h(2,%,0) (5.22)
using (5.19), where

22 =2

h(2.%,6) = hao(6) 5 + s (6)27 + hOQ(e)% T (5.23)
We note that, on C), near the origin

/ ! _/
w = w,z +wszz .

Using (5.19) and (5.21) to replace w., z ( and their conjugates by their power series
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expansion ) and equating this with (5.22), we get

(2w — A)wso(6) = hao(6),
—Aw(0) = hi(0), (5.24)
—(2%0 + A)w02<9> = h02<¢9)

We note that

w(0) = w(z,7%,0) +q(0)z +q(0)z

2 =2
= ’w20(9)§ + w1 (0)2Z + 'wog(ﬁ)% + gy (5.25)
+606—2w92+‘ ,

from which we obtain u;(0) and u;(—7). We only require the coefficients of 22, 2z, z2,
227 from (5.25). There are only two non-linear terms in (5.10) for which we can obtain

the coefficients as given below

u2(0) =2° + 22 + 222 + 22§<w201(0)+ 2w111(0)),
Uyt (0)ug(—7) = gre™ ™72 + €72 + 2Z(gre” T + ¢e™7)

wzoz(—T)

Woo1(0)— . ~
+ ZQ?(%()¢16MT+ wi11(0)pre™™7 + + w112(—7')) ;

s, (0)uz(~7) =27 (201677 + 6,67).
where w;; = [w;j1 wijg]T. Recall that
9(2,2) =q*(0) - Fo(2,2) = B - Fo(z,2),
where [Fo; Foo]? = Fo, and
22 P 2%z

g(Z,g) = 9205 +9112§+g025 +9217 R
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Comparing the two equations above, we get

bdl

(Eww + 5wq¢1€7im—)a

bdl

g11 = (2€ww + 5wq(¢16_iw7— + 51€iwr>)’
Jo2 = B- ¢2 (25ww + 6wqglewﬁ)a

gn = B ¢, (2€ww(w201(0) + 2w111(0))

w201(0)
2

Ew? —iwT 0 iwT
+Tq(2¢16 + g€ ))7

- , Waga(—T
teuOG o s @)gre e + 228D (o))

For the expression of go1, we still need to evaluate wq;(—7) and wa(—7). Now for
€[-1,0)
h(z,%,0) = — 2Re( “(0) - foq(e))
— — 2Re(g(=.2)a(0))
22 Z2
— (gw; + 9112z + 9025 + .. ) q(9)
Z2 22
- (?205 + 91122 + ?025 + .. ) q(9),
which when compared with (5.23), yields

hao(0) = —920q(0) — GG (0)
hi1(0) = —g119(9) — 9,,9(0)

From (5.14) and (5.24), we get

woy(0) = 2iowan(0) + g20a(6) + G @(6), (5.26)

w),(0) = g11q(0) + 7, d(0). (5.27)

Solving the differential equations (5.26) and (5.27), we obtain

w20(9) = _%qoeiuﬂ _ ;]Z%GO —iwb + eeszG (528)
wi(0) = S qoe’™’ = “Ugoe ™ + f, (5.29)
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forsome e = [e; ey]T and f = [f1 f2]T, which we will determine now. For h(z,%,0) =

—2Re(g*(0) - Foq(0)) + Fo,

h2o(0) = — 920q(0) — g (0) +

h11(0) = — 9119(0) — 9,,q(0) +

Again, from (5.14) and (5.24), we get

(QZCU — ao)’lU201 (0) - b0w202(_7—)

—CoW901 (O) -+ 2iw’w202 (0)

Eww + 5wq¢1672w7—

0

25ww 4 gwq((bleiiwq— + 5161"*”—)

i 0
= h(0)
apwi11(0) — bo’w112<_7—)- = h11(0) (5.30)
—cow111(0) |

from (5.30) and ho(0), h11(0) gives

(2iw — ag)wa1(0) — bowaga (—7)
—Cowa01(0) + 2iwwa2(0)
aowi11(0) — bow112(—7)

—Co’wnl(o)

we further simplify and substitute the expression for w;;(6),

= —9209(0) — Gp2q(0) +

= —g119(0) —7,,9(0) +

in (5.29) and finally solving for ey, e, f; and f5, we have

L boco

2iw B (Eww + EwgPre 2T

L COﬁ(gww + gwq(ble_QiWT)

0

L(2Eww +qu(¢1e—iw’r +$16iw’r))

25

Eww T EwgP1€”

0

T

25ww+€wq(¢1€_in+516iw7)
0

(5.31)

0 € {—7,0} from (5.31)



where

1

B 2iw(2iw — ag) — bocoe™2T

B

Using the values of e and f in (5.28) and (5.29), followed by substituting § = —7, we
can obtain the expressions for wq;(—7) and wyy(—7). Using these, we can evaluate

go1. We now, finally, have the expressions for go9, 911, go2 and go;.

Recall that we motivated K as the bifurcation parameter. We denote o' (0) =

Re (d>\ JdK In order to determine the type of the Hopf bifurcation, and the

s
stability of the limit cycles, we need to evaluate the following quantities [Hassard et al.

(1981)]
Mo = ————~ BQ = QRC(Cl(O)), (532)

where ¢;(0) is the first Lyapunov coefficient, and is given by

i 1
a(0) = % (920911 - 2|911|2 - §|902|2) +

921
-

Then

e the Hopf bifurcation is supercritical if j15 > 0 and subcritical if py < 0,

e the limit cycles are asymptotically orbitally stable if 5, < 0 and unstable if 5, >
0.
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CHAPTER 6

Numerical Simulations

In this section, we verify our theoretical analysis for the existence of Hopf bifurcation in
section (5) and determine the stability and direction of the bifurcating periodic solutions

of system (3.6) with the parameters of the system as follows

Table 6.1: Nonlinear Model Results

Parameter Values Units
TCP connections M 60, 120, 240 -
Queue capacity C 100 packets/sec
Round trip time 7 2 sec
Uplink probability P, 0.001 -
Downlink probability P 0.001 -
Bifurcation parameter K. 0.034 -

Stability chart, for the system from Fig (5.1) we observe for M = 240 and 7 = 2
value using (5.4) equation, we get the bifurcating parameter value to be X = 0.034 and

we can also visualize from the Fig (6.5).

In order to perform a Hopf bifurcation analysis, to verify and visualize the analyt-
ically result we observe the bifurcating parameter is X = 0.034 for M = 240,7 = 2,
and the critical values W* and ¢* are 0.834, and 82.47 respectively from (4.2) in section
(4). Below are the waveform plot to study about the system’s stability and phase portrait

for K < K.and K > K..
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Figure 6.1: Waveform plot for K < K..
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Figure 6.2: Phase }z)ortrait for K < K..
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Figure 6.3: Waveform plot for K > K..
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Figure 6.4: Phase }z)ortrait for K > K..
9

120

x10°



Hopf bifurcation occurs at K = K.
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Figure 6.5: Bifurcation diagram for K.
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Figure 6.6: 112, By for bifurcation parameter K.
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CHAPTER 7

Conclusion

A nonlinear TCP fluid flow model was analyzed. From Fig (6.2) - Fig (6.5) we visualize
behaviour of system’s stability at X' < K., K > K.and K = K,.. The local stability
of the equilibrium was investigated from Fig (6.2) system is stable because bifurcation
parameter K is lesser than the critical value. Occurence of Hopf bifurcation as K passes
from left to right through the critical value K = K., which cause the system to sustain

oscillations is where the system loses its stability.

We now knew that as K crosses a critical value, the fluid flow model (3.6) will lose
stability, where Hopf bifurcation occurs. To stabilize the system’s queueing length with
a bifurcation parameter K, we further analysis the system by considering quadratic and
cubic terms which plays a major role for system oscillations (5.10) and to determine the
type of Hopf bifurcation, and stability of limit cycles (5.32) as in section (5). From Fig
(6.6) u2 > 0, implies the Hopf bifurcation is supercritical and B, < 0, implies that the

limit cycles are asymptotically orbitally stable.



REFERENCES

. Hassard, B. D., N. D. Kazarinoff, and Y. H. Wan, Theory and applications of Hopf
bifurcation, volume 41. CUP Archive, 1981.

. Jacobson, V., Congestion avoidance and control. In ACM SIGCOMM Computer Com-
munication Review, volume 18. ACM, 1988.

. Liu, F., H. O. Wang, and Z. H. Guan, Stability analysis and control of bifurcation
in a tcp fluid flow model of wireless networks. In Intelligent Control and Automation
(WCICA), 2012 10th World Congress on. IEEE, 2012.

. Misra, V., W. B. Gong, and D. Towsley, Fluid-based analysis of a network of agm
routers supporting tcp flows with an application to red. In ACM SIGCOMM Computer
Communication Review, volume 30. ACM, 2000.

. Raina, G. (2005). Local bifurcation analysis of some dual congestion control algo-
rithms. IEEE Transactions on Automatic Control, 50(8), 1135-1146.

. Zheng, F. and J. Nelson (2009). An hoo approach to the controller design of agm
routers supporting tcp flows. Automatica, 45(3), 757-763.

33



