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ABSTRACT

KEYWORDS: Markov chain, prediction risk, minimax risk

In the field of statistical learning, a significant problem is trying to estimate an unknown
distribution from its samples. This problem has been studied very thoroughly with respect to
iid distributions. However, the same problem in a Markov chain setting has not seen much
research. Markov chains have a lot of practical significance as they increase the complexity
of the unknown distribution. In many real life applications, like speech processing, words in
sentences can be modelled as a markov chain - as the next word in a sentence depends on the

previous words.

In this report, we first discuss the minimax squared error(SE) risk for the 2-state Markov
chain and show that it is O (%) We then extend this to the k-state Markov chain showing

the lower bound O ( ﬁ) and upper bound O (%) respectively. Finally, we improve the upper

bound for the KL-divergence risk to O @ which also equals an existing lower bound.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

The prediction problem in statistical learning has been a fundamental problem for a long time.
Essentially, the problem is to estimate an unknown finite distribution after observing a certain

number of samples. This problem has been studied extensively for the iid distribution.

A similar problem on estimating Markov chains, has not been studied. Markov chains add
a layer of complexity to the problem, while still remaining relatively simple. Markov chains
can also be used to model lots of practical distributions like in speech processing - words going

to appear in a sentence depends on the previous words; ecology, finance-stock markets etc.

In this report, we focus on the prediction problem for Markov chains. We quantify this by
defining a quantity called risk and try to quantify the minimax risk ( essentially the “worst-case

risk”) by finding upper and lower bounds for it.

1.2 Problem Definition

A sequence of random variables X" = X, X, ... with X; € [k] = {0,1,..., k—1} satisfying

n

Pr(X” = In) = PI'(X1 = J]l) ]T[PI'()(Z = xi|Xi—1 = l’i_l), n = 1, 2, ce

=2



is said to belong to a k-state, memory-1 stationary Markov chain if the state transition prob-
ability P(v|u) = Pr(X; = v|X;_; = u), u,v € [k], is independent of i, and the initial state
distribution Pr(X,) is the unique stationary distribution 7 = Pr(u), u € [k], for P(v|u) satisfy-
ing w(v) = Y, m(u)P(v|u), u,v € [k]. The collection of such Markov chains is denoted M
and each chain in the collection is parametrized by P(v|u), and we will let P denote the matrix

of values P(v|u), u,v € [k].

Given a sequence X" = [X1, Xy, ..., X,] from My with P(v|u) unknown, we are inter-
ested in the prediction problem |[Falahatgar ef al.|[2016]], which is the estimation of the random
vector

O(P, X,) = [P(0|X,,) P(1|X,) -+ P(k—1]X,)].
An estimator for ©(P, X,,) using an observation X" = z", denoted ©(z"), is defined as

~

O(a") = [P(0]a") P(L]z") -+ P(k=1]2")],

where P(a|z") : [k] x [k]" — [0,1], a € [K].
We consider the minimax prediction squared-error risk, defined as

. 2
pJE (M) = min max | H@(P, X,) — O(X")

& PeM; Xn~P

2

(1.1)

k—1
—minmax E Y ’P(a]Xn) — P(a|X™)
=0

p PeM, Xn~P
a=

1.3 Outline of Thesis

The rest of the thesis is organised as follows. Chapter 2] discussed a standard method called the
Le Cam’s method and a modification. Chapter [3|analyses the the squared error risk for a 2-state

Markov chain. Chapter 4] extends similar ideas to the minimax risk of a k-state Markov chain.



CHAPTER 2

Useful Techniques for analysing minimax risk

The ideas from this chapter are discussed in Duchi| [2016]] and Kahlon| [2018]].

2.1 Le Cam’s Method

Let P be a set of distributions and let X, X5,..., X,, be a sample from some distribution
P € P. Let § = 6(P) be some function of P. Let theta = theta(Xy, Xa, ..., X,) denote an
estimator and d be some distance metric satisfying triangle inequality and ® : Rt — R™ be a

non-decreasing function with ®(0) = 0. Let the minimax risk be defined as

R =inf sup Ep {(I)(d(é, 9)} 2.1)
§ PeP
F, P
Then, for any pair Py, P, € P,let A = 4(6( 0)2’ o(11)) , then
L1
R 30(0)|1 - 1A~ Pl .2

For our lower bound calculations, our risk functions are not in the form of Hence, we

need to modify the Le Cam method.



2.2 Modified Le Cam’s Method

Let P be a set of distributions and let X;, X5,..., X,, be a sample from some distribution
P e P. Let6, = 0,(P),02 = 02(P),v1 = 71(P) and 2 = ~2(P) be some functions of
P. Let §, = él(Xl, Xo,...,X,) and Oy = ég(Xl, Xy, ..., X,) be the estimators of §; and 6,
respectively.d is some metric distance satisfying triangle inequality and ® : Rt — R™ be a

non-decreasing function with ®(0) = 0. Let the minimax risk be defined as

R; = ”{f ISDUg Ep ’chb(d(éh 91)) + ”Yzq)(d(é% 92)) (2.3)
0 S

Then the lower bound on 7} is given by

Theorem 1. For any pair Py, P, € P. Let Ay = w and Ay = w. Then,

Ry =g min(ou(P (P01 Dra Rl
+% min(vo(By), v2(PL))B(As) {1 _ \/ %DKL(POHPl)} 2.4)

Proof. An estimator él defines a test static 1, namely,

1, ifd(6,6,(PRy)) > d(0,6,(P,))
(X1, Xo, .., Xy) = (2.5)

0, ifd(6,6:,(Py)) < d(b,6,(P,))



Similarly estimator ég defines a test static 1y

L,

0,

If P= Pyand ¢ = 1, then

20 = d(01(Py), 01(P1)) < d(61(Po), 0:(Py)) + d(61,0) < 2d(6,(Py),0)

if d(6,02(Py)) > d(6,65(P)))

if (6, 05(Py)) < d(6, 05(P,))

A

— d(gl(P0)70) > Al

~

and so ®(d(0,(F,),0)) > ®(A). Hence,

Ep, 71(P0)‘I>(d(9791(130)))} > Ep, {71(130)(1’(6“9791(P0)))1(¢1

Similarly,

1

Ep

0

> N(Po)@(A1)Ep[I(¢y = 1)]

=1(F) (A1) R = 1)

(PG, 0,(7L))
o (Po)B(d(0, 0a(P2)))

_72(P1)<D(d(‘§792(131)))-

> ’Yl(Pl)(I)(Al)Pl(wl = O)
> Yo (Fo)P(Az) Po(12 = 1)

> Yo(P)P(As) P (102 = 0)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

2.11)

(2.12)



From the above, we can show that

Rp = Ep, l’h(Po)q’(d(é, 01(Py))) + 72( o) (d(, 92(Po)))]

(2.13)
> Y1(FPo) (A1) Po(¥r = 1) + 72 (Fo)P(Ag) Fo(12 = 1)
R, = En [ (FOR((0,61(P) + 2o ARG, 6a(P)
(2.14)
> (P @(A1) P11 = 0) + 72 (P1)P(Az) Pi(12 = 0)
We can thus write our risk as
supfe> s, R > SRS @1
> %(71(P0>‘I)(A1)P0(¢1 = 1) + 72(Po)P(A2) Po(v)e = 1)) (2.16)
2 min((P), 1 (P))B(Ay) inf [P‘)(wl =1 ‘g Bl = O)} (2.18)
+min(y2(Fo), v2(F1)) P(Az) iZf {PO(% =Y ;— G 0)] (2.19)
Using the result that
ing (R = 1)+ Piw = 0)) = 1= 17~ Rl 220



we get,

1 .
R, > 3 min(y1(Fo), 71(FP1))P(AD)[ = [Py — Pi|7v]
1 .
+ 5 min(y(Fo), 72(P))2(A2)[1 — ||Po — Pullrv] (2.21)
We know,
1
1Py — Pif|7y < QDKL(P0||P1) (2.22)
and therefore
R 1
R, > §mln(71(Po),%(P1 \/QDKL Pol|Pr) }
1 . 1
+ 5 mln(%(Po),%(Pl [ \/2DKL Po |P1 ] (2.23)
O
Similarly, if we extended to other ~;, 6; terms we have
R: = inf sup Ep |71 ®(d(0y,601)) + 12®(d(02,05)) + ... yn®(d(Ox, On)) (2.24)
¢ PeP
Then the lower bound on 7} is given by
Theorem 2. For any pair Py, P, € P. Let A = w, Ay = w, ... and



An =

d(On (Po),0n (P1)) Then
2 : 4
N 1
Ry, 25 min(y;(Fy), 71 (Fr))® QDKL (FPol|P1)
1 . 1
+§m1n(72(P0),72(P1 2DKL (Pol|Pr)

+...

+% min(yy (Fo), v (F1))2(An) {1 - \/%DKL(POHPl)}

The proof follows similar to Egn [I]

(2.25)



CHAPTER 3

Analysis of squared error risk for 2-state Markov chain

3.1 Problem Definition and Results

The prediction problem defined in chapter [I] can be rewritten here specifically for the 2-state

Markov chain.

1_acm1—ﬁ

B

The Markov chain represents the transition probabilities from the only two possible observ-
able states 0 and 1. Given a sequence X" = [X;, Xs, ..., X,,| from M, with a, 8 unknown, we
are interested in the prediction problem - that is what is the risk in estimating the next symbol

Xnt1-
We show the following.

Theorem 3.

pSE(M,) = min max _E (P(O]Xn) . ]5(0|X”)>2 + (P(1|Xn) - 13(11)(”))2

p PeMy X"~P

— 2min max E <P(0|Xn)—]5(O|X”)>2. 3.1)

p PeMy Xn~P

0.9992 1 1
o o (;) < ppP(M,) <O (—) . (3.2)



3.2 Lower Bound

The lower bound idea and proof in this subsection is got from Kahlon| [2018]].

Define p as follows.

X"~Ms

p= B, [Ipores = 0 = gl = 0P
=) B s = 01) — s = 01

X1 Ma|zn,=0

fp(e=1) E Dm%ﬂzoww—«%ﬂzowmﬂ

XnNMQ‘CEn::l
=p(z,=0) E |a—dafP+px.=1) E |[B-5] (3.3)
X7 ~Ma |z, =0 X"~ M|z, =1

Using the modified Le Cam method |1}, we show that

i (M?) > min (po(rcn =0), (2, = 0)) <|a0 — ol ) { \/%DKL P0|xn:0||P1|xn:o)}

+ min (po(xn = 1), p1(z, = )) (’5” 5°‘2> { \/%DKL P0Xn21||P1Xn:1)}

34)

where Py and P, are 2-state markov chains with parameters (v, 8y) and (v, f1) respectively. Py x,,—o

is the conditional distribution of F, given that X,, = 0. Similarly the other terms are defined.

For finding the lower bound, the following distributions are considered.

140
Po:ag=1-5y= T
1—9
P13061:1—51:T

10



Since « = 1 — 3, the samples X" = X3, X,,..., X, will become iid Bernoulli with

P(X =0) =1—«aand P(X = 1) = «a. Now, since both P, and P, are iid Bernoulli,

P(X"|X,) = P(X™ ). Thus,

10)%9% (PO(X”|Xn = 0)|| P (X" X, = 0)> = Dg1 (PO(X”‘1)||P1(X"‘1)

Dt <P0(X”|Xn = 1)||P(X"| X, = 1)) = Dk <P0(X”‘1)||P1(X”‘1)

Since the distributions are iid,

1+0

Dt (AP = (0 - oo (175

Noting that § log (%) < 362 for ¢ € [0, %], we obtain

Dkr <P0(X"1)HP1(X”1)) <3(n—1)6

Plugging the above in equation [3.4] we get

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)



3.3 Improvements to Lower Bound

First we consider these slightly modified distributions F, and P;:

1+ad
P()ICY():]_—BO: 9

1—ad
Plzozl:l—ﬁl: 9

Since the distributions are iid, we have for some A,

1
Dxkr, (PO(X”‘1)||P1(X”‘1)> = (n —1)ad log (1 + a(;) < (n— 1)\ (3.11)
—Qa
We can then modify Eqn to get
1 An — 1
P (My) 2 (1 — ad)a?s” (1 _6 —(”2 )) (3.12)
For 6 = 2, /—A(f_l),
pSEMy) > 2o o X (3.13)
" 2/ = 97 n n '

We find that for ¢ = 0.1 and A = 0.020166, a2/)\ = 0.4996. The author believes that the

supremum of the set of values a/\ is 0.5 while never equalling it.

Thus,

pSE(My) > 002 o<1) (3.14)

12



3.4 Upper Bound

In Falahatgar et al.| [2016]], they analyse the lower and upper bounds for the minimax KL

divergence risk of the same problem. They show that

A 2loglogn 1

KL

< —-- — .
(M) = Hgn max pEL(P, P) < - + O( ) (3.15)

They prove this by taking 2 cases - single transition sequences and the remaining sequences.

We modify these arguments to get results for the SE case.

3.4.1 Single transition sequences

Consider sequences z; = 0"~'1" of the form 00...0011...1111, where the number of zeros

are [. These sequences form the set 01. Similarly, we can define the set 10.

Define the add- estimator p(X, 11 = 0| X" = 2") = NN%IF , where Ny is the number of

times a state O follows state 1 in " ,/V; is the number of occurrences of state 1 in 2" and any

A

p € [0, 1]. Here, for the single transition sequence z;, N1g = 0, N; = [. Hence, P = -*=. Then,

22”( )

2
:Zﬂopl(l—p1>”"‘1(1—po)l_1{p§—2p°5+ - }
=1

I+1 (12

n—1 2
< ; pop1(1 = p1)" (1 = po)' [pg + ﬁ}

n—1
2100 el .1
S = + 5o Zpl(l —p1)" (1 = po)’ l'l_z
=1

13



n—1
2100 i1 1
S + 1o Zpl(l —p)"! 11—2
=1

n—1

2p0po 2 1 1
< ZHoPo -~
-~ n +Bﬂoz:n—l—lp

0Py e 1 1 1

== +6uo;((n—1)12+(n—1)2l+(n—1)2(n—l—1))
20t0po | o 2 1 1

" +W0<<n_1>+<n_1>+<n_1>)

< O(l) (3.16)
n

We used the facts that py, p; < 1 and the lemma (from Falahatgar et al.| [2016]) below

IN

Lemma 4.
! 1
1—po)p(1—p)t< —
;po( po) p1( p) < rr1
Note that his upper bound is true for any 5 € [0, 1].
Similarly, one can show for the 10 case and hence
SE/AT 10 1
P2 (01U10) <O — (3.17)
n
3.4.2 Remaining sequences
In |Falahatgar et al. [2016] , they show that
. 1
pEL(X™\ (0T UT0)) < O(—) (3.18)
n

by assuming any add- estimator, and then analysing for the typical and atypical sets.

14



To show the similar result for the square error case, We first show the following result:

Lemma S. For(0 < a,b <1,

(a— b)* < D(al[b) = alog (%) O a)log G:Z)

Proof. From Pinkser’s inequality we know that for any two probability distributions P and (),

drv (P, Q)* < =Dk (P||Q)

1
2
where dry is the total variation distance.

Now, define P = a,1 —a and ) = b,1 — b, where 0 < a,b < 1. As the set is finite,

drv(P,Q) = 3||P — Q||| = |a — b]. Thus,

1 a l—a

Using this lemma, we can show that

PpIE(X™\ (01U T0)) < pK(X™\ (01U T0)) < O(1> (3.20)

15



By combining and we can see that

pSE(My) < 0(1> (3.21)

3.5 Understanding the Upper Bound

In our proof of the upper bound we used an already existing result. The proof of that result
is very complicated and while it does give the correct order, the constant factor in the order is

very large. Hence, we would like to see if we can find a simpler proof of the same.

Let the last symbol X,, be 1. The probability of this occurring is B%} The square error risk

given that the observed sequence ends in 1 is

EX" (Oz - d)z

(k B 1) al(1 — a)ft (” B f . 1) B 1= )" o —a)

k=1
n min(k—1,n—k)
k—1 g (n—k—1\ ,_ ke
< < l )al(l_a)kll( L )Bl 1(1_5) k—1
k=1 =1
" k-1 k-1
S < l >Oél(1 o a)k‘*l*l (TL I )6[1(1 o /B)nfkfl (322)
k=1 I=1

The above steps follow as «, & € (0,1) and max(min(k — 1,n — k)) = n/2.

Now we split the summation into 2 parts and deal with each one. First we state a standard

lemma which is used:

16



Lemma 6.
n/

> (7;) BY(1 — Byt < e DO

=0

351 For0<k<n/2

Thus n’ = n — k > n/2. Hence is less than

3
I
3
~
no

k=1
n/2

< N e 5Pllm] — geﬁD[ [Ip1]
k=1

352 Forn/2<k<n

Thus n’ = k — 1 > n/2. Hence is less than

n n/2

>3 (" ot e
k=n/2 1=0
n Tl/2
<35 (7)atn-ar
k=n/2 1=0
< ~2D[3llpo) — " —2DI[%IIpo]
< Z e 2¥M3 26 Pl
k=n/2
Both [3.24|and [3.25|are of the form f(z) = Ze~3Plllel = ge_%loge(w(llfx))

17

(3.23)

(3.24)

(3.25)



Evaluating f(z) < 1% we can see that this is true when 0 < z < 0.283and 0.717 < z < 1.

n
One reason for not capturing the entire range is that we are dropping the (v — &)? term. This
result is reassuring because it takes care of probabilities which are very low and very high. The
other probability ranges centered around (0.5 can be possibly dealt with by using concentration

results.

18



CHAPTER 4

Analysis of squared error risk for k-state Markov chain

4.1 Lower bound

Define p as follows.

p= E [|p<xn+1 — 0f")  glanss = mwﬂ
X ~Mp

X7~ M|z =i

zipm:i) B I = 157 — s =i

4.1

We first show the lower bound for a k-state markov chain with even k. The odd case follows

similarly.

Let Fy and P; be two distributions defined as

Po(zpi1 =iz, =0) = Py(xnir =ilz, =1) =+ = Po(zpy1 = tlx, =k — 1)
Py(0].) = Po(1]-) = -+ = Ro(k/2 — 1].) = 1_:5
Po(k/2|.) = Po(k/2+1].) = -+ = Py(k|.) = 1-9

k



Pi(Tpi1 =i|2n =0) = Pi(zpi1 = iltn=1) =+ = P\ (&1 = i|z, =k — 1)
P(0].)=P(1]) == P(k/2-1].) = ——
Py(k/2|.)=P(k/2+1].) == Pi(k|.) = ——

4.2)

Now using extended Le cam Theorem Eqn 2]

“ L (Py(0]d) —4P1(0|z'))2] <1 B \/%DKL(PO‘Xn = 0[|P,|X, = 0))

pEL) > %{ﬁ;mmw), ) |

=1

4.3)

From our construction of F and P, for all ¢+ we have :

° min(Po(i),Pl(i)) = 1—;5
. (Ro(0]i) = A(0))> _ &
4 4k?

 Dicr(Po| X = 0| 1| Xy = 0) = Dy (Po(X"H[ (X)) = (n = 1) D (Bo]| 1) =

149

dlog | 155

Hence,

1 5?2 n—1 140
p2r00) 2 5 (1-0) () (1- ¢ o (155) ) 4
As dlog (i—fg) < 302, with 6 = 2 ﬁ,

20



SE 4 (1
Pn (Mk)Z% O(n) (4.5)

Similarly, when k is odd we can show the same lower bound. We just have to make small

changes to the construction of F and P, which is described as:

Py(xpy1 =i|lx, =0) = Poy(xpy1 =ilx, =1) =+ = By(zp1 =iz, =k — 1)
1+260
PO(0|.)—T
1-9§
k+3 146
P0(3|.):P0(4|.):...:p0( : |_): !
kE+5 kE+7 1-§
Po( 5 |.)—P0< 5 ")_"'—PO(M.)— :
P (zp41 =iz, =0) = Py (xpp1 =ilz, =1) =+ = Pi(zp41 =1z, =k —1)
1—-9§
1+26
Pl(l|.):T
k+3 14
Py(3|.) =P4|l)=---=P ) =—2
2 k
k+5 k+7 144
Po( 5 |>P0( 5 \) = Po(kl.) = ——

21



4.2 Upper Bound

pu” (My) = min max pii* (M, P)

k-1
= min max [E [Z Ip(z" ™! = a| X" = 2") — p(a" = a| X" = w”)ﬂ
p PeMy, Xnup

k—1

< min max [E
P 0 PeMy Xn~pP

a=

Now, we consider the add-/ estimator ]5, with § = % as follows:

- na + %
P(xn+1:a|X"::v"):N”—+1k, Vo<a<k-1 (4.7)

Tn

where N, is the number of occurrunces of state x,, in 2" and N, _, is the number of times

that state a follows state x,, in z".

For the £ state Markov chain and any state a, collapse the k-state Markov chain to a 2-state

Markov chain with states a and a , where a = [k] \ a
a
B

From the 2-state Markov chain upper bound (setting 5 = 1/k), we can show that for any

distribution P,

22



7IIEP|:|p(‘r7L+1 — G‘X" — CL’"’) _ pA(and — a|XTI, — 1,‘”)'2 + |p(xn+1 — ElX" — .I’") —]3({]3"+1 — a'X’!L — ZE")|2:| S O<711>

X

= EP{W”“ = alX" =2") - pla" = alX" = af")\z'} = OG) (4.8)

X~ n

Plugging in for our estimator P.

k1
k
E max R [|p(w"+1 =a|X" = 2") — p(a"t = a| X" = x")|2] < O(—) (4.9)
o PeMy Xn~P n
Thus, from our lower bound E¢n 4.5 and upper bound Eqgn [4.9|we have
_ol =) < M,) < — 4.10
81kn O(n) < P (M) < O<n> (410)

4.3 Extending the Upper Bound for KL Divergence

In |[Falahatgar er al.|[2016]], they analyse the upper bound for the minimax KL divergence risk

of the 2-state Markov chain. They show that

~_ 2logl 1
pEE(My) = min max pXH (P, P) < £08°080 O(—) (or)
n n

p PeMs
p(l\Xn)} o 2loglogn +O(1>

p(L]X™) n n

01X,
infsup E |p(0|X,)log M

~ + p(1|X,,) log
P, XneMy p(0]X™) (1}Xn)

(4.11)
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They show this by taking 2 cases

e Single transition Sequence : The consider sequences z; = 0"~'1! of the form 000 ... 0011 ...

where the number of zeros are [.

Using the estimator p(XnH =0|X") = @, they show the upper bound here.

¢ Remaining sequences : They assume an add-/3 estimator and show the upper bound for
this case.

Now, consider the upper bound for the minimax KL divergence risk of the k-state Markov

chain.

KL _ : KL ®
Pr (M) = min max p, (M, P)

k-1

p PeMg Xn~PpP

k—1

= min max E 2" = alX™ 1o
i > B [l = ol o

k—1

(
(
<min » max E [p(@"™ =a|X")log o
P o PeMy, Xn~pP (

a=

Define the estimator p as follows:

o 2™ is a single transition sequence of form a'a" "
llogn
» _ ny _ . . .. PR
Plzpp =alX") =1 - @ 2" is a single transition sequence of form a‘'a”~* (4.13)
1
Nepa + %
——=  else
( N, +1
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From the 2-state Markov chain and for our estimator p

p(alX,)
sup E |p(a]X,)log=
0.8 Xn~Ms (alXa) plalX™)

X,)] _ 2logl 1
(on) sup E|plalx,)log 29 } < 2OB08T 0(-) (4.14)
a,8 X"~My plalX™ n n
Plugging this in[4.12] we get
2% log1 1
pRE(My) £ 2R 4 0(5> (4.15)

InHao et al. [2018], they study the KL-divergence risk for a k-state Markov chain and show

that

(k—1)loglogn <KLM) < 2k*loglogn
den ~on ~ n

(4.16)

Thus, we improve the upper bound by a factor of k to get the same order of O (%)

in both the lower and upper bound. Thus,

4.17)

kloglogn
i) = O FE AN )

n
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CHAPTER 5

Summary

In this report we have shown the following:

e For the 2-state Markov chain, we showed that

0.9992 1 1
—o| =) <pFMy) <O~ ]. 5.1
27n O(n)_p”( 2)_O<n) -1y
e For the k-state Markov chain,
4 1 k
(2 < 5B < K '
(1) <aron <of8) 5
e Lastly, for the KL.-divergence risk of a k-state Markov chain
2k log1 1
pEE(M) < 28080 O(—) (5.3)
n n
and hence
kloglogn
pRE(My) = O (%) (5:4)

The gap between the lower and upper bound for the k-state Markov chain in the SE case

can be improved.
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