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ABSTRACT

KEYWORDS: Event Triggered Control, Input to State Stability, DR regions,

Cloud Computing, Linear Matrix Inequality.

An event triggered control law is proposed for performance management of a web-

server system hosted on a cloud while ensuring efficient resource utilization. The web

server system instantiates or turn off Virtual Machines (VMs) in response to incoming

web requests from clients. The aim of the control task is to allocate new VMs only as

and when required, while guaranteeing that the CPU utilisation and the response time

of the server system lie within certain predefined thresholds. The dynamics of the tar-

get system are modelled as a discrete linear time invariant system subject to exogenous

inputs and actuation delay. Event triggering introduces measurement errors between

triggering instants which are treated along with the exogenous inputs as ‘disturbance

input‘ to the system. The controller design problem is analysed within the framework

of Input to State Stability (ISS) and DR stability. A notion of ‘Input to State DR stabil-

ity‘ is introduced, and an ISS Lyapunov function is designed to guarantee Input to State

DR stability of the system with respect to the disturbance input. An event triggering

condition is derived for updating the control law whenever there is performance degra-

dation or over provisioning of resources. The results are experimentally validated on a

web-server system hosted in a private cloud environment.
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CHAPTER 1

INTRODUCTION

One of the main objectives in any control application is to have optimal usage of re-

sources, which is particularly relevant with the onset of systems with shared resources.

Traditionally, control laws have been implemented in a periodic or a time-triggered

manner making use of strong theoretical concepts that support it. Such a periodic up-

date scheme results in excessive usage of computational and communication resources.

Event triggered control (ETC) [12] is a technique where the control law is updated

only when an event of interest has occurred. An event could be characterized by a

deviation of the system from certain predefined performance metrics. Whilst ensuring

performance, it is also necessary to make sure that resources are not over provisioned.

Therefore, the event triggered control law must not only check for degradation in per-

formance, but also trigger an event when resources are over provisioned. This event

would cause a reduction in the control energy while maintaining quality of service.

Since performance specifications can be mapped to specific pole regions for the closed

loop system, efficient resource utilisation can be ensured by restricting the poles of

the closed loop system to convex subregions of the complex plane, called DR regions.

There are two components to the design of such a controller for event triggering [10]: a

feedback control law that determines the control input and a triggering mechanism that

decides when the input is to be updated. The event triggering conditions are based on

the measurement errors becoming large when compared with the state norm. However,

in addition to measurement errors, most systems are also subject to exogenous inputs in

terms of disturbances. Ensuring robustness of the system to disturbances and errors is

dealt with by the notion of input-to-state (ISS) stability [18].

The authors in [15] use event triggering to reduce network traffic as well as en-

ergy expenditure of battery powered wireless sensor nodes in sensor/actuator networks.

Event triggered control is used in [9] for distributed control of multi-agent systems

where each agent is equipped with an embedded microprocessor with limited resources.

This framework is preferable in such a scenario where each agent needs to have contin-

uous communication with other agents. [14] deals with the design and implementation



of a purely data-driven ETC technique for event detection and event handling in IoT

applications. In [19], the problem of scheduling control tasks has been studied in the

context of continuous time systems.

This project addresses the problem of event triggered control for a discrete time

linear system subject to exogenous inputs. The specific system of interest is a web

server system hosted on a private cloud. Server virtualisation in the cloud environment

allows partitioning of the physical server into a number of virtual servers called Vir-

tual Machines (VMs). Each VM hosts a web server which serves the incoming web

requests. These VMs are instantiated (or turned off) based on the magnitude of the

incoming workload and performance specifications. In such a set up, it is natural to

use event triggered techniques since small changes in the incoming requests may not

require the instantiation of a new VM. We derive an event triggering condition that

monitors the states of the system and triggers a change in the control input only when

certain performance specifications are violated, or when resources are over provisioned.

The feedback control input is given by a proportional controller that ensures that closed

loop poles are picked from aDR region. A Lyapunov Function is designed to guarantee

Input to State DR stability for the web server system.

This project report is organised as follows. The concepts of Input to State Stability

and DR regions are introduced along with some mathematical preliminaries in Chapter

2. Chapter 3 presents the motivation behind this work along with the problem formu-

lation. The design of an ISS-Lyapunov function to ensure Input to state DR stability

of the system with respect to the exogenous input as well as measurement errors intro-

duced by event triggering is given in Chapter 4. Chapter 4 also covers the derivation of

a theoretical event triggering condition based on the norm of the measurement error and

exogenous input exceeding a certain threshold based on the states of the system. Chap-

ter 5 presents the results from experimental validation of the event triggering scheme

derived in Chapter 4 on a web server system hosted on a private cloud. It is observed

that the control input is updated less frequently in event triggered control as compared

to the case with time triggered control while meeting performance specifications. More-

over, over-provisioning of resources is prevented through the usage of a state feedback

gain matrix that guarantees DR stability of the closed loop system. The conclusions are

presented in Chapter 6 along with some future work. These results have been submitted

to the 57th IEEE Conference on Decision and Control 2018 [4].
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CHAPTER 2

PRELIMINARIES

Definition 1. A continuous function α : [0, a) → [0,∞) belongs to class K if it is

strictly increasing and α(0) = 0. It belongs to class K∞ if a = ∞ and α(r) → ∞ as

r →∞.

Definition 2. A continuous function β : [0, a)× [0,∞) → [0,∞) belongs to class KL

if

1. for each s, β(r, s) belongs to class K with respect to r and,

2. for each r, β(r, s) decreases with respect to s and β(r, s)→ 0 as s→∞.

Definition 3. [8] The system

x(k + 1) = Ax(k) +Bu(k) (2.1)

is said to be Input to State Stable (ISS) with respect to input u if there exist functions

β ∈ KL and γ ∈ K such that for all u ∈ Rp and x(0) ∈ Rn

‖x(k)‖ ≤ β(‖x(0)‖, k) + γ(‖u‖k), ∀k ∈ N (2.2)

with ‖u‖k = sup{‖u(k)‖ : k ∈ {0, 1, · · · , k − 1}}.

Definition 4. A continuous function V : Rn → R+ is said to be an ISS-Lyapunov

Function for the system (2.1) if there exist functions α1, α2 ∈ K∞ such that

α1(‖x‖) ≤ V (x) ≤ α2(‖x‖), ∀x ∈ Rn (2.3)

and functions α ∈ K∞ and χ ∈ K such that

V (x(k + 1))− V (x(k)) ≤ −α(‖x(k)‖) + χ(‖u(k)‖) (2.4)

The existence of such an ISS-Lyapunov function guarantees that the system (2.1) is ISS

with respect to u.



Definition 5. [6] A Linear Matrix Inequality (LMI) has the form

F (x) := F0 +
m∑
i=1

xtFi > 0 (2.5)

where x ∈ Rm is the variable and the symmetric matrices Fi = F T
i ∈ Rn×n, i =

0, 1,
...,m are known. The inequality F (x) > 0 means that F (x) is positive definite,

hence, vTF (x)v > 0, for all v 6= 0. The linear matrix inequalities could have matrices

are the variables, as in this work.

Lemma 1. [5] Schur Complement: Consider a symmetric matrix M ∈ R(p+q)×(p+q) of

the form

M =

 A B

BT C


where A ∈ Rp×p, B ∈ Rp×q, C ∈ Rq×q and C is invertible. Then,

M > 0 ⇐⇒ C > 0, A−BC−1BT > 0

Definition 6. [16] ADR region in the complex plane is defined by the symmetric matrix

R =

R11 R12

R′12 R22

 (2.6)

as

DR = {z ∈ C : R11 +R12z +R′12z
? +R22zz

? < 0} (2.7)

where R ∈ R2d×2d, R11 = RT
11 ∈ Rd×d, R12 ∈ Rd×d and R22 = RT

22 ∈ Rd×d.

Definition 7. The discrete time system x(k + 1) = Ax(k) is said to be DR stable if all

the eigen values of A lie in the DR region given by (2.7).

Definition 8. The system

x(k + 1) = Ax(k) +Bu(k)

is said to be Input to State DR stable with respect to u if:

i. The system is ISS with respect to u.

ii. The eigen values of A lie in a DR region.

4



We are interested in a DR region that is a disc in the complex plane with center

cD ∈ R and radius rD > 0 defined by the matrix

R =


−rD −cD 0 1

−cD −rD 0 0

0 0 0 0

1 0 0 0

 (2.8)

The DR region is plotted for rD = 0.5 and cD = 0.25 in Figure 2.1. The shaded area is

theDR region with the outer unit circle denoting the region of stability for discrete time

systems.
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Figure 2.1: Plot of DR region with rD = 0.5 and cD = 0.25

Lemma 2. [7] The system x(k+1) = Ax(k)+Bu(k) isDR stable in the region defined

by (2.8) whist being asymptotically stable under the state feedback law u(k) = Kx(k)

if there exist matrices U = UT > 0 and V such that
rDU cDU − AU −BV 0 0

? rDU 0 0

? ? U −AU −BV

? ? ? U

 > 0

The feedback matrix K is then given as K = V U−1.
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CHAPTER 3

MOTIVATION AND PROBLEM FORMULATION

The operation of the web server system hosted on the cloud in the presence of a time

triggered controller is analysed. In this case, the number of VMs in operation is updated

every sampling instant in response to the incoming workload. The response time and

CPU utilization of the system are plotted along with the control input for slow varying

workload in Figure 3.1 and for fast varying workload in Figure 3.2.
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Figure 3.1: Time Triggered Control with slow varying workloads

From Figure 3.1, it is observed that small changes in workload do not require cor-

responding change in the control law over subsequent sampling instants. Hence, the

opening up the possibility to reduce the frequency of communication between actuators

and the system by keeping the control law constant until certain performance thresh-

olds are violated. In the case of fast varying workload as shown in Fig. 3.2, we observe

that time triggered control action is more rapid. These cases motivate us to adapt to an

event triggered control approach that would decrease the frequency of control updates

resulting in lesser control effort and lower bandwidth consumption.
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Figure 3.2: Time Triggered Control with fast varying workloads

3.1 Problem Formulation

The web-server system on the cloud is modelled as a discrete linear and time invariant

(LTI) system with states as the mean physical core utilization denoted by CPU(k) (in

%), and the mean web-request response time denoted byRES(k) (in ms). These can be

represented by the state vector x(k) =
[
CPU(k) RES(k)

]T
. The system is subject

to the exogenous input of incoming web-request rate u2(k) measured in requests per

second. The control input is the number of web-servers or virtual machines handling

the incoming web-requests and is denoted by u1(k). The dynamics of the system are

given as

x(k + 1) = Ax(k) +Bu1(k) +Wu2(k) (3.1)

where x(k) ∈ R2, u1(k) ∈ R1, u2(k) ∈ R1, A ∈ R2×2, B ∈ R2×1 and W ∈ R2×1.

These matrices are determined using system identification techniques as in [17] around

an operating region defined by the incoming workload. We assume that the incoming

workload u2(k) is bounded:

0 < r ≤ u2(k) ≤ R, ∀k ∈ {0, 1, 2, ...} (3.2)

7



The aim is to design an event triggered controller that comprises of a state feedback

control law, and a triggering condition for the update of the control input; whilst ensur-

ing Input to State DR stability of the system. The states of the system are continuously

monitored and tested against the triggering condition. Let the time instants of triggering

be k0, k1, ... and the actuation instants be k0 +∆, k1 +∆, ... as in Fig 3.3. Here, ∆ ∈ Z+

is the time taken for state measurement, computation and update of the control law.

Figure 3.3: Time instants of triggering and control update

The control input is held constant between two updates, i.e,

u1(k) = Kx(ki), ∀k ∈ [ki + ∆, ki+1)

Define measurement error in the interval between two updates [ki + ∆, ki+1) as

e(k) = x(ki)− x(k)

The closed loop system is given by

x(k + 1) = Ax(k) +BKx(ki) +Wu2(k)

= (A+BK)x(k) +BKe(k) +Wu2(k)

Denote by v(k) =
[
eT (k) uT2 (k)

]T
the stack of measurement errors as well as ex-

ogenous inputs, which are treated equivalently as disturbance to the system. Let Ã :=

A + BK and E :=
[
BK W

]
so that the evolution of the closed loop system is given

by

x(k + 1) = Ãx(k) + Ev(k) (3.3)

The problem statement is as follows:

Use event triggered control to achieve reduction in resource consumption of a system

subject to exogenous inputs and actuation delay. Performance specifications on the

states of the system are to be met while ensuring that there is no over provisioning of

resources.

In order to achieve this, the following steps are followed:

8



1. Design an ISS Lyapunov function to guarantee input to state DR stability of the
system in (3.3) with respect to the disturbance input v.

2. Derive an event triggering condition to update the control input using the Lya-
punov function obtained above.

3. Test the event triggering condition on the web server system hosted on the private
cloud.

9



CHAPTER 4

INPUT TO STATE DR STABILITY AND

CONTROLLER DESIGN

4.1 Design of Lyapunov Function

The aim is to find a quadratic Lyapunov function of the form

V (x) = xTPx (4.1)

with P = P T > 0 that renders the closed loop system (3.3) to be Input to State DR

stable with respect to v.

Theorem 1. The system

x(k + 1) = (A+BK)x(k) + Ev(k)

= Ãx(k) + Ev(k)

is Input to State DR stable with respect to v if there exists a solution P = P T > 0 to

the LMI 
γI 0 ETP 0

0 P −ÃTP Q

PE −PÃ P 0

0 Q 0 Q

 > 0 (4.2)

given a feedback gain matrix K that renders Ã to be DR stable.

Proof. For the given system to be Input to State DR Stable using Definition 8, it is

required that the system be Input to State Stable with respect to v given a feedback gain

matrix K that ensures that Ã is DR stable. We wish to find a P = P T > 0 such that the

quadratic Lyapunov function in (4.1) is an ISS-Lyapunov function for the system. We

have

λmin(P )‖x‖2 ≤ V (x) ≤ λmax(P )‖x‖2 (4.3)



where α1(x) := λmin(P )‖x‖2 and α2(x) := λmax(P )‖x‖2 are K∞ functions as in (2.3).

V (x(k + 1))− V (x(k)) = xT (k + 1)Px(k + 1)− xT (k)Px(k)

= xT
(
ÃTPÃ− P

)
x+ 2xT

(
ÃTPE

)
v + vT

(
ETPE

)
v

We wish to find a P such that

V (x(k + 1))− V (x(k)) ≤ −xTQx+ γ‖v‖2 (4.4)

for some Q = QT > 0 and γ > 0 as in (2.4). Define

f(x, v) := xT
(
ÃTPÃ− P +Q

)
x+ 2xT

(
ÃTPE

)
v + vT

(
ETPE − γI

)
v

= −xTSx+ 2xT
(
ÃTPE

)
v + vT

(
ETPE − γI

)
v

where ÃTPÃ−P +Q := −S with S = ST > 0. For the system to be ISS with respect

to v, it is required that

f(x, v) ≤ 0, ∀x ∈ R2, ∀v ∈ R3

Since f(x, v) is a concave function of x, it can be ensured that f(x, v) ≤ 0, ∀x ∈

R2, ∀v ∈ R3 by enforcing f(x?(v), v) ≤ 0, ∀v ∈ R3 where x?(v) is the point of

maximum.

∂f(x, v)

∂x
= −2Sx+ 2ÃTPEv = 0⇒ x∗(v) = S−1ÃTPEv

Note that ∂2f(x,v)
∂x2 = −2S < 0 so that x∗(v) is indeed a point of maximum.

f(x∗(v), v) = vT
(
ETPE + ETPÃS−1ÃTPE − γI

)
v

Hence, ISS requires that

γI − ETPE − ETPÃS−1ÃTPE > 0

Using Lemma 1 and expanding for S, we require thatγI − ETPE ETPÃ

ÃTPE P −Q− ÃTPÃ

 > 0 (4.5)

11



which is the same asγI 0

0 P

−
 ETP 0

−ÃTP Q

P−1 0

0 Q−1

PE −PÃ

0 Q

 > 0

The above inequality gives rise to (4.2) using Lemma 1.

4.2 Event Triggering Condition

Theorem 1 is used to design an ISS Lyapunov function that ensures Input to State DR

stability of system (3.3) with respect to disturbance input v. An event triggering condi-

tion is now derived using this Lyapunov function.

Theorem 2. Given the state x(k) and the disturbance input v(k) to the system (3.3) at

any instant k, we have the following triggering conditions based on the delay ∆:

1. When ∆ = 0:
‖v(k)‖ ≤ µ‖x(k)‖ (4.6)

where

µ =

 σλmin

(
P − ÃTPÃ

)
λmax (ETPE) + 2αv‖E‖‖P‖‖Ã‖

0.5

2. When ∆ ≥ 1:
‖v(k)‖ ≤ µ′‖x(k)‖ (4.7)

where
0 <

r

R
[
αva∆ +

(
1−a∆

1−a

)
(αv‖BK‖+ ‖W‖)

] ≤ µ′ < µ, (4.8)

where a := ‖A‖.

In both cases, 0 < σ < 1 and it is assumed that ‖Ã‖ < 11. The above condition

ensures Input to State DR stability of the system (3.3) with respect to v.

Proof. The first case considered is when ∆ = 0. Triggering occurs whenever there is a

violation of Input to State DR stability condition, which can be checked as follows.

V (x(k + 1))− V (x(k)) = xT
(
ÃTPÃ− P

)
x+ 2xT

(
ÃTPE

)
v + vT

(
ETPE

)
v

1This condition on the closed loop system matrix is satisfied for our web server system.

12



Since

xT
(
ÃTPÃ− P

)
x ≤ −λmin

(
P − ÃTPÃ

)
‖x‖2

vT
(
ETPE

)
v ≤ λmax

(
ETPE

)
‖v‖2

2vT
(
ETPÃ

)
x ≤ 2‖E‖‖P‖‖Ã‖‖v‖‖x‖

we have

V (x(k + 1))− V (x(k)) ≤ −λmin

(
P − ÃTPÃ

)
‖x‖2 + λmax

(
ETPE

)
‖v‖2

+2‖E‖‖P‖‖Ã‖‖v‖‖x‖ (4.9)

The closed loop system is given by x(k + 1) = Ãx(k) + Ev(k). Hence,

x(k) = Ãkx(0) +
k−1∑
j=0

Ãk−1−jEv(j)

Define ‖v‖l := min{‖v(j)‖, j = 0, 1, ...k−1} and ‖v‖h := max{‖v(j)‖, j = 0, 1, ...k−

1}. For a bounded workload of the form as in (3.2), we have ‖v‖l = r and a finite ‖v‖h.

Therefore,

‖x(k)‖ ≤ ‖Ã‖k‖x(0)‖+
k−1∑
j=0

‖Ã‖k−1−j‖E‖‖v(j)‖

≤ ‖Ã‖k‖x(0)‖+

(
1− ‖Ã‖k

1− ‖Ã‖

)
‖E‖‖v‖h

=

[
‖Ã‖k‖x(0)‖
‖v(k)‖

+

(
1− ‖Ã‖k

1− ‖Ã‖

)
‖E‖‖v‖h
‖v(k)‖

]
‖v(k)‖

≤

[
‖Ã‖k‖x(0)‖
‖v‖l

+

(
1− ‖Ã‖k

1− ‖Ã‖

)
‖E‖‖v‖h
‖v‖l

]
‖v(k)‖

Under the assumption that ‖Ã‖ < 1⇒ ‖Ã‖k < 1, ∀ k > 1,

‖x(k)‖ ≤ αv‖v(k)‖ (4.10)

where

αv :=
‖x(0)‖
r

+
‖E‖‖v‖h

r
(

1− ‖Ã‖
)

13



Using (4.10) in (4.9),

V (x(k + 1))− V (x(k)) ≤ −λmin

(
P − ÃTPÃ

)
‖x‖2

+
(
λmax

(
ETPE

)
+ 2αv‖E‖‖P‖‖Ã‖

)
‖v‖2

≤ −α(‖x‖) + χ(‖v‖)

which is the same as equation (2.4) with α(‖x‖) = λmin

(
P − ÃTPÃ

)
‖x‖2 and

χ(|v‖) =
(
λmax

(
ETPE

)
+ 2αv‖E‖‖P‖‖Ã‖

)
‖v‖2. Using a triggering condition of

the form χ(‖v‖) ≤ σα(‖x‖) where 0 < σ < 1, we get (4.6).

In the case when ∆ ≥ 1, the triggering must happen before condition (4.6) is vio-

lated in order to compensate for the delay in actuation. Hence, the triggering condition

is of the form ‖v(k)‖ ≤ µ′‖x(k)‖ with µ′ < µ, where µ represents the triggering

threshold without delay (when ∆ = 0). Let the controller be triggered at k = ki due to

‖v(k)‖ ≥ µ′‖x(k)‖. In order to ensure that there is no triggering during the period of

actuation k ∈ (ki, ki +∆), we require that ‖v(ki +∆)‖ ≤ µ′‖x(ki +∆)‖. This requires

that

µ′ ≥ ‖v(ki + ∆)‖
‖x(ki + ∆)‖

≥

∥∥∥∥∥
 e(ki + ∆)

u2(ki + ∆)

∥∥∥∥∥
‖x(ki + ∆)‖

≥ ‖u2(ki + ∆)‖
‖x(ki + ∆)‖

≥ r

‖x(ki + ∆)‖
(using (3.2)) (4.11)

The evolution of the system for k ∈ (ki, ki + ∆) is given by

x(k + 1) = Ax(k) + c1 +Wu2(k)

where c1 := Bu1(ki) = BKx(ki−1) is a constant over the period (ki, ki + ∆). The

above difference equation is solved for x(ki + ∆) to obtain

x(ki + ∆) = A∆x(ki) +

(
∆−1∑
j=0

Aj

)
c1 +

(
∆−1∑
j=0

AjWu2(ki + ∆− 1− j)

)

14



Using (4.10),

‖x(ki)‖ ≤ αv‖v(ki)‖

≤ αv‖

 0

u2(ki)

 ‖
≤ αvR

‖c1‖ = ‖BKx(ki−1)‖

≤ αvR‖BK‖

Define a := ‖A‖ to get

‖x(ki + ∆)‖ ≤ R

[
αva

∆ +

(
1− a∆

1− a

)
(αv‖BK‖+ ‖W‖)

]
(4.12)

Using (4.12) in (4.11) gives (4.8).

Remark 1. When the actuation delay ∆ = 0, the event triggering condition (4.6) is

shown to be non-trivial in Proposition 2 of [11]. The Proposition guarantees the ab-

sence of a Zeno like phenomenon for discrete time systems, which means that any two

triggering time instants are at least two time steps apart. On the other hand, the pres-

ence of non-zero delay trivially prevents the occurrence of such a phenomenon.
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CHAPTER 5

EXPERIMENTAL VALIDATION

5.1 Experimental Setup

The experimental setup consists of three physical machines - the server machine, the

client machine and the controller machine. The server machine is used to host the web

services. It has 32 GB of physical memory and 2 sockets, each containing 4 cores

clocked at 3.2 GHz. Kernel-based Virtual Machine (KVM) [2] virtualization software

(version qemu-kvm-1.0) is used on this machine to create and manage VMs. Each VM

instance is allocated one physical core, 2 GB of memory and is deployed on the Apache

web server to host a static web page. The server machine executes the HAProxy [1]

load balancer which uses a round robin policy to distribute incoming workload equally

among the active VMs in the system. The mean CPU utilization of the VMs is sampled

every 5 seconds at the server machine to facilitate control.

The client machine has 16 GB of physical memory and 4 cores clocked at 3.2 GHz.

It executes the Httperf [13] workload generator to submit a synthetic workload to the

VMs hosted on the server machine. The instrumentation provided by Httperf is used to

record the mean response time of the VMs every 5 seconds.

MATLAB [3] is used to implement the controller on the third machine which is

used as a controller machine. The mean response time received from the client machine

and the mean CPU utilization received from the server machine are provided as inputs

to the controller. The controller outputs the control input corresponding to the number

of active VMs required to serve the incoming web requests. This is sent to the server

machine. These three machines are connected to each other using a dedicated 1 Gbps

Ethernet switch. A schematic of the experimental set-up of the web server system on

the cloud is shown in Figure 5.1.



Figure 5.1: Schematic of set-up of web server system on cloud

5.2 System Identification

The web server system hosted on the cloud is modelled as a discrete linear time in-

variant system with two states x(k) =
[
CPU(k) RES(k)

]T
where CPU(k) is the

mean CPU utilisation in % and RES(k) is the mean response time in ms. The fol-

lowing model is experimentally determined using the system identification techniques

explained in [17]:CPU(k + 1)

RES(k + 1)

 =

0.9300 0.0941

0.0141 0.8226

CPU(k)

RES(k)

+

−0.3873

−0.1332

VM(k)

+

0.0018

0.0003

u2(k) (5.1)

Here, VM(k) denotes the control input to the system which is the number of active

Virtual Machines, and u2(k) is the incoming workload in web requests per second. The

dynamics in (5.1) are derived over an operating range defined by

1req/s ≤ u2(k) ≤ 40000req/s

The system matrices in (5.1) are used in Lemma 2 to compute the state feedback gain

matrix K such that the closed loop poles lie in a DR region centred at cD = 0.85 with

radius rD = 0.1. Further, an ISS Lyapunov function is designed by solving the Linear

Matrix Inequality in Theorem 1 to obtain the Lyapunov matrix P . Finally, the event

17



triggering bound µ is derived for ∆ = 0 as in (4.6), and the triggering bound µ′ is

derived for ∆ = 2 as in (4.7). The results of the experiments are given in the next

section.

5.3 Results

The performance of event triggered control is compared with that of time triggered

control of the web-server system for the cases when ∆ = 0 and ∆ = 2. In both

these techniques, the control input is computed using the state feedback gain matrix

K derived in the previous section. The update of the control input happens at every

sampling instant for time triggered control. In the case of event triggered control, the

states of the system x(k) and the disturbance input v(k) are continuously measured

and tested against the event triggering condition. The triggering condition is said to be

active and holds a value of ‘1‘ if an event occurs, requiring an update of the control law.

It is said to be inactive otherwise and holds a value of ‘0‘. The feedback control law

used renders the system Input to State DR stable with respect to the disturbance input

v.

In order to test the efficacy of the theoretically derived event triggering condition in

(4.6) or (4.7) as the case maybe, its performance is compared against that of event trig-

gering with practical bounds on the system states. The chosen DR region corresponds

to the following bounds on the states of the system:

tlow ≤ RES ≤ thigh (5.2)

CPU ≤ CPUhigh (5.3)

where tlow = 1.5ms, thigh = 2ms and CPUhigh = 35%. The upper bounds on the

response time and CPU utilisation correspond to performance specifications of the con-

troller while the lower bound on the response time enforces efficient resource utilisation.

For example, a sudden increase in workload would require an update of the control law

in order to meet the performance specifications. Thus, resulting in an increase in the

number of active VMs. Now, if the system experiences a decrease in the workload, the

event triggering condition would not update the control law in the absence of a lower

18
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Figure 5.2: Time Triggered Control with zero delay

bound on response time. This results in the operation of more VMs than are necessary.

Hence, the choice of the state feedback gain matrix K to ensure DR stability deals with

the issue of over provisioning of resources.

Figure 5.2 shows the evolution of CPU utilisation and response time of the server

system when time triggered control is used. The incoming workload increases lin-

early with time and then, decreases. In this case, the actuation delay is assumed to

be zero resulting in an immediate update of the control input. The figure also shows

the control input (number of VMs) and the incoming workload. The control input is

seen to increase with increase in workload, and decrease as the workload decreases.

It is also observed that the control input remains the same at many instants, while the

computation of the control law happens at each sampling instant. Hence, the network

bandwidth consumed is high due to frequent updates of control law while the value of

the control input may remain the same over sub-sequent instants. It is also observed

that the CPU utilisation increases as the workload increases, and decreases accordingly

whilst meeting the performance specifications. A key observation is that the response

time decreases in some cases when the workload increases since there are more number

of VMs serving the web-requests.
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Figure 5.3: Event Triggered Control with theoretical bounds with zero delay
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Figure 5.4: Event Triggered Control with practical bounds with zero delay

Figure 5.3 shows the evolution of the system states along with the control input,

the workload, the triggering condition and the ISS-Lyapunov function with event trig-

gered control using the triggering condition in (4.6) with zero delay. The workload

increases linearly with time and then, decreases. The control law is updated whenever

an event occurs, denoted by the triggering condition taking the value ‘1‘. The control

input is held constant when the triggering condition is ‘0‘. It is observed that the up-

dates are required less often than in the case of time triggered control, while satisfying

performance specifications. A decrease in the control input is observed as the workload

decreases due to the usage of DR regions. Thereby, preventing over-provisioning of

resources. This approach results in lower bandwidth consumption as well as efficient

resource utilisation.

Figure 5.4 shows the evolution of the system states along with the control input and

the workload, with event triggered control using practical bounds on the system states as

in (5.2) and (5.3) with zero delay. The workload increases linearly with time and then,

decreases. The control law is updated whenever the response time goes outside the

desired range or when the CPU utilisation goes above its upper threshold. It is observed

that while the specification on CPU utilisation is always met, the response time tends to

go lower than required due to larger number of VMs than necessary. Whenever such an
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Figure 5.5: Time Triggered Control with ∆ = 2

event occurs, it is seen that the control input tends to decrease in the future instants to

bring the response time back within the desired range. The control input is held constant

when there is no event. Once again, this approach results in less frequent updates of the

control input as compared to time triggered control. At the same time, the performance

of event triggering with the triggering condition in (4.6) is better than that in this case.

The next set of experiments compare the performance of time triggered and event

triggered control of the web server system in the presence of an actuation delay of

two sampling instant, i.e, ∆ = 2. In the case of time triggered control, though the

control input is computed at every time instant, the update happens only two instants

later. With event triggered control, the update happens two instants after the triggering

instant. after triggering occurs. The incoming workload is the same as that in the

previous experiments. It increases linearly with time and then, decreases.

Figure 5.5 shows the evolution of CPU utilisation and response time of the server

system with time triggered control for ∆ = 2. The figure also shows the control input

(number of VMs) and the incoming workload. The control input is seen to increase

with increase in workload, and decrease as the workload decreases. As in the case with

∆ = 0, it is observed that the control input remains the same at many instants. Hence,
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Figure 5.6: Event Triggered Control with theoretical bounds with ∆ = 2
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Figure 5.7: Event Triggered Control with practical bounds with ∆ = 2

the network bandwidth consumed is high due to frequent updates of control law even

though its value is the same over sub-sequent instants. The CPU utilisation increases

as the workload increases, and decreases accordingly whilst meeting the performance

specifications. The response time decreases in when the workload increases (as in the

case with ∆ = 0) since there are more number of VMs serving the web-requests.

Figure 5.6 shows the evolution of the system states along with the control input, the

workload, the triggering condition and the ISS-Lyapunov function with event triggered

control using the triggering condition in (4.7) with ∆ = 2. The control law is updated

whenever an event occurs, denoted by the triggering condition taking the value ‘1‘.

The control input is held constant when the triggering condition is ‘0‘. It is observed

that the updates are required less often than in the case of time triggered control, while

satisfying performance specifications. Note that the updates are more frequent than

in the case of event triggering control with ∆ = 0. A decrease in the control input is

observed as the workload decreases due to the usage ofDR regions. Thereby, preventing

over-provisioning of resources. This approach results in lower bandwidth consumption

as well as efficient resource utilisation.

Figure 5.7 shows the evolution of the system states along with the control input and
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the workload, with event triggered control using practical bounds on the system states

as in (5.2) and (5.3) with ∆ = 2. The control law is updated whenever the response

time goes outside the desired range or when the CPU utilisation goes above its upper

threshold. Similar to the case with event triggered control for ∆ = 0, it is observed that

while the specification on CPU utilisation is always met, the response time tends to go

lower than required due to larger number of VMs than necessary. Whenever such an

event occurs, it is seen that the control input tends to decrease in the future instants to

bring the response time back within the desired range. The control input is held constant

when there is no event. Once again, this approach results in less frequent updates of the

control input as compared to time triggered control. As was the case for ∆ = 0, the

performance of event triggered control with the triggering condition in (4.7) is better

than that in this case.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this project, an event triggered control strategy is derived for a discrete LTI system

subject to exogenous inputs and actuation delay. The concepts of Input to State Stability

and DR regions are used to arrive at the triggering conditions required for update of the

control input. The computational tasks are reduced due to the aperiodic updates of the

control input. Event triggered control can become conservative by over-provisioning

resources to meet performance specifications. This problem is addressed by choosing

poles of the closed loop system from aDR region. The designed event triggered control

mechanism is validated on an experimental set up. The results demonstrate the abil-

ity of event triggered control to ensure efficient physical and computational resource

utilization while maintaining quality of service.

Future Work

Some topics of ongoing work include a generalisation of the event triggering condition

for general discrete LTI systems by removing the restriction on the norm of the closed

loop system matrix ‖Ã‖ < 1. The derived event triggering condition is to be tested on

fast varying workloads in the presence of delay, so as to analyse the maximum delay

allowable whilst maintaining system performance. Specific metrics based on system

performance and resources consumed are to be formulated to mathematically confirm

the savings and efficiency in resource utilisation with event triggering as compared to

time triggering. Other models for the web server system such as linear parameter vary-

ing models for different operating regions, and non-linear models are to be explored.
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