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ABSTRACT

KEYWORDS: Two state Markov chain ; Minimax risk.

Markov chains are used in a broad variety of academic fields, ranging from biology to
economics. Markov chains are commonly used for modeling complex systems due to
its simplicity and effectiveness. The objective is to bound the minimax risk of estimat-
ing the parameters of a two state Markov chain. We propose various risk metrics and
bounded the minimax risk for these metrics. Firstly, the most popular quadratic risk
metric is consider for all parameters of the Markov chain distribution and its minimax
risk is shown to be lower bounded by a constant making it less insightful. We then
define two other risk metrics and present both lower and upper bounds. We modify the

Le Cam’s method into a more generalized version in order to determine lower bounds.
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NOTATION

Transition probability from state(0) to state(1)

Transition probability from state(1) to state(0)

Set of all distributions of n observation form 2 state ergodic Markov chain

A particular distributions for n observation form 2 state ergodic Markov chain. P € P
Estimator of

Estimator of

Estimator for {«, 5}

Minimax risk

Steady state probability of state(0)

Steady state probability of state(1)
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CHAPTER 1

INTRODUCTION

This study focus on the rate at which Markov chain can be learned. We define the rate
in terms of number of samples required for the worst case error to be less than some

value.

1.1 Problem setting

Consider the following ergodic two state Markov chain (« # 0, 5 # 0).

(0%
B

Figure 1.1: Two state Markov chain

We are interested in finding the minimax risk associated with the estimation of
parameters « and [ given n observations.
Let & = &(Xy, ..., X,) denotes an estimator for o where X, ..., X, are the n continuous
observations from the two state Markov chain. Similarly B = B(X1, ..., X,,) denotes an
estimator for 3 and P be the set of all estimators for {c, 5}

Let R, (P, ]5) be the risk function for n observations, then the minimax risk is

R, =infsup R, (1.1)
P pPeP

1.2 Various Risk functions used

Firstly, quadratic loss function is considered. The risk is defined as follows:

Rn:E[

a—al'+ 3-8 (1.2)



The minimax risk is

R, =infsup B |a—af +]5 - ] (1.3)

P pecp

The bounds on R; are found and shown below
0.005 < Ry <0.5 (1.4)

The lower bound is found using Le Cam method and the upper bound is found by taking
a constant estimator i.e. & = B = %

The minimax risk does not approach to zero as n approach to infinity. This suggest
that worst case performance of every estimator is poor. The distributions which have
very small « or 3 are the one which are very difficult to estimate, this is because if « is
very small then probability of entering state(1) is very small which makes estimating
very difficult. Similarly, if 5 is very small then probability of entering state(0) is very

small which makes estimating « very difficult.

Next a new risk metric is proposed defined as follows:
R, = E| fla—a|+alB - 4] (1.5)

This risk metric take care of the problem faced previously, i.e. when [ is very less then

estimating « is difficult which gives high error. So we have scaled the error term of «

by (.

Minimax risk corresponding to this error metric is defined as follows:

R;, = inf sup E| la — o] +alf - 4] (1.6)

P pep
The bounds found on R} are
1 (1)<R*<4+(1) (1.7)
— —o0| —= — +ol—= .
16v/6n vn) T "t T n vn

For lower bound the Lecam method cannot be used directly due to « and 3 terms present

outside the mod terms in the risk metric E[ ﬁ}& — a| + a}B — ﬁ}] . Le Cam’s method



is modified to accommodate this change. For upper bound, empirical estimator is used.

The last risk metric is defined as

1

Z ’p($n+1|$n) - f?(%ﬂ‘xn)’Q ] (1.8)

Tn4+1=0

R,=FE

where p(X,,;1|X") is the conditional probability of X,,.; given X™ the n observations.

Note that for a two state Markov chain p(X,,,1|X") = p(X,11|X0)

The minimaxz risk for this risk metric is defined as

R, =infsup F
P pep

1
Z }p(xn+1|Xn) _@(xn+1’Xn)|2] (19)

Tn+1 =0

and the bounds for the above risk are

2 0<1>§R*<M+O<M> (1.10)

8ln \n n n

The upper bound and lower bound are not of the same order. Hence there is scope of

improvement.



CHAPTER 2

Le Cam method modification

Le Cam method is a popular method used for finding lower bounds on minimax risks.
Le Cam method cannot be applied directly on the risk functions we have considered. A
more generalized version of Le cam method is found and used to find the lower bounds

on the risk functions we have considered. First we will describe the Le Cam method.

2.1 Le Cam’s method

Let P be a set of distributions and let X7, ..., X,, be a sample from some distribution P €
P. Let § = 6(P) be some function of P. Let §# = #(X1, ..., X,,) denotes an estimator
and d is some metric distance satisfying triangular inequality and ® : IR* — IR™ be a

non decreasing function with ®(0) = 0, then the minimax risk is

R; = inf sup EP[CID(CZ(@,H))] (2.1)
6 pep
Le Cam method states that:
For any pair Py, P, € P, Let A = w then
L1
R, > 5 0(8) [1= 1P = Pillrv | (22)

We cannot directly use Le Cam method to calculate the lower bounds for the risk func-
tions which we have defined as they are not of the form (2.I). Therefore we need to

modify the Le Cam method.

2.2 Modified Le Cam’s method

Let P be a set of distributions and let X1, ..., X,, be a sample from some distribution
P e P. Let 0 = 0,(P), 6, = 05(P), 7 = 11(P) and v = 72(P) be some func-
tions of P. Let §; = @1(X1, .., X,) and 0, = @Q(Xl, ..., Xp,) are the estimators for



01 and 0, respectively. d is some metric distance satisfying triangular inequality and

® : IRt — R" be a non decreasing function with ®(0) = 0, then the minimax risk is

R}, = inf sup Ep [71 D( d(@b 01)) + 72 ®( d(éz, 02) )} (2.3)
o Pep

The lower bound on R, is give by

d(62(Po) 02(P1))
2

d(61(Po)01(P1))
2

Theorem 1: For any pair Py, P, € P,Let A, = and Ay, =

then

1
1-—- \/—DKL(P0||P1)

min (71(P0),71(P1)) O(Ay) 2

(2.4)

+ lmin (72(P0)772(P1)> ®(Az) [1— \/%DKL(POHPO

2

Proof: Most of the steps are taken directly from [Wasserman (2010) and John.

An estimator 91 defines a test static 1)1, namely,

1, ifd(6,6,(P (0,6, (P
(XX = 1 <A7 1(Fo)) > (Aa 1(F1)) 2.5)
O, if d(@,&l(Po)) < d(@,‘gl(Pl))

Similarly, estimator 92 defines a test static s,

1, ifd(0,0,(P, d(6, 05(P
(X1 X)) =4 <A’ ()= (f () 2.6)
O, 1fd<9,92(P0)) < d(ﬁ,@g(Pl))

If P= Fyand ¥; = 1 then

2A; = d(01(Py), 0,(Py)) < d(01(Py), 01(Py))+d(61,0) < 2d(0y,0) = d(0,(P)),0) > A,



and so @ (d(61(F),0)) > ®(A). Hence

Ep, [%(Po) ®(d(0,61(Py)) )] > Ep, [vl(Po) O (d(0,0,(Py))) (T, = 1)}
> 71 (Py) ®(Ay) Ep, [1(V; =1)] 2.7)
= 71(F) P(A1) Po(¥; =1)

similarly,
Ep [ () @(d(0,6:(P))] = 31 (P)@(A) P (¥ = 0) 28)
Br,[2(Po) ®(d(8.62(Ry))) | = 12(P)®(Aa) Py(¥2 = 1) (29)
Er[12(P) @ (d(B,0:(P))| = 72(P)@(A)P(E2=0) (210
From (2.7) and 2.9)

Rp, = Ep, [71(}70) ®(d(0,61(Py))) +72(Po) (d(6, 92(130)))} =71 (Fo) ©(Ar) Po(¥y = 1)
+ 72(FPo)P(Ag) Po(Vy = 1)
@2.11)

From (2.8)) and (2.10))

R, = Ep, [11(P) ©(d(0,0(P))) +72(P) @(d(D, 65(P))) | >71(P)@(A) Py (W, = 0)

+ 72(P1)®(Ag) P (Y, = 0)
(2.12)



Taking the maximum of (Z.11)) and (2.12)), we have

sup Rp > max Rp
PcpP PePy,P,

 Rnt R,
- 2
> %(%(Po) O(A1) Po(W1 = 1) 4+ 72(Fo)P(A2) Py (Ve = 1)>+

1<71(P1)®(A1)P1(\111 =0) + 72 (P)P(Ag) P (¥, = 0)>

2
> min(’yl(PO)’%(pl))(I)(Al)[ Po(¥1 =1) —;— P(V, = ())]+
min(w(Po),w(Pl))cb(Az)[ Ro(T>=1) ;r P (W, = 0)]

Taking the infimum over all estimators, we have

Po(Uy = 1) + P (T = 0)

(2.13)

+

Ry =inf sup Rp > min(y1 (), 71 (P1))®(Ay) inf

o pPep 1 2

Po(Uy = 1) + P (T = 0)

min(y2(F), 12 (F1))P(A2) 1\195 2

Using the result from John

i%f (Po(\I/ =1)+ P (¥ = 0)) =1—||FP — Pil|rv

We get
. 1
R, = 5 min (n(), 1(1)) (A1) [1= 1P = Pillrv |
1 .
+ 5 min (72(Po),22(P1) ) ©(A2) |1 = || = Pil v |
‘We know
1
1Py — Pul7y < §DKL(P0\|P1)
Therefore
L1 1
R, > §m1n <71(P0)7’71(P1)> ‘I)(Aﬂ 1- \/§DKL(POHP1)

+ 1min <72(P0)>72(P1>> (Az) |1 - \/%DKL(POHH)

2

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)



CHAPTER 3

Minimax risk for the first risk metric

The first risk metric which we have used is quadratic loss. Minimax risk is defined as

follows:

R, =infsup E| |a—al* + |5 - 5] 3.1)
PP

We will first find the lower bound using modified Le Cam method and then derived the
upper bound.
For applying (2.4), KL distance between two distributions is required. We will now find

KL distance between two general distributions for two state Markov chain.

3.1 KL distance for two state Markov chain distribution

Let Py, P, € P

Py : is defined by «y, 5y, qoo and qo1

Where «, B are the transition probabilities as shown in Figure [LL1l ¢qq is the initial
probability of state(0) and ¢, is the initial probability of state(1).

Similarly, P; : is defined by «y, 5o, q10 and ¢q1

Diu(RollP) = Y. pola")log (& 0(‘””)) (3.2)

zne{0,1}m

where po(z™) = po(x1) [ po(zk|zr_1), similarly for p;(x™)
k=2

k=2
n

po(z1) TT po(zr|zr-1)
DKL P0HP1 Z po T Hpo SCk’u”Ck 1 10% ( )

ane{01}n pi(r1) T po(a]on—1)
ereo0) pi(z1)
S o)l tog (2 )

k=2 xp_1,2,€{0,1}



We get the second step in (3.3)) by writing the product inside log function as sum and
by summing over the variables which are not inside the log function.

The first term in the above expression is the KL distance between Py(z) and Py (z1).
Since, po(xk|rkg—1) can be written in terms of « and § depending on the value of xj_
and xy, the second term on R.H.S in[3.3]can be written as zn: po(zk—1 = 0)Dgp(apl|on)+

k=2
po(Tr-1Dk(Bol|51))

Therefore

Dicr(Pol|P1) = Dicp(po(X0)|lpa(X1) + > p(Xk-1 = 0)Dicp(aollas) +

k=2 (3.4)

ZP(Xk—1 = 1)Dk1(Bol|B1)
k=2

Let myo and 7y, be the steady state probabilities for the distribution P and \q be the

second eigen value of state probability transition matrix of Fy, i.e g9 = Mol =

Bo
ao+po’

o= + 5 and \y = 1 — a9 — [y, then we can show that

Po(Xi—1=0) = po(X1 = 0)(m0 + o1 A 2) + po( X1 = 1)(mo0 — mo0(No)*2) (3.5)

po(Xi—1 = 1) = po(X1 = 0) (o1 — Tor g~ %) + p(X1 = 1) (701 + mo0(Xo)* %) (3.6)

From (3.4), (3.3) and (3.6) we get

Dgr(Pol|P1) = Drr(po(X1)||p1(X1))+

n

Z (Po(Xl = 0)(mo0 + mo1 A§2) + po(X1 = 1)(mo0 — 7Too()\o)k*Z))DKL(Oéol\041)
k=2

+§j( (X1 = 0)(mor = 70X 2) 4 p(X1 = 1) (w1 + 700 (V) Dicr (Bl )

3.7)

Here Dyr(apl|an) = aglog(52) + (1 — ao) log(1= 22), similarly for D1, (50]|51)

If the initial distribution of P, is steady state distribution, i.e. po(X; = 0) = 7o

and po(X; = 1) = m; then the KL distance becomes

D1 (Pol|Pr) = Drr(po(X1)||lp1(X1)) + ZWOODKL(QOHCM) + ZW01DKL(50||51)
k—2 k—2

(3.8)



Now we will use these results to find the lower bound.

3.2 Lower bound

Now we consider 2 distributions F and P, required for Le Cam lower bound.

The initial distribution of P is chosen as steady state distribution, i.e. po(X; = 0) =
moo and po(X; = 1) = my;. Taking oy = 0.9, By = ﬁ

Also for distribution P; we take a; = 0.1, f; = ﬁ p1(X1 =0) = po(X; = 0) and
pi(X1 =1) =po(Xy =1).

With these choices we get

D1, (po(X1)||p1(X1)) = 0, Dr(Bol|f1) = 0 and Dgep(apl|lar) = 1.7578 Using the

above values and (3.8)), we get

1.7578
0.9+ L

n—1

Dir(Po||Pr) = < 1.9531

Comparing (3.1) with 2.1)), we get
n(P) =(P) =1, d(z,y) = |z —y|, &(z) = 2>
Here 6, = @ = 0.4 and 6, = WOQ;’B” =

Now using 2.4), we get
L1, 1
o> 5(047(1 — 4/ 51.94) = 0.005 (3.9)

3.3 Upper Bound

Let R(P,6) be the risk when the estimator is § and the distribution is P, then

inf sup R(P,6) < sup R(P,0) (3.10)
b P P

The above equation means that the minimax risk is less than the worst case risk of any
given estimator. We will use this result to find the upper bound.

We define estimator & = % and 3 = % Notice these estimator always estimate the value

10



of o and (3 as % Now we will find the worst case Risk for this estimator.

infsup B [a —af* + |5 - 8| < sup B[ [a - af* +[3 - 8]
P pep peP

1 2 1 2

:IsjlégE“§—a‘ +|§—5”

1
< (1)
pep 2

(%)2 G.11)

|% —a| < % is used in the third step of the above equation. This is true because

o € (0,1]. Similarly |2 — 3] < $ for 8 € (0,1].
Using (3.9) and (3.11)

0.005 <infsup E| |a—al+[B - 6| < 0.5 (3.12)
P pPepP

The above result shows that the minimax risk is ©(1) for the quadratic risk. This
suggest that worst case performance of every estimator is poor. The distributions which
have very small « or [ are the one which are very difficult to estimate, this is because if
« is very small then probability of entering state(1) is very small which makes estimat-
ing (8 very difficult. Similarly, if 3 is very small then probability of entering state(0) is

very small which makes estimating « very difficult.

11



CHAPTER 4

Minimax risk for the second risk metric

The next risk function considered is
R, = E| 8la - o] +a|3 - 5| 4.1
and the minimazx risk is defined as

R =infsup B| 8l — o] +al - 4] 4.2)

P pep

The motivation behind this risk function is to adjust the problem faced by previous
risk function, i.e. if 3 is very less then probability staying in state(0) is also less which
estimation of « very difficult. Now the idea is: when [ is very less then estimating « is
difficult which gives high error, so we have scaled the error term of o by .

The risk function is of the form (2.3) so we can use (2.4) to find the lower bound.

4.1 Lower Bound

For using Modified Le Cam method, we need to convert (4.1) into (2.1) by choosing
appropriate -y, d,  and ® functions. By comparing (4.1) with 2.1) we get

N(P) =B, 12(P) = a, .(P) = a, 65(P) = 3, d(z,y) = |z — y| and &(z) =z
The 2 distributions required for Le Cam method are as follows:

Let P, be the distribution of X;,..., X,, when ag = 1 — 5y = %‘5 and P, be the

distribution when oy = 1 — 3 = 132,

a=1- = Xj,..., X, are i.i.d samples from Bernoulli distribution with P(X =

0) =1—aand P(X = 1) = a. Therefore, P, and P, are Binomial distributions with

po = 1—J2”5 and pg = 17_5 respectively. This choice of « and 3 simplifies the calculation

Of Dkl(P(]le)



149 1+96 1—-9 1-9
DulPilIP) = n| 52 o0 + 25 o)

1+06 “3)
= ndlog <1 - 5)
Noting that §log(1+2) < 342 for § € [0, 1], we obtain
Dkl<P0||P1> S 371(52
Therefore, 71 () = 5°, 71(P1) = 2 , 12(FPo) = 1+67 Y (P) = 1775; 0,(P) =
1%5’ 92(P2> —6 Al _ \91(1’1)291 (P2)] —§and A, _ 162( P1)292(P2)\ -4
Using (2.2) we get

1 1—6 146\ 3nd? 1 146 1—=0\0 3nd?
S ol . L—=oyo |
> mm( , >2{1 }—F mln( 7 5 >2{1 5 }

4.4)

. 1 1
B2 o= 0<—\/ﬁ> (4.5)
4.2 Upper Bound

Let X3, ..., X,, be the observations form the two state markov chain. Let /Ny, represents
the number of transitions form state(0) to state(0), /Ny, represents the number of transi-
tions from state(0) to state(1) and k&, represents the number of times state(0) was visited

in n observations. Then we have
Noo + Nor < kg < Nog + No1 + 1 (4.6)

So kg is either Nyg + Ny; or Nog + Np; + 1 depending on the transitions. For e.g. if
Xo = state(0) and X,, = state(1) then kg = Nyo + No; and if X, = state(0) and
X, = state(O) then kg = Ngg + Nop + 1

13



Similarly
Nig+ Nip < kg <N+ Nip+1 4.7)

Let Sy be the steady state probability of state(0) and S; be the steady state probability

of state(1), then

_ B
So = —— 3 (4.8)
«
S =~ 3 (4.9)

Consider an estimator So = % for estimating Sy and S 1= % for estimating S
The following results are taken form [Xue and Roy (2011), it will be used to prove the

upper bound on R,

E(Sp) = So (4.10)
E(S)) =5, (4.11)
var(Sp) < vty (4.12)

T 2n(l—X2)  4An  n?(1—Xy)?

. 1 1 1
R R — 4.1
varlS) S i =) an T =) (+13)

where A\; = 1 and ), are the eigen values of the transition matrix of the Markov
chain in Fig. [L.T]
Using Ao =1 - —«
and (4.12)
. 1 1 1

) S e B It W AP (419

. 1 1 1

’Ua’l"(51) < m—a—i—n%a—w (415)

Now we will upper bound the worst case risk for the estimators & and B defined as

14



follows

(
Mo if Nog + Not # 0
& — NOOJFNOI (416)
0, if Noo + Nog = 0
4
) Mo if Nyo + Ny # 0
ﬁ _ Nio+Ni1 10 11 (4.17)
07 ifN10+N11:0

Now we will upper bound the risk for these estimators

Bl fla—al +alf-f|] < \/E[62|a—a|2} + \/E[am—m?} (4.18)
Now we will find the upper bound on £ [ Ba — al? ]
Using (4.8) we get

E[ (& — )] = E[(a+ B8)*Si(é& — a)?] (4.19)

By manipulation we can write

E[(a + 82536 — a)?] = (a + B)? E[(So—%f(&—a)?] +E[2So%(d—a)2}
—E[(%)"’(@—@)ﬂ]
< B[+ 8P(5- 2 (@ - ap| + B[ 20+ 57 5200

Consider the first term in R.H.S of (4.20)

15



Using (& — «)? < 1 and ((@I4) we can write

k k
E| (a+B)*(So— FO)Q (& — 04)2} < E[(a + B)*( So — FO) 2]
k
= (a+ 5)2E[( Sp— =) 2}
n 4.21)
= (o + 5)221(17’(30)
2
L@+B) (atp? 1
- 2n 4n n?
For a given value of Ny + No1 = ngo + 191 # 0 we can write
A2 _a(l-a)
E[(a a) ’noo +n01} e — 4.22)
Now Consider the second term in R.H.S of (£.20)
Using (4.8) we can write
E|2(a+ B)? 50@(& — a)Q] =F [ 2(a + B)? b @(& - a)Q}
n a+pn 4.23)

To get the upper bound on @.23]), we will now find the upper bound on F {%0 (& — a)ﬂ

ko . ko .
E[EO(OZ_O‘)Q] :E[g(a—a)z‘ Moo + No1 :0} p(noo + ng1 = 0) +
1 4.24)
E[ g(@ —a)? ’ noo + No1 7# 0} p(noo + no1 # 0)

The RHS of the above equation has 2 terms, we will prove that the both terms decays
are order n

Consider the first term on R.H.S of (@.24)

ko

n

E{@(d—a)Q‘ n00+n01§£0:| p(n00+n01750)§E{

n

(d — 05)2 ‘ Noo + No1 7é 0:|

(4.25)

16



k [k
E[EO(&—Q)Q‘HOO—FTL(H%O}SE E[EO(&_@)QINO0+H01§AO:|]

[ 1

<FE El(n00+2m+ )<(34—Oé)2‘n00+n017é0}]
-2 1—

<FE (00 + nor) o @) ‘ Ngo + No1 7 O}
L n 7’L00+n01

B 2Oz(l — )

n
(4.26)

The second step in the above equation uses (4.6)), third step uses (4.22)) and ngo + no; +
1 < 2(ngo + no1) Consider the second term on R.H.S of (¢.24)

Using (4.6) we know kg < ngg +ng1 +1 = ko < 1 when ngy +ng; =0

k ko , .
E{f(@—a)z‘noo%-nm 20} p(ngo +no1 = 0) < E{EO(CV—OZ)Q‘TLDO—F”M 20}
1
SE{_(O_O‘)Z‘HOO‘FRM :0}
n
a n
(4.27)
From (@.24), (4.26) and (@.27) we get
1— 2
E{@(d—a)z] <ooll=a) o
" " " (4.28)
200 — o
n
From (#.23)) and (@.28) we get
k 200 — o
E [ 2(a+ B)* So=> (&~ a)ﬂ < 28(a + 5)% (4.29)
Using (4.20), @.21) and (.29) we get
. +8) (a+p)? (2a—a?) 1
B[ #2(a—a)?] < @5 _ 2 T — @30
[ —a)’] < o T2t )+ 5 (430
Maximizing the above equation with respect to alpha and beta, we get
E[B(a— )] < f+i 4.31)
—n  n?

17



The maximum is attained when alpha is 1 and beta is 1.

From (4.31) we get
4 1
E[fla—al] < -t
5 1 (4.32)

Similarly we can show that

R l4 1
E[O"ﬁ_m]ﬁ -+ =
non (4.33)

From (@.18), (£.32)) and @.33) we get

N 4 1
—a — < — )
E|Bla—al +al8 ]| _\/ﬁ+0<\/ﬁ> (4.34)
The above equation is true for all «, 3 € (0, 1], Hence
4 1
E — — — 4.35
sup [ la —a| +alf - ﬁ|] A (\/ﬁ) (4.35)

Since

infsup B[ Sl —a| +ald—f| | <sw B[ fla—al +als-Bl] @36
P Pep PeP

From (#.33)) and (@.36) we get
infsupE[ﬁ\a—&] —i—a\ﬂ—@]} Si—{—O(L) (4.37)
P pep Vv Vv

Therefore the bounds on R}, are

1 1 4 1

The above equation shows that the minimax risk is @(%)
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CHAPTER 5

Minimax risk for the third risk metric

Let 2" be a sample form this Markov chain, p is an estimator consisting of p(0|z™) and
p(1]z™) . p(0]z™) is an estimator for p(X,,+1 = 0|2™) and p(1|z") is an estimator for
P(Xns1 = 1ja")

For n samples of Markov chain the minimax risk is defined as

R, =infsup F
P pep

1
n ol n 2
> Ip(nala") = p@nla™)| ] (5.1
Tpn4+1=0

The motivation behind this risk function is that the following risk is considered in

Falahatgar et al. (2016)

R, =infsup F
P pep

DKL <P(Xn+1|Xn)

\P(Xn+1|Xn>)] (52)

Where P(X,,41]X,) is an estimator for P(X,,11]X,,).
We have replaced the KL distance in the above equation by quadratic distance to get the

new risk function.

5.1 Lower Bound

In the risk function

1

Ri=E| Y |p(zasi|z") = p@asa]a™)|* (5.3)
Tny1=0
Notice that the parameter which we are trying to estimate p(.X,,+1|X,,) is a function of
distribution as well as observations.
If z,, = 0 then p(0]|z") = 1 — v and p(1]z") = a.
Similarly, if z,, = 1 then p(0|z") = 1 — § and p(1]|z") = 5.

The Le Cam method works only when the parameter is just a function of distribution.



To overcome this problem we will condition the risk for given z,,.

Let px» be the distribution of 2"

We are interested in the estimators for which p(0|z™) + p(1|z™) = 1 holds.
Let’s define p(1|z™) = & and p(0[z"™) = 1 — & when x,, = 0

Similarly p(1|z") = 3 and p(0|z") = 1 — 3 when z,, = 1

1
n o ny|2
R = prn Z |p($€n+1’l’ ) _p<xn+1‘x )| ]
$n+1=0
! 2
= p(r, = O)prn|zn:0 [ Z ‘p(ﬂfn+1|$n) - ﬁ($n+1|$n)‘ +
Tn41=0 54

p(zn = 1)prn\xn:1 [ Z }p<xn+1|xn) - ]A?(xn+1|xn)}2

-’En+1:0

= 2p(x, = O)Ean\wn:()la —al* + 2p(x, = 1)prn‘xn:1|ﬁ — B2
Now the risk is almost of the form (2.1)), the only difference is that the expectation here
1s conditional.

Following the steps of proof of theorem 1, we can show that

. g — ap|\ 2 1
7, > win (po(r, = 0),pa(r, = 0)) (12221 [1 -/ 5DKL<P0|xnoHPuxno>]

|Bo — Bl 2

+ min (po(l’n =1),p1(z, = 1)) (T) [1 — \/%DKL(Pan—lHPan—l) ]

(5.5)

Here, Py|x,—o 1s the conditional distribution of X" given X,, = 0 under I, Fyx,—o 18
the conditional distribution of X™ given X,, = 1 under I{, P x,—o is the conditional
distribution of X" given X,, = 0 under P, and P x,— is the conditional distribution of

X"™ given X,, = 1 under P,

For finding the lower bound the following two distributions are considered

130304021—50:1%S

PliOélzl—Blzl%é
P, be the distribution of X1, ..., X,,_{ whenag =1 — 5y = IQL‘S and P; be the distribu-

tion when oy =1 — 3 = 2.

a=1- = Xi,..,X,_1 are iid samples from Bernoulli distribution with

20



PX=0=1—-aand P(X =1) =«

1+9

Therefore, Py and P are Binomial distributions with p = 5= and p = 1775 respectively.

Now since both the distributions considered are Bernoulli, therefore P(X"|X,) =

P(X™1). Using this we can write the KL distribution as

Dier (Po(X"|X0 = O)| (X[ X, = 0)) = Dicr (R(X" DIP(X™ ) (56)
Similarly

Dice (Pu(X"|X, = DIIPUX"IX, = 1) = D (RXDIIP(X) - (57)

Now the KL distance is given by

. e 140
Dict (B(X"||P(X")) = (n = 1)dlog () (5.8)
Noting that §log(1+2) < 342 for § € [0, ], we obtain
D1 (PO(X"*)HH(XH)) < 3(n — 1) (5.9)

Using .5), (5.6, G.7) and (5.9) we get

R > mi (1_—MT+5> @2[1_ 3(n—21)52 .
e (L GV oy e
23(1—5)52@—5 3(”2_1>)
For 0 = 2 3(n2_1)
R > % _ 0(%) 5.11)
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5.2 Upper Bound

We know that, for any two distributions F and P;

1
1Py — P37 < 5 Du(Bol[ 1) (5.12)

A

Consider Py = P(X,41|X,,) and P, = P(X,,11]|X,), then

1Py~ Pl = [ 1p00f22) ~ b(0l2)] + [p(1lza) ~ p(1fe)] |

. 2 R 2
> |p<0|xn) _p(0|xn)| + ‘p(1|xn) _p(1|xn)‘ (5.13)
1
n ol n 2
= Y |pl@nnla™) = plza]a™)|
Tp4+1=0
Using (5.12) and (5.13) we get
- 1
n - ny |2 -~
Z ’p($n+l’$ ) = D(Tnia|® )’ < §D(pxn+1|w"szn+1\w”) (5.14)
Tn4+1=0
Therefore
! 1
3 n ol n 2 . ~
infsup B Y [p(znale”)—pean|2")]" | < S infsup B D(pm7L+1xn|\pxn+1|xn)]
P ap om0 P ap
(5.15)
Taking this result from [Falahatgar ez all (2016)
) . log (log(n)) 1
infsup E'| D(pa,,, (o |[|Ponien) | < 2———— 4+ 0(—) (5.16)
P oap n n
Using (3.13) and (3.16)) we get
log ( log(n 1
Ry < e loe®) | 1, (5.17)
n n
Hence we can conclude
2 1 log ( log(n 1
81n n n n

Notice, the upper bound and the lower bound are not of the same order however

22



log(log(n)) changes very slowly with n. There is a scope of improvement in bounds.
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CHAPTER 6

Conclusions and Scope for Future Work

We have proposed various risk metrics for estimating the parameters of a two state
Markov chain and bounded the minimax risk for these metrics. We have modified
Le Cam’s method into more generalized version which was used to find lower bounds.
The generalized KL distance for two state Markov chain was derived which helped
in finding a constant lower bound for quadratic risk function. For the risk function
R,=FE [ Zinﬂzo p(@ni1]a™) = P(@pi1|z™) |2 } , the upper and lower bound found are

not of the same order, and hence can be improved. Future work includes extension of

this theory on k state Markov chain.
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