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ABSTRACT

We consider two 2-way relay channels -a three-node Gaussian relay network where

two nodes (say a, b) want to communicate with each other and the third node acts as a

relay and a Gaussian diamond channel where 2 nodes act as relays. Relaying protocols

and possible rate pairs (Ra , Rb ) for the two-way communication are investigated.

We obtain an outer bound for the rate region of all achievable (Ra , Rb ) in the full

duplex mode and compare it with outer bound for the half duplex mode. This outer

bound is based on the full duplex and the half-duplex cut-set bound respectively and

is applicable to any protocol. We also extend the results to the MIMO case for all the

channels studied. Numerical results and comparisons of the achievable rate regions of

some protocols and the outer bound are also presented. We also propose and analyze

the scale and forward protocol for two way communication between nodes in a diamond

channel with no direct link.
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CHAPTER 1

INTRODUCTION

A two-way or bidirectional relay channel consists of two nodes exchanging messages

through one or more relays. Relay networks find applications in multi-hop wireless

networks, sensor networks with transmitter power limitations etc. Among the different

relay channels, the three node two-way relay channel and the diamond relay channel

have attracted significant interest. We restrict our attention to these two channels in the

current thesis. Two-way relaying without the direct link between nodes a and b is stud-

ied in [10; 3; 19; 16]. The more general two-way relaying with the direct link is studied

in [7; 6; 14]. In [7], achievable rate regions are derived for three protocols, namely the

multiple access broadcast (MABC) protocol, time division broadcast (TDBC) protocol,

and the hybrid broadcast (HBC) protocol under the decode-and-forward (DF) relaying

scheme. In [6], the TDBC and MABC protocols have been studied under other re-

laying schemes such as amplify-and-forward (AF), compress-and-forward (CF), mixed

forward (MF) and Lattice forward (LF). A partial DF protocol, which is a superposition

of DF and CF was studied in [13]. In [14], a three-phase cooperative MABC proto-

col (CoMABC), which outperforms the MABC and TDBC protocols in terms of sum

rate in asymmetric channel conditions, was proposed. A transmission scheme based on

doubly nested lattice codes was also proposed in [14], i.e., the CoMABC protocol uses

the Lattice forward relaying strategy and is not a DF relaying protocol. A DF protocol

using all states called All States (AS) protocol and a protocol called HBC-AS protocol

that is an improvement to HBC protocol using side information is proposed in [2]. A

generalized outer bound for the capacity region for all relaying protocols was derived in

[2] using the half-duplex cut-set bound in [5]. This outer bound considers all possible

states of the network.

The half-duplex Gaussian diamond relay channel where a source node and a destination

node communicate with each other through two non-interfering relays has been studied

in [12], [17] and [4]. In [17], the the AF, CF and DF relaying schemes have been

generalized to the diamond channel and some hybrid schemes also have been proposed.



In [4], multi-hopping decode-and-forward (MDF) protocols for one-way communica-

tion were proposed to achieve rates within a constant gap of a capacity outer bound.

Coding schemes based on nested lattice coding and compute and forward have been

proposed in [8], [15]. These exploit the mixing of the two flows and improve the

rates in both directions. Relaying protocols for the bidirectional communication over

half duplex diamond relay channel have been proposed and their achievable rate regions

have been determined in [11]. Two protocols- The CF-CMAC(Compute and Forward

Multiple Access Channel) and the CF-BC(Compute and Forward-Broadcast), that use

compute and forward scheme at the two relays are proposed for the diamond relay

channel. The MDF protocol in [4] is also extended to two-way relaying by simple time

sharing between the flows in the two directions. Outer bound and some achievable rate

regions for half duplex diamond relay channel with direct links between relays and with

direct links between sources are also discussed in [11]. Multiple-input and multiple-

output, or MIMO is the use of multiple antennas at both the transmitter and receiver

to improve communication performance. MIMO technology has attracted attention in

wireless communications because it improves throughput, spectral efficiency and reli-

ability. MIMO is an important part of modern wireless communication standards such

as IEEE 802.11n (Wi-Fi), 4G, 3GPP Long Term Evolution, WiMAX and HSPA+.

In this work we compute and compare the half duplex and full duplex outer bound for

the case of multiple input multiple output for all the channels discussed in [2] and [11].

We also derive an outer bound for the full duplex mode for the two way relay channel

and the Gaussian 2 way diamond channel and compare with the half duplex case. This

outer bound is based on the full duplex and the half-duplex cut-set bound respectively

and is applicable to any protocol. Numerical results and comparisons of the achievable

rate regions of some protocols and the outer bound are also presented. We also propose

and analyze the scale and forward protocol for two way communication between nodes

in a diamond channel with no direct link. Scale and Protocol for one way communi-

cation for diamond channel was proposed in [17]. We extend this protocol for the 2

way communication case and compare the achievable rate region with some protocols

in [11] and the outer bound.
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1.1 Organization of Thesis

The organization of this thesis is as follows.

• Chapter 2 deals with the derivation of an outer bound for capacity region of gaus-
sian 2 way relay channel with and without direct links for the full duplex and half
duplex modes. Some existing protocols of 2 way relay channel are also discussed.

• Chapter 3 deals with the derivation of an outer bound for capacity region of the
full duplex mode of the diamond channel without direct links, diamond channel
with direct link between sources and diamond channel with direct link between
relays. Outer bound for capacity region of half duplex mode is also discussed.

• Chapter 4 discusses the scale and forward protocol proposed in this thesis for the
gaussian two way diamond relay channel.

• Chapter 5 deals with the derivation of an outer bound for capacity region of gaus-
sian 2 way relay channel and diamond channel discussed in the previous chapters
for the full duplex mode and half duplex mode of the MIMO case.

• Chapter 6 presents some numerical results on the rate region for scale and forward
protocol and also some results on outer bound for capacity region of different
channels discussed in previous chapters and

• Chapter 7 concludes this thesis discussing possible future works.
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CHAPTER 2

GAUSSIAN TWO-WAY RELAY CHANNEL

In this chapter, an outer bound for the capacity region of the two-way Gaussian relay

channel is derived for the cases with and without direct a− b link for both half-duplex

and full-duplex mode. This is derived using the half-duplex cut-set bound and full-

duplex cut set bound respectively. In the two-way relay network, there are two flows,

one from a to b and another from b to a. The outer bound for the two flows is derived

considering two cuts that separate nodes a and b and information flow in both directions

across the cuts. For a full-duplex relay network, any achievable rate from source to

destination R is upper bounded as :

R ≤ min
S

I(XS;YSc |XSc), (2.1)

For a half-duplex relay network with m states, any achievable rate from source to des-

tination R is upper bounded as :

R ≤ sup
{λi}:

∑m
i=1 λi≤1

min
S

m∑
i=1

λiI(XS;YSc|XSc , i), (2.2)

where a cut partitions the set of nodes into sets S and Sc such that the source node is

in S, the destination is in Sc, and Sc is the complement of S. In order to bound Ra

(rate of information flow from a to b), we consider the cuts defined by S1 = {a}, and

S2 = {a, r}. Similarly to bound Rb, we use S3 = {b} and S4 = {b, r}.

2.1 Gaussian 2 way relay channel without direct link

2.1.1 System model

Consider two nodes a and b communicating with each other in the network shown in

Fig. 2.1. A relay node r assists this communication by receiving the information from

these nodes and forwarding to the desired destination. There is no direct link between



a

r

b

h1 h2

Figure 2.1: Two-way Gaussian Relay Channel with no direct Link

the nodes. For simplicity each node is assumed to have the same transmit power P and

each receiver a noise variance ofN for each state. Let h1 and h2 be the gains of channels

a-r and b-r respectively. The SNRs of these channels are denoted by γ1 =
h21P

N
and

γ2 =
h22P

N
. We use Ra and Rb to denote the rate of data transmission (bits per channel

use) from node a to node b and from node b to node a, respectively. In full duplex case

all the nodes transmit and receive simultaneously all the time. In half duplex case, there

are 2 states-Multiple Access state where both a and b transmit to relay and Broadcast

state when relay transmits to a and b. Let λi, i = 1, 2 denote the fraction of channel

uses in states 1, 2 respectively. Let C(γ) ∆
= 0.5log2(1 + γ) represents the capacity of a

gaussian channel with SNR of γ

2.1.2 Outer bounds for Gaussian 2 way relay channel with no direct

link-Full duplex

Using the full duplex cut set bound we get :

Ra ≤ min{I (Xa;Yr, Yb|Xr, Xb) , I (Xa, Xr;Yb|Xb)}

Rb ≤ min{I (Xb, Xr;Ya|Xa) , I (Xb;Yr, Ya|Xr, Xa)}
(2.3)

Solving the mutual information terms gives the following bound

Ra ≤ min{C(γ1), C(γ2)}

Rb ≤ min{C(γ1), C(γ2)}
(2.4)

5



a

r

b

h1 h2

cut1 cut2

Figure 2.2: Cuts used for finding the bound

We solve the optimization problem of maximizing Ra, keeping the ratio of Ra and Rb

fixed and satisfying the above constraints, to get the outer bound. The complete outer

bound region can be evaluated by solving the above problem for different values of

the ratio of Ra and Rb. The outer bound is valid for any relaying scheme (since it is

based only on the cut-set bound and mutual information bounds) for the two-way relay

channel.

2.1.3 Protocols for Two-way Relay Channel without Direct Link-

Full Duplex

Lattice Coding

For a Gaussian TRC, we can achieve the following region [8]:

Ra ≤ C(γ2)

Ra ≤ [C(γ1 −
γ2

γ1 + γ2

)]+

Rb ≤ C(γ1)

Rb ≤ [C(γ2 −
γ1

γ1 + γ2

)]+

(2.5)

where [x]+
∆
= max(x, 0)

To achieve the above region,nested lattice codes formed from a lattice partition chain

6



are used for the uplink. For the downlink, a structured binning of messages at the relay

is used, which is naturally introduced by the nested lattice codes. The destination nodes

decode each other’s message using this binning information and their own messages as

side information.

2.1.4 Outer bounds for Gaussian 2 way relay channel with no direct

link-Half duplex

For a two-way relay channel without direct link, the possible states are as shown in the

fig. 2.3 and fig. 2.4 Using S1, and S2 as defined above, we get :

a

r

b

State− 1

Figure 2.3: Multiple Access State-1

a

r

b

State− 2

Figure 2.4: Broadcast-State-2

Ra ≤ sup
{λi}:

∑2
i=1 λi≤1

min{λ1I (Xa;Yr, Yb|Xr, Xb, i = 1) , λ2I (Xa, Xr;Yb|Xb, i = 2)}

(2.6)

Similarly bounding Rb

Rb ≤ sup
{λi}:

∑2
i=1 λi≤1

min{λ2I (Xb, Xr;Ya|Xa, i = 2) , λ1I (Xb;Yr, Ya|Xr, Xb, i = 1)}

(2.7)
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Solving the mutual information terms, we get the following outer bound

Ra ≤ λ1C(γ1)

Ra ≤ λ2C(γ2)

Rb ≤ λ1C(γ2)

Rb ≤ λ2C(γ1)

2∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(2.8)

We maximize Ra over all possible λi’s, keeping the ratio of Ra and Rb fixed and sat-

isfying the above constraints to get the outer bound. The complete outer bound region

can be evaluated by solving the above problem for different values of the ratio of Ra

and Rb.

2.1.5 Protocols for Two-way Relay Channel without Direct Link

Multiple Access Broadcast (MABC) protocol

MABC is a two phase protocol in which states 1 and 2 shown in fig. 2.3 and fig. 2.4

are used. An achievable rate region for MABC with decode-and-forward scheme is

discussed here. In the first phase,terminal nodes send messages to relay node. After

first phase, relay decodes the received messages and forward it to destinations in second

phase. The achievable rate regions for MABC is given in [7]. It is the closure of the set

of all points (Ra, Rb) satisfying following constraints.

Ra ≤ min{λ1C(γ1), λ2C(γ2)}

Rb ≤ min{λ1C(γ2), λ2C(γ1)}

Ra +Rb ≤ λ1C(γ1 + γ2)

λ1 + λ2 = 1, 0 ≤ λi ≤ 1, i = 3, 4

(2.9)
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2.2 Gaussian 2 way relay channel with direct link be-

tween A and B

2.2.1 System Model

The 2-way relay channel with direct link between the end nodes is shown in Figure 2.5.

The system model is similar to Section 2.1, but for an additional link between A and B.

The SNR of the direct link is denoted as γ3 =
h23P

N

a

r

bh3

h1 h2

Figure 2.5: Two-way Gaussian Relay Channel with Direct Link

2.2.2 Outer bounds for Gaussian 2 way relay channel with direct

link between A and B-Full duplex

We derive an outer bound for the capacity region of the full-duplex two-way Gaussian

relay channel. This is derived using the full-duplex cut-set bound. The outer bound for

the two flows is derived considering two cuts that separate nodes a and b and informa-

tion flow in both directions across the cuts. Combining these four bounds (2 cuts × 2

directions), we get the rate region outer bound.

Ra ≤ min{I (Xa;Yr, Yb|Xr, Xb) , I (Xa, Xr;Yb|Xb)}

Rb ≤ min{I (Xb, Xr;Ya|Xa) , I (Xb;Yr, Ya|Xr, Xa)}
(2.10)

9



r

b a

r

ba

cut 1 cut 2

Figure 2.6: Cuts used for finding the bound

Now, we can upper bound the various mutual information terms as in [5] to get:

I (Xa;Yr, Yb|Xr, Xb) ≤ C(γ1 + γ3)

I (Xb;Yr, Ya|Xr, Xa) ≤ C(γ2 + γ3)
(2.11)

I (Xa, Xr;Yb|Xb) ≤ C (γ2 + γ3 + 2
√
γ2γ3)

I (Xb, Xr;Ya|Xa) ≤ C (γ1 + γ3 + 2
√
γ1γ3)

(2.12)

Finally, we can obtain each point on the outer bound of the rate region by solving the

following optimization problem. Maximize Ra keeping the ratio of Ra and Rb fixed

and satisfying the following constraints :

Ra ≤ C(γ1 + γ3)

Ra ≤ C (γ2 + γ3 + 2
√
γ2γ3)

Rb ≤ C(γ2 + γ3)

Rb ≤ C (γ1 + γ3 + 2
√
γ1γ3)

(2.13)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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2.2.3 Protocols for Two-way Relay Channel with Direct Link be-

tween A and B-Full Duplex

Decode and Forward Protocol

The following rate region is achievable for the full-duplex Gaussian two-way relay

channel with pure decode forward scheme [9]:

Ra ≤ C(γ1)

Ra ≤ C(γ2 + γ3)

Rb ≤ C(γ2)

Rb ≤ C(γ1 + γ3)

Ra +Rb ≤ C(γ1 + γ2)

(2.14)

Lattice Coding

It is shown in [18] that the following rates are achievable for the two-way AWGN relay

channel with direct links

Ra ≤ C(γ2 + γ3)

Ra ≤ [C(γ1 −
γ2

γ1 + γ2

)]+

Rb ≤ C(γ1 + γ3)

Rb ≤ [C(γ2 −
γ1

γ1 + γ2

)]+

(2.15)

where [x]+
∆
= max(x, 0)

2.2.4 Outer bounds for Gaussian 2 way relay channel with direct

link between A and B-Half duplex

An outer bound for the capacity region of the half-duplex two-way Gaussian relay chan-

nel is derived in [2]. This is derived using the half-duplex cut-set bound ans is as fol-
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a b

r

state− 1

a

r

state− 2

a

r

state− 3

a

r

state− 4

state− 5 state− 6

a a

r r

b

b

bb

b

Figure 2.7: Possible states in a Half-duplex Two-way Relay Channel

lows:

Ra ≤ λ1C(γ1 + γ3) + λ3C(γ1) + λ5C (γ3)

Ra ≤ λ1C(γ3) + λ4C(γ2) + λ5C (γ2 + γ3 + 2
√
γ2γ3)

Rb ≤ λ2C(γ2 + γ3) + λ3C(γ2) + λ6C (γ3)

Rb ≤ λ2C(γ3) + λ4C(γ1) + λ6C (γ1 + γ3 + 2
√
γ1γ3)

6∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(2.16)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

2.2.5 Protocols for Two-way Relay Channel With Direct Link

Time Division Broadcast (TDBC) protocol

TDBC [7] is a three phase protocol in which states 1, 2 and 4 are used. In first phase

(state 1), a transmits at a rate equal to the capacity of link between a and r. At this

time node b listens to this transmission and uses this information as side information

12



a b

r

state− 1

a

r

state− 2

b a

r

b

state− 4

Figure 2.8: States used in TDBC protocol

for decoding after phase 3 (state 4). Phase 2 is similar to phase 1 in which b transmits

at a rate equal to the capacity of link between b and r and a listens to this. At the end

of each of these phases, relay node r decode the messages and does a binning operation

on these messages. In phase 3, r transmits this binned information to a and b. Since

a and b know the message meant for the other destination, relay node r can use XOR

of these messages for broadcasting. Achievable rate region for TDBC protocol under

decode-and-forward scheme is given in [7]. It is the closure of the set of all points

(Ra, Rb) satisfying following constraints.

Ra ≤ min{λ1C(γ1), λ1C(γ3) + λ4C(γ2)}

Rb ≤ min{λ2C(γ2), λ2C(γ3) + λ4C(γ1)}

λ1 + λ2 + λ4 = 1, 0 ≤ λi ≤ 1, i = 1, 2, 4

(2.17)

Hybrid Broadcast (HBC) protocol

HBC is a four phase protocol in which states 1, 2, 3 and 4 are used. State 1, 2 and

4 are used in the same way as in TDBC. State 3, where terminals a and b transmit

simultaneously (MAC) to relay r, is also added. These messages are decoded at the

relay and forwarded as such in state 4. In HBC, state 4 is used for forwarding binned

messages from state 1 and 2 as well as for forwarding messages received in state 3. The

HBC protocol is always better than TDBC and MABC protocols since they are special

cases of the HBC protocol. The use of side information from one phase in decoding

during another phase provides improvement in TDBC and HBC over MABC for some

channel conditions. Achievable rate region for HBC protocol is given in [7]. It is the
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state− 3

a

r

b a

r

b

state− 4

a b

r

state− 1

a

r

state− 2

b

Figure 2.9: States used in HBC protocol

closure of the set of all points (Ra, Rb) satisfying following constraints.

Ra ≤ min{(λ1 + λ3)C(γ1), λ1C(γ3) + λ4C(γ2)},

Rb ≤ min{(λ2 + λ3)C(γ2), λ2C(γ3) + λ4C(γ1)},

Ra +Rb ≤ λ1C(γ1) + λ2C(γ2) + λ3C(γ1 + γ2),

4∑
i=1

λi = 1, 0 ≤ λi ≤ 1.

(2.18)

Cooperative MABC (CoMABC) protocol

CoMABC is a three phase protocol in which states 3,4 and 5 (or 6 depending on channel

conditions) is used. Assume that γ1 ≤ γ2. Since the link between b and r is better than

the link between a and r, relay may receive more data from b than from a. Using

MABC protocol, the relay may finish forwarding of messages from a before finishing

forwarding of messages from b since a ↔ r link is weaker than b ↔ r link and more

data have to be forwarded to a. Thus, node b remain idle for some time. This idle

time may be long depending on the defference between the channel gains of two links.

In CoMABC protocol, state 6 is added (for γ1 ≤ γ2 case) in addition to state 3 and 4

of MABC protocol. So, when the forwarding of messages to b is finished, state 6 is

used for further forwarding of messages to a. Node b joins the r → a transmission

by using some cooperative technique to get either diversity where node b retransmits

some data it already transmitted to relay node r in state 1 or multiplexing where node b

14



transmits new data. Similarly if γ2 ≤ γ1, state 5 will be used in which node a assists the

forwarding of data from r to b. Achievable rate region for CoMABC protocol is given

in [14]. It is the closure of the set of all points (Ra, Rb) satisfying following constraints.

Ra ≤ min{λ3R
∗
ar, λ4C(γ2)}

Rb ≤ min{λ3R
∗
br + λ6C(γ3), λ4C(γ1)

+ λ6C(γ1 + γ3)}

R∗ar =

[
log

(
γ1

γ1 + γ2

+ γ1

)]+

R∗br =

[
log

(
γ2

γ1 + γ2

+ γ2

)]+

(2.19)

where [x]+
∆
= max(x, 0).
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CHAPTER 3

GAUSSIAN DIAMOND RELAY CHANNEL

In this chapter, an outer bound for the capacity region of the two-way Gaussian diamond

relay channel is derived for the cases with and without direct links for both half-duplex

and full-duplex modes. This is derived using the half-duplex cut-set bound and full-

duplex cut set bound respectively.

3.1 Gaussian diamond relay channel with no direct link

3.1.1 System Model

Consider two nodes a and b whose bi-directional communication is assisted by two

relays, r1 and r2 in diamond topology as shown in Fig. 3.1. No link is present between

the two nodes A and B or between the two relays. So all communication is through

the two non-interfering relays. For simplicity each node is assumed to have the same

transmit power P and each receiver noise variance of N for each state. Let ha1 , ha2 ,

hb1 and hb2 be the gains of channels a-r1 , a-r2 , b-r1 and b-r2 respectively. The SNRs

of these channels are denoted by γa1 =
h2a1P

N
, γa2 =

h2a2P

N
,γb1 =

h2b1P

N
and γb2 =

h2b2P

N

respectively. The channel is assumed to be known, reciprocal and constant. Channel

state information is assumed to be available at all nodes. We use Ra and Rb to denote

the rate of data transmission (bits per channel use) from node a to node b and from

node b to node a, respectively. Let C(γ) ∆
= 0.5log2(1 + γ) represents the capacity of a

gaussian channel with SNR of γ



B

R1

A

R2

γa1 

γa2 

γb1 

γb2

Figure 3.1: Two-way Gaussian Diamond Relay Channel with no direct Link

B

R1

A

R2

γa1 

γa2 

γb1 

γb2

cut1

cut2
cut3

cut4

Figure 3.2: Cuts used for finding the bound
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3.1.2 Outer bounds for Gaussian diamond relay channel with no

direct link-Full duplex

Using full duplex cutset bound we get:

Ra ≤ min{I (Xa;Yr1, Yr2, Y b|Xb, Xr1, Xr2) , I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ,

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) , I (Xa, Xr1, Xr2;Yb|Xb)}

Rb ≤ min{I (Xb;Yr1, Yr2, Ya|Xa, Xr1, Xr2) , I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ,

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) , I (Xb, Xr1, Xr2;Ya|Xa)}

(3.1)

Ra ≤ min{I (Xa;Yr1, Yr2|Xb) , I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ,

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) , I (Xr1, Xr2;Yb)}

Rb ≤ min{I (Xb;Yr1, Yr2|Xa) , I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ,

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) , I (Xr1, Xr2;Ya)}

(3.2)

Now, we can upper bound the various mutual information terms as in [5] to get:

I (Xa;Yr1, Yr2|Xb) ≤ C(γa1 + γa2)

I (Xb;Yr1, Yr2|Xa) ≤ C(γb1 + γb2)
(3.3)

I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ≤ C(γa2) + C(γb1)

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) ≤ C(γb2) + C(γa1)

I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ≤ C(γa1) + C(γb2)

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) ≤ C(γb1) + C(γa2)

(3.4)

I (Xr1, Xr2;Yb) ≤ C (γb1 + γb2 + 2
√
γb1γb2)

I (Xr1, Xr2;Ya) ≤ C (γa1 + γa2 + 2
√
γa1γa2)

(3.5)

Finally, we can obtain each point on the outer bound of the rate region by solving the

following optimization problem. Maximize Ra keeping the ratio of Ra and Rb fixed
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and satisfying the following constraints:

Ra ≤ C(γa1 + γa2)

Ra ≤ C (γb1 + γb2 + 2
√
γb1γb2)

Ra ≤ C(γa2) + C(γb1)

Ra ≤ C(γb2) + C(γa1)

Rb ≤ C(γb1 + γb2)

Rb ≤ C (γa1 + γa2 + 2
√
γa1γa2)

Rb ≤ C(γa2) + C(γb1)

Rb ≤ C(γb2) + C(γa1)

(3.6)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

3.1.3 Outer bounds for Gaussian diamond relay channel with no

direct link-Half duplex

The diamond relay network has 16 possible states, because each of the four nodes can

be either in transmit or receive state(half-duplex constraint). We can ignore the 2 states

in which all nodes are in transmit or all are in receive states, as they do not serve any

purpose. The remaining 14 useful states can be seen in Fig.3.3. An outer bound for

the capacity region of the half-duplex two-way Gaussian relay channel is derived in

[11] using the half-duplex cut-set bound. Only six states of Fig.3.3 are considered for

writing the cut-set bound:14, 13, 2, 3, 6, 7 with the fraction of time the network is in

19



R1

A B

R1

R2

A B A B

R1

R2R2

R1

A B

R1

R2

A B A

B

R1

R2

R1

A B

R1

R2

A B A

R1

R2
R2

(i) (ii) (iii) (iv) (v)

(vi)

R2

R1

R2

A B

R1

R2

A B A B

R1

R2

R1

R2

A B A B

R1

R2

B

(vii) (viii) (ix) (x)

(xi) (xiii)(xii)
(xiv)

Figure 3.3: Possible states in a Half-duplex Two-way Diamond Relay Channel

these states being denoted as λ1;λ2;λ3;λ4;λ5;λ6, respectively.

Ra ≤ λ1C(γa1 + γa2) + λ3C(γa1) + λ4C(γa2)

Ra ≤ λ1C(γa2) + λ2C(γb1) + λ4C(γa2) + λ4C(γb1)

Ra ≤ λ1C(γa1) + λ2C(γb2) + λ3C(γa1) + λ3C(γb2)

Ra ≤ λ2C(
√
γb1 +

√
γb2)

2 + λ3C(γb2) + λ4C(γb1)

Rb ≤ λ1C(γb1 + γb2) + λ5C(γb1) + λ6C(γb2)

Rb ≤ λ1C(γb2) + λ2C(γa1) + λ6C(γb2) + λ6C(γa1)

Rb ≤ λ1C(γb1) + λ2C(γa2) + λ5C(γb1) + λ5C(γa2)

Rb ≤ λ2C(
√
γa1 +

√
γa2)

2 + λ5C(γa2) + λ6C(γa1)

6∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(3.7)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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Figure 3.4: Two-way Gaussian Diamond Relay Channel with Direct A-B Link

3.2 Gaussian diamond relay channel with direct link

between A and B

3.2.1 System Model

The diamond relay channel with direct link between the end nodes is shown in Fig 3.4.

The system model is similar to Section 3.1, but for an additional link between A and B.

The SNR of the direct link is denoted as γab =
h2dP

N

3.2.2 Outer bounds for Gaussian diamond relay channel with di-

rect link between A and B-Full duplex

Using the full duplex cutset bound we get:

Ra ≤ min{I (Xa;Yr1, Yr2, Y b|Xb, Xr1, Xr2) , I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ,

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) , I (Xa, Xr1, Xr2;Yb|Xb)}

Rb ≤ min{I (Xb;Yr1, Yr2, Y a|Xa, Xr1, Xr2) , I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ,

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) , I (Xb, Xr1, Xr2;Ya|Xa)}

(3.8)
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Figure 3.5: Cuts used for finding the bound

Now, we can upper bound the various mutual information terms to get:

I(Xa;Yr1, Yr2, Yb|Xb, Xr1, Xr2) ≤ C(γa1 + γa2 + γab)

I(Xb;Yr1, Yr2, Ya|Xa, Xr1, Xr2) ≤ C(γb1 + γb2 + γab)
(3.9)

I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ≤ C(γa2 + γab) + C(γb1)

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) ≤ C(γb2) + C(γa1 + γab)

I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ≤ C(γa1) + C(γb2 + γab)

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) ≤ C(γb1 + γab) + C(γa2)

(3.10)

I(Xa, Xr1, Xr2;Yb|Xb) ≤ C(
√
γb1 +

√
γb2 +

√
γab)

2

I(Xb, Xr1, Xr2;Ya|Xa) ≤ C(
√
γa1 +

√
γa2 +

√
γab)

2
(3.11)

Finally, we can obtain each point on the outer bound of the rate region by solving the

following optimization problem. Maximize Ra keeping the ratio of Ra and Rb fixed

22



and satisfying the following constraints :

Ra ≤ C(γa1 + γa2 + γab)

Ra ≤ C(
√
γb1 +

√
γb2 +

√
γab)

2

Ra ≤ C(γa2 + γab) + C(γb1)

Ra ≤ C(γb2) + C(γa1 + γab)

Rb ≤ C(γb1 + γb2 + γab)

Rb ≤ C(
√
γa1 +

√
γa2 +

√
γab)

2

Rb ≤ C(γa1) + C(γb2 + γab)

Rb ≤ C(γb1 + γab) + C(γa2)

(3.12)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

3.2.3 Outer bounds for Gaussian diamond relay channel with di-

rect link between A and B-Half duplex

R1

A B

R1
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A B A B

R1

R2

A B
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R2

A B

R1

R2

R1

A B
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A B A B
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R2

A B

R1

R2

A B

R1

R2R2

(i) (ii) (iii) (iv) (v)

(vi) (vii) (viii) (ix) (x)

R2

Figure 3.6: Possible states in a Half-duplex Two-way Diamond Relay Channel with
direct A-B link

An outer bound for the capacity region of the half-duplex two-way Gaussian di-

amond relay channel is derived in [11] using the half-duplex cut-set bound and is as
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follows:

Ra ≤ λ1C(γa1 + γa2) + λ3C(γab) + λ4C(γa2 + γab)

+ λ5C(γa1 + γab) + λ6C(γa1 + γa2 + γab)

Ra ≤ λ1C(γa2) + λ2C(γb1) + λ3C(
√
γab +

√
γb1)

2+

λ4C(γb1) + λ4C(γa2 + γab) + λ6C(γa2 + γab) + λ5C(γab)

Ra ≤ λ1C(γa1) + λ2C(γb2) + λ3C(
√
γab +

√
γb2)

2+

λ4C(γab + λ5C(γb2) + λ5C(γa1 + γab) + λ6C(γa1 + γab)

Ra ≤ λ2C(
√
γb1 +

√
γb2)

2 + λ3C(
√
γb1 +

√
γb2 +

√
γab)

2+

λ4C(
√
γb1 +

√
γab)

2 + λ5C(
√
γab +

√
γb2)

2 + λ6C(γab)

Rb ≤ λ1C(γb1 + γb2) + λ7C(γab) + λ8C(γb2 + γab)+

λ9C(γb1 + γab) + λ10C(γb1 + γb2 + γab)

Rb ≤ λ1C(γb2) + λ2C(γa1) + λ7C(
√
γab +

√
γa1)

2+

λ8C(γa1) + λ8C(γb2 + γab) + λ10C(γb2 + γab) + λ9C(γab)

Rb ≤ λ1C(γb1) + λ2C(γa2) + λ7C(
√
γab +

√
γa2)

2+

λ8C(γab) + λ9C(γa2) + λ9C(γb1 + γab) + λ10C(γb1 + γab)

Rb ≤ λ2C(
√
γa1 +

√
γa2)

2 + λ7C(
√
γa1 +

√
γa2 +

√
γab)

2+

λ8C(
√
γa1 +

√
γab)

2 + λ9C(
√
γab +

√
γa2)

2 + λ10C(γab)
10∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(3.13)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

3.3 Gaussian diamond relay channel with direct link

between Relays

3.3.1 System Model

The diamond relay channel with direct link between the relays is shown in Fig3.7. The

system model is similar to Section 3.1, but for an additional link between R1 and R2.
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Figure 3.7: Two-way Gaussian Relay Channel with Direct Link between Relays

The SNR of the direct link is denoted as γd =
h2dP

N
. The two relays are no longer non-

interfering. A relay, say R2 can treat the information from other relay R1 in two ways.

One way is to consider it as interference, and the other way is to consider it as a message

to be decoded and forwarded to the destination.

3.3.2 Outer bounds for Gaussian diamond relay channel with di-

rect link between R1 and R2-Full duplex

The outer bound for the two flows is derived considering four cuts as shown in fig

3.8that separate nodes a and b and information flow in both directions across the cuts.

Combining these eight bounds (4 cuts × 2 directions), we get the rate region outer

bound.

Ra ≤ min{I (Xa;Yr1, Yr2, Y b|Xb, Xr1, Xr2) , I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ,

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) , I (Xa, Xr1, Xr2;Yb|Xb)}

Rb ≤ min{I (Xb;Yr1, Yr2, Y a|Xa, Xr1, Xr2) , I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ,

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) , I (Xb, Xr1, Xr2;Ya|Xa)}

(3.14)
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Figure 3.8: Cuts used for finding the bound

Now, we can upper bound the various mutual information terms to get:

I (Xa;Yr1, Yr2, Yb|Xb, Xr1, Xr2) ≤ C(γa1 + γa2)

I (Xb;Yr1, Yr2, Ya|Xa, Xr1, Xr2) ≤ C(γb1 + γb2)
(3.15)

I (Xa, Xr1;Yb, Yr2|Xb, Xr2) ≤ C(γa2) + C(γb1 + γd)

I (Xa, Xr2;Yb, Yr1|Xb, Xr1) ≤ C(γb2 + γd) + C(γa1)

I (Xb, Xr1;Ya, Yr2|Xa, Xr2) ≤ C(γa1 + γd) + C(γb2)

I (Xb, Xr2;Ya, Yr1|Xa, Xr1) ≤ C(γb1) + C(γa2 + γd)

(3.16)

I (Xa, Xr1, Xr2;Yb|Xb) ≤ C(
√
γb1 +

√
γb2)

2

I (Xb, Xr1, Xr2;Ya|Xa) ≤ C(
√
γa1 +

√
γa2)

2
(3.17)

We can obtain each point on the outer bound of the rate region by solving the following

optimization problem. MaximizeRa keeping the ratio ofRa andRb fixed and satisfying
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the following constraints :

Ra ≤ C(γa1 + γa2)

Ra ≤ C(
√
γb1 +

√
γb2)

2

Ra ≤ C(γa2) + C(γb1 + γd)

Ra ≤ C(γb2 + γd) + C(γa1)

Rb ≤ C(γb1 + γb2)

Rb ≤ C(
√
γa1 +

√
γa2)

2

Rb ≤ C(γa1 + γd) + C(γb2)

Rb ≤ C(γb1) + C(γa2 + γd)

(3.18)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

3.3.3 Outer bounds for Gaussian diamond relay channel with di-

rect link between R1 and R2-Half duplex

R1

A B

R1

R2

A B A B

R1

R2

A B

R1

R2

A B

R1

R2

R1

A B

R1

R2

A B A B

R1

R2

A B

R1

R2

A B

R1

R2R2

(i) (ii) (iii) (iv) (v)

(vi) (vii) (viii) (ix) (x)

R2

Figure 3.9: Possible states in a Half-duplex Two-way Diamond Relay Channel with
direct link between relays

An outer bound for the capacity region of the half-duplex two-way Gaussian relay
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channel is derived in [11] and is as follows:

Ra ≤ λ1C(γa1 + γa2) + λ3C(γa2) + λ4C(γa2) + λ5C(γa1) + λ6C(γa1)

Ra ≤ λ1C(γa2) + λ2C(γb1) + λ3C(
√
γd +

√
γa2)

2 + λ4C(γa2) + λ4C(γb1 + γd)+

λ7C(γb1 + γd) + λ10C(γd)

Ra ≤ λ1C(γa1) + λ2C(γb2) + λ5C(
√
γd +

√
γa1)

2 + λ6C(γa1) + λ6C(γb2 + γd)+

λ9C(γb2 + γd) + λ8C(γd)

Ra ≤ λ2C(
√
γb1 +

√
γb2)

2 + λ4C(γb1) + λ7C(γb1) + λ9C(γb2) + λ6C(γb2)

Rb ≤ λ1C(γb1 + γb2) + λ3C(γb2) + λ10C(γb2) + λ5C(γb1) + λ8C(γb1)

Rb ≤ λ1C(γb2) + λ2C(γa1) + λ3C(
√
γd +

√
γb2)

2 + λ4C(γd) + λ7C(γa1 + γd)+

λ10C(γa1 + γd) + λ10C(γb2)

Rb ≤ λ1C(γb1) + λ2C(γa2) + λ5C(
√
γd +

√
γb1)

2 + λ6C(γd) + λ9C(γa2 + γd)+

λ8C(γa2 + γd) + λ8C(γb1)

Rb ≤ λ2C(
√
γa1 +

√
γa2)

2 + λ10C(γa1) + λ7C(γa1) + λ9C(γa2) + λ8C(γa2)

10∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(3.19)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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CHAPTER 4

SCALE AND FORWARD PROTOCOL

We consider the half duplex gaussian diamond relay channel with no direct link as in

Section 3.1. Let ha1 , ha2 , hb1 and hb2 be the gains of channels a-r1 , a-r2, b-r1 and

b-r2respectively. The relays R1 and R2 receive signals from the two sources A and B

during the first half. In the second half each relay node scales sum of its received signals

by multiplying with a complex constant, and sends it out in Stage 2. The constants are

chosen such that the signals from the two relays add up coherently at the destination,

maximizing the end-to-end SNR. Since each sender knows the signal that it has sent

and also knows the channel coefficients, it is possible at the destination to remove the

signal sent by it in the first half. This scheme can be described as

X1 = a1Y1, X2 = a2Y2

st E||X1||2 ≤ P,E||X2||2 ≤ P
(4.1)

4.1 Theorem

For a bidirectional gaussian diamond relay channel, the rate under scale and forward is

Ra = 0.5 log(1 +
(a||hb1ha1||+ b||hb2ha2||)2)

a2(||hb1||)2 + b2(||hb2||)2 + 1
)

Rb = 0.5 log(1 +
(a||hb1ha1||+ b||hb2ha2||)2)

a2(||ha1||)2 + b2(||ha2||)2 + 1
)

st a2(||ha1||2 + ||hb1||2)P + σ2) ≤ P

b2(||ha2||2 + ||hb2||2)P + σ2) ≤ P

(4.2)

4.1.1 Assumptions:

All the nodes are half duplex. The channels are assumed to be reciprocal. Channel

coefficients are known at all the nodes. All nodes transmit with same power P and have

same noise variance. However the protocol can be generalized to the case of arbitrary

powers at the nodes.



4.1.2 Proof

Let Ya be the received signal at A and let Yb be the received signal at B. It is easy to show

that Ya=(ha1a1ha1+ha2a2ha2)Xa+(ha1a1hb1+ha2a2hb2)Xb+(ha1a1N1+ ha2a2N2+N3)

and Yb=(hb1a1hb1 + hb2a2hb2) Xb+(ha1a1hb1 + ha2a2hb2) Xb+(hb1a1N1+ hb2a2N2+ N3)

Since each sender knows the signal that it has sent and also knows the channel coeffi-

cients, it is possible at the destination to remove the signal sent by it in the first half.

In order that the two relay signals add up coherently, a1, a2 should be of the form

a1 = a(ha1hb1)
∗/||(ha1hb1)||; a2 = b(ha2hb2)

∗/||(ha2hb2)|| with a, b being positive. Af-

ter cancelling the message sent by itself, we have Y a = (||ha1hb1||a+ ||ha2hb2||b)Xb+

(ha1a1N1 + ha2a2N2 + N3). By Shannon’s formula, the end-to-end achievable rate is

as given in the above theorem where the factor 0.5 is due to the equal time-sharing.

4.1.3 Remarks

Consider Ra. Denote α = a||hb1|| and β = b||hb2||. The maximum achievable rate thus

becomes

max
α,β

0.5 log(1 +
(α||ha1||+ β||ha2||)2P

(α2 + β2 + 1)σ2
) (4.3)

We note that

(α||ha1||+ β||ha2||)2/(α2 + β2 + 1)

≤ (α2 + β2)(||ha1||2 + ||ha2||)2)/(α2 + β2 + 1))

≤ (||ha1||2 + ||ha2||)2

(4.4)

with the first inequality becoming equality only if

α/β = ||ha1||/||ha2|| i.e a/b = ||ha1||||hb2||/||ha2||||hb1|| (4.5)

That is, the effective SNR from a relay to the destination should be proportional to its

received SNR from the source. Similarly for Rb we have

a/b = ||hb1||||ha2||/||ha1||||hb2|| (4.6)
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We thus have the following observation. In a single source single destination case when

the multi-access part of the network has better channel condition, i.e., in the case of Ra,

when P ||hb1||2 and P ||hb2||2 are much larger than P ||ha1||2 and P ||ha2||2, the optimal

strategy in scale-forward is to scale the signals so that a/b = ||ha1||||hb2||/||ha2||||hb1||.
In the two source case if the power at the relay P1 is such that a2(||ha1||2 + ||hb1||2)P +

σ2) and b2(||ha2||2+||hb2||2)P+σ2) is much less than P1 then Ra is maximized by a/b =

||ha1||||hb2||/||ha2||||hb1|| and Rb is maximized by a/b = ||hb1||||ha2||/||ha1||||hb2||

We compare the achievable rates of this protocol with other known protocols in

Chapter 7 which are described briefly below:

4.2 Other Protocols for half duplex diamond relay chan-

nel

4.2.1 MDF Protocol

Two-way MDF is a simple two-way protocol that uses the MDF protocol of [4] for

both direction flows (A → B and B → A) in a time-sharing manner. Thus, States

1-4 in Figure 3.3 will be used for communication from A to B, and States 5-8 will be

used for communication from B to A. The two-way MDF uses Decode and Forward

scheme at the relays. The maximum achievable rate for the one-way MDF protocol can

be computed as in [4]. Suppose this rate for communication from A to B is Ra−mdf

and for communication from B to A is Rb−mdf , then the achievable rate region for

the two-way MDF protocol is the triangular region enclosed by the three straight lines:

(1)Ra = 0, (2)Rb = 0, and (3) the line joining (0;Rb−mdf ) and (Ra−mdf ; 0).
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To find Ra−mdf we use

maximize R1 +R2

subject to :

R1 ≤ λ1u+ λ2C(γa1)

R1 ≤ λ3C(γb1) + Z1

R2 ≤ λ1v + λ3C(γa2)

R2 ≤ λ2C(γb2) + Z2

Z1 ≤ λ4C(γb1)

Z2 ≤ λ4C(γb2)

Z1 + Z2 ≤ λ4C(γb1 + γb2)

u = C(ηγa1) if γa2 ≤ γa1

= C(γa1)− C(ηγa1) if γa1 < γa2

v = C(ηγa2) if γa1 < γa2

= C(γa2)− C(ηγa2) if γa2 < γa1

4∑
i=1

λi = 1, 0 ≤ λi ≤ 1, 0 ≤ η ≤ 1

(4.7)

Here u and v are rates associated with relays 1 and 2 respectively in broadcast state and

η is power allocation parameter.

4.2.2 CF-CMAC Protocol

The Compute-and-forward-Compound MAC (CF-CMAC) protocol is a three state pro-

tocol using States 9, 10 and 13 of Figure 3.2. States 9 and 10 are Multiple Access

Channels in which both the nodes A and B transmit to one of the relays. State 13 is an

interference channel in which both the relays simultaneously transmit to both nodes A

and B. States 9 and 10 employ nested lattice coding scheme as in [18]. This protocol

employs a compute and forward strategy at the relays, making use of the fact that a relay

need not decode all the information received by it, it only needs to forward sufficient

information to enable the receiving nodes to decode correctly. The relays attempt to de-
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code the sum of the messages received from A and B, instead of decoding the individual

messages. This sum is forwarded to the two nodes in State 13.The achievable rate for

this protocol is derived in [11] by solving the following optimization problem. Maxi-

mize Ra keeping the ratio of Ra and Rb fixed and satisfying the following constraints

:

Ra = Z9
ar1

+ Z10
ar2

Rb = Z9
br1

+ Z10
br2

Z9
ar1

= Z13
r1b

Z9
ar2

= Z13
r2b

Z9
br1

= Z13
r1a

Z9
br2

= Z13
r2a

Z9
ar1

= λ9[C(γa1 −
γb1

γa1 + γb1
)]+

Z9
br1

= λ9[C(γb1 −
γa1

γa1 + γb1
)]+

Z10
ar2

= λ10[C(γa2 −
γb2

γa2 + γb2
)]+

Z10
br2

= λ10[C(γb2 −
γa2

γa2 + γb2
)]+

Z13
r1b

= λ13C(γb1)

Z13
r1a

= λ13C(γa1)

Z13
r2a

= λ13C(γa2)

Z13
r2b

= λ13C(γb2)∑
i=9,10,13

λi = 1, 0 ≤ λi ≤ 1

(4.8)

where [x]+
∆
= max(x, 0)

4.2.3 CF-BC Protocol

The CF-BC (Compute and Forward-Broadcast Channel) protocol uses States 9-12. Only

one relay is used in each state. States 9 and 10 are used the same way as in the CF-

CMAC protocol, i.e, A and B simultaneously transmit to R1 in State 9 and to R2 in
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State 10. The relays R1 and R2 compute the sum of messages received by them in

states 9 and 10 and forward them to the end nodes in Broadcast States 11 and 12 re-

spectively. The nodes can decode the messages meant from them using their apriori

knowledge of the messages sent by them to the relays. This scheme is basically a time

sharing of two-way relaying with one relay. The achievable rate for this protocol is

derived in [11] by solving the following optimization problem. Maximize Ra keeping

the ratio of Ra and Rb fixed and satisfying the following constraints :

Ra = Z9
ar1

+ Z10
ar2

Rb = Z9
br1

+ Z10
br2

Z9
ar1

= Z11
r1b

Z9
ar2

= Z12
r2b

Z9
br1

= Z11
r1a

Z9
br2

= Z12
r2a

Z9
ar1

= λ9[C(γa1 −
γb1

γa1 + γb1
)]+

Z9
br1

= λ9[C(γb1 −
γa1

γa1 + γb1
)]+

Z10
ar2

= λ10[C(γa2 −
γb2

γa2 + γb2
)]+

Z10
br2

= λ10[C(γb2 −
γa2

γa2 + γb2
)]+

Z13
r1b

= λ11C(γb1)

Z13
r1a

= λ11C(γa1)

Z13
r2a

= λ12C(γa2)

Z13
r2b

= λ12C(γb2)∑
i=9,10,11,12

λi = 1, 0 ≤ λi ≤ 1

(4.9)

where [x]+
∆
= max(x, 0)
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CHAPTER 5

OUTER BOUNDS FOR CAPACITY OF GAUSSIAN

TWO-WAY RELAY CHANNEL AND GAUSSIAN

DIAMOND RELAY CHANNEL FOR MIMO CASE

5.1 MIMO point to point channel

We model the MIMO point-to-point communication channel as a Gaussian vector chan-

nel, where the output of the channel Y corresponding to the input X is Y = GX+Z.

Here Y is an r-dimensional vector, X is a t-dimensional vector , Z ∼ N(0, KZ), KZ >

0 , is an r-dimensional noise vector, and G is an r × t constant channel gain matrix

with its element Gjk representing the gain of the channel from transmitter antenna k

to receiver antenna j. The channel is discrete-time and the noise vector process Z(i)

is i.i.d. with Z(i) ∼ N(0, KZ) for every transmission iε[1 : n]. We assume average

transmission power constraint P on every codeword. We can assume without loss of

generality that KZ = Ir, since the channel Y = GX+Z with a general KZ > 0 can be

transformed into the channel W = K
− 1

2
z Y = K

− 1
2

z GX + Z1 where Z1 = K
− 1

2
z Zand

vice versa. Here Z1 ∼ N(0, Ir).

The capacity of the point to point channel is [1]

max
{Kz}:trace(Kz)≤P

1

2
log(GKzG

T + Ir) (5.1)

5.2 Reciprocity

Since the channel gain matrices G and GT have the same set of (nonzero) singular

values, the channels with gain matrices G and GT have the same capacity. This is

evident from the following lemma For every r × t channel matrix G and t × t matrix

Kz > 0, there exists an r × r matrix K̃ > 0 such that trace(K̃) ≤ trace(K),

|GT K̃G+ It| = |GKGT + Ir| (5.2)



5.3 MIMO Multiple Access channel

Consider the MIMO multiple access communication system where each sender wishes

to communicate an independent message to the receiver. Assume a Gaussian vector

multiple access channel (GV-MAC) model Y = G1X1 + G2X2 + Z, where Y is an

r-dimensional output vector, X1 and X2 are t-dimensional input vectors, G1 and G2 are

r × t channel gain matrices, and Z ∼ N(0, KZ), KZ > 0 is an r-dimensional noise

vector. As before, we assume without loss of generality that KZ = Ir. We further

assume average power constraint P on each of X1 and X2. The capacity region of the

multiple access channel is

R1 ≤
1

2
log(G1K1G

T
1 + Ir)

R2 ≤
1

2
log(G2K2G

T
2 + Ir)

R1 +R2 ≤
1

2
log(G1K1G

T
1 +G2K2G

T
2 + Ir)

(5.3)

The sum-capacity of the GV-MAC can be found by solving the maximization problem

maximize
1

2
log(G1K1G

T
1 +G2K2G

T
2 + Ir)

subject to

trace(Kj) ≤ P

Kj ≥ 0, j = 1, 2

(5.4)

5.4 MIMO Broadcast channel

Consider the MIMO Broadcast communication system where a sender wishes to com-

municate with more than one receiver. For the simple case of one sender, two receivers,

assume a Gaussian vector broadcast channel model Y1 = G1X1 +Z1, Y2 = G2X2 +Z2

where Y1 and Y2 are r-dimensional output vectors at receiver 1 and 2 respectively,

X is t-dimensional input vector, G1 and G2 are r × t channel gain matrices, and

Z1 ∼ N(0, K1), K1 > 0 and Z2 ∼ N(0, K2), K2 > 0 are r-dimensional noise vec-

tors. As before, we assume without loss of generality that K1 = K2 = Ir. We further

assume average power constraint P on X1 and X2. Unlike the scalar Gaussian BC, the
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Gaussian vector BC is not in general degraded, and the capacity region is known only

in several special cases. Here,we use the Multiple Access Broadcast channel duality to

compute the rate region of MIMO Broadcast channel.

5.5 Multiple Access Broadcast channel duality

Given the GV-BC (referred to as the original BC) with channel gain matrices G1 and

G2 and power constraint P , consider a GV-MAC with channel gain matrices GT
1 and

GT
2 (referred to as the dual MAC). Broadcast Multiple Access Duality Lemma states that

the rate region of broadcast channel is the same as that of the dual MAC but under the

sum-power constraint. The capacity region of the broadcast channel is thus

R1 ≤
1

2
log(GT

1K1G1 + Ir)

R2 ≤
1

2
log(GT

2K2G2 + Ir)

R1 +R2 ≤
1

2
log(GT

1K1G1 +GT
2K2G2 + Ir)

Trace(K1) + Trace(K2) ≤ P

(5.5)

The sum-capacity of the GV-MAC can be found by solving the maximization problem

maximize
1

2
log(GT

1K1G1 +GT
2K2G2 + Ir)

subject to

trace(K1) + trace(K2) ≤ P

Kj ≥ 0, j = 1, 2

(5.6)

For the MIMO case we use the cut-set bounds as in the single antenna case. The ca-

pacities are computed using the above results for point to point, broadcast and multiple

access channels by SDP optimization. As an example, for a point to point channel
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capacity C,

C ≤ sup
{F (x):E(XXT )≤P}

I(X;Y )

≤ sup
{F (x):E(XXT )≤P}

h(Y )− h(Z)

≤ max
{Kx≥0:trace(Kx)≤P}

1

2
log(GT

1KxG1 + Ir)

(5.7)

5.6 2 way relay channel with no direct link

5.6.1 System Model

The system is similar to section 2.1 except the fact that all nodes are MIMO. Let G1

and G2 be the r × t gain matrices of channels a-r and b-r respectively.

Let C(G1)
∆
= max{Kx≥0:trace(Kx)≤P}

1
2
log(GT

1KxG1 + Ir) represents the capacity of a

gaussian channel with channel gain matrix of G.

5.6.2 Outer bound-Full Duplex

Ra ≤ min{C(G1), C(G2)}

Rb ≤ min{C(G1), C(G2)}
(5.8)

5.6.3 Outer bound-Half Duplex

Ra ≤ λ1C(G1)

Ra ≤ λ2C(G2)

Rb ≤ λ1C(G2)

Rb ≤ λ2C(G1)

2∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(5.9)
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5.7 2 way relay channel with direct link

5.7.1 System Model

The system is similar to section 2.2 except the fact that all nodes are MIMO. Let G1

and G2 be the r × t gain matrices of channels a-r and b-r respectively. Let G3 be the

t× t gain matrix of channels a-b.

Let C(G1)
∆
= max{Kx≥0:trace(Kx)≤P}

1
2
log(GT

1KxG1 + Ir) represents the capacity of a

gaussian channel with channel gain matrix of G.

Let CBC(G1, G2)
∆
= max{Ki≥0,i=1,2:trace(K1)+trace(K2)≤P}

1
2
log(GT

1K1G1+G
T
2K2G2+Ir)

represents the capacity of a gaussian broadcast channel with channel gain matrix of G1

and G2.

Let CMAC(G1, G2)
∆
= max{Ki≥0:trace(Ki)≤P,i=1,2}

1
2
log(G1K1G

T
1 + G2K2G

T
2 + Ir) rep-

resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and G2.

5.7.2 Outer bound for Gaussian relay channel with direct link be-

tween A and B-Full Duplex

Ra ≤ CBC(G1, G3)

Ra ≤ CMAC(GT
2 , G3)

Rb ≤ CBC(G2, G
T
3 )

Rb ≤ CMAC(GT
1 , G

T
3 )

(5.10)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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5.7.3 Outer bounds for Gaussian relay channel with direct link be-

tween A and B-Half duplex

Ra ≤ λ1CBC(G1, G3) + λ3C(G1) + λ5C(G3)

Ra ≤ λ1C(G3) + λ4C(G2) + λ5CMAC(GT
2 , G3)

Rb ≤ λ2CBC(G2, G
T
3 ) + λ3C(G2) + λ6C(G3)

Rb ≤ λ2C(G3) + λ4C(G1) + λ6CMAC(GT
1 , G

T
3 )

6∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(5.11)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

5.8 Gaussian diamond relay channel with no direct link

5.8.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let Ga1,

Ga2, Gb1 and Gb2 be the r× t gain matrices of channels a-r1 ,a-r2, b-r1 and b-r2 respec-

tively.

Let C(G1)
∆
= max{Kx≥0:trace(Kx)≤P}

1
2
log(GT

1KxG1 + Ir) represents the capacity of a

gaussian channel with channel gain matrix of G1.

Let CBC(G1, G2)
∆
= max{Ki≥0,i=1,2:trace(K1)+trace(K2)≤P}

1
2
log(GT

1K1G1 +GT
2K2G2 + Ir)

represents the capacity of a gaussian broadcast channel with channel gain matrix of G1

and G2.

Let CMAC(G1, G2)
∆
= max{Ki≥0:trace(Ki)≤P,i=1,2}

1
2
log(G1K1G

T
1 +G2K2G

T
2 + Ir) rep-

resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and G2.
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5.8.2 Outer bound for Gaussian diamond relay channel with no di-

rect link -Full Duplex

Ra ≤ CBC(Ga1, Ga2)

Ra ≤ CMAC(GT
b1, G

T
b2)

Ra ≤ C(Ga2) + C(Gb1)

Ra ≤ C(Gb2) + C(Ga1)

Rb ≤ CBC(Gb1, Gb2)

Rb ≤ CMAC(GT
a1, G

T
a2)

Rb ≤ C(Ga2) + C(Gb1)

Rb ≤ C(Gb2) + C(Ga1)

(5.12)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.

5.8.3 Outer bound for Gaussian diamond relay channel with no di-

rect link -Half Duplex

Ra ≤ λ1CBC(Ga1, Ga2) + λ3C(Ga1) + λ4C(Ga2)

Ra ≤ λ1C(Ga2) + λ2C(Gb1) + λ4C(Ga2) + λ4C(Gb1)

Ra ≤ λ1C(Ga1) + λ2C(Gb2) + λ3C(Ga1) + λ3C(Gb2)

Ra ≤ λ2CMAC(GT
b1, G

T
b2) + λ3C(Gb2) + λ4C(Gb1)

Rb ≤ λ1CBC(Gb1, Gb2) + λ5C(Gb1)λ6C(Gb2)

Rb ≤ λ1C(Gb2) + λ2C(Ga1) + λ6C(Gb2) + λ6C(Ga1)

Rb ≤ λ1C(Gb1) + λ2C(Ga2) + λ5C(Gb1) + λ5C(Ga2)

Rb ≤ λ2CMAC(GT
a1, G

T
a2) + λ5C(Ga2) + λ6C(Ga1)

6∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(5.13)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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5.9 Gaussian diamond relay channel with direct A-B

link

5.9.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let G11,

G12, G21 and G22 be the r× t gain matrices of channels a-r1 ,a-r2 b-r1 and b-r2 respec-

tively. Let Gd be the t× t gain matrix of channels a-b .

Let C(G1)
∆
= max{Kx≥0:trace(Kx)≤P}

1
2
log(GT

1KxG1 + Ir) represents the capacity of a

gaussian channel with channel gain matrix of G.

Let CBC(G1, ..., Gn)
∆
= max{Ki≥0,i=1..n:

∑n
i=1 trace(Ki)≤P}

1
2
log(

∑n
i=1G

T
i KiGi + Ir) rep-

resents the capacity of a gaussian broadcast channel with channel gain matrix of G1 ,G2

to Gn.

Let CMAC(G1, .., Gn)
∆
= max{Ki≥0:trace(Ki)≤P,i=1,..n}

1
2
log(

∑n
i=1GiKiG

T
i + Ir) repre-

sents the capacity of a gaussian multiple access channel with channel gain matrix of

G1,G2 to Gn

5.9.2 Outer bound for Gaussian diamond relay channel with direct

link between A and B-Full Duplex

Ra ≤ CBC(Ga1, Ga2, Gab)

Ra ≤ CMAC(GT
b1, G

T
b2, Gab)

Ra ≤ CBC(Ga2, Gab) + C(Gb1)

Ra ≤ C(Gb2) + CBC(Ga1, Gab)

Rb ≤ CBC(Gb1, Gb2, G
T
ab)

Rb ≤ CMAC(GT
a1, G

T
a2, G

T
ab)

Rb ≤ C(Ga1) + CBC(Gb2, G
T
ab)

Rb ≤ CBC(Gb1, G
T
ab) + C(Ga2)

(5.14)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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5.9.3 Outer bound for Gaussian diamond relay channel with direct

link between A and B-Half Duplex

Ra ≤ λ1CBC(Ga1, Ga2) + λ3C(Gab) + λ4CBC(Ga2, Gab)

+ λ5CBC(Ga1, Gab) + λ6CBC(Ga1, Ga2, Gab)

Ra ≤ λ1C(Ga2) + λ2C(Gb1) + λ3CMAC(Gab, G
T
b1)+

λ4C(Gb1) + λ4CBC(Ga2, Gab) + λ6CBC(Ga2, Gab) + λ5C(Gab)

Ra ≤ λ1C(Ga1) + λ2C(Gb2) + λ3CMAC(Gab, G
T
b2)+

λ4C(Gab + λ5C(Gb2) + λ5CBC(Ga1, Gab) + λ6C(Ga1, Gab)

Ra ≤ λ2CMAC(GT
b1, G

T
b2) + λ3CMAC(GT

b1, G
T
b2, Gab)+

λ4CMAC(GT
b1, Gab) + λ5CMAC(Gab, G

T
b2) + λ6C(Gab)

Rb ≤ λ1CBC(Gb1, Gb2) + λ7C(Gab) + λ8CBC(Gb2, G
T
ab)+

λ9CBC(Gb1, G
T
ab) + λ10CBC(Gb1, Gb2, G

T
ab)

Rb ≤ λ1C(Gb2) + λ2C(Ga1) + λ7CMAC(GT
ab, G

T
a1)+

λ8C(Ga1) + λ8CBC(Gb2, G
T
ab) + λ10CBC(Gb2, G

T
ab) + λ9C(Gab)

Rb ≤ λ1C(Gb1) + λ2C(Ga2) + λ7CMAC(GT
ab, G

T
a2)+

λ8C(Gab) + λ9C(Ga2) + λ9CBC(Gb1, G
T
ab) + λ10CBC(Gb1, G

T
ab)

Rb ≤ λ2CMAC(GT
a1, G

T
a2) + λ7CMAC(GT

a1, G
T
a2, G

T
ab)+

λ8CMAC(GT
a1, G

T
ab) + λ9CMAC(GT

ab, G
T
a2) + λ10C(Gab)

10∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(5.15)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb.
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5.10 Gaussian diamond relay channel with direct link

between relays

5.10.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let G11

, G12 , G21 and G22 be the r × t gain matrices of channels a-r1, a-r2, b-r1 and b-r2

respectively. Let Gd be the r × r gain matrix of channels r1-r2.

Let C(G1)
∆
= max{Kx≥0:trace(Kx)≤P}

1
2
log(GT

1KxG1 + Ir) represents the capacity of a

gaussian channel with channel gain matrix of G.

Let CBC(G1, G2)
∆
= max{Ki≥0,i=1,2:trace(K1)+trace(K2)≤P}

1
2
log(GT

1K1G1 +GT
2K2G2 + Ir)

represents the capacity of a gaussian broadcast channel with channel gain matrix of G1

and G2.

Let CMAC(G1, G2)
∆
= max{Ki≥0:trace(Ki)≤P,i=1,2}

1
2
log(G1K1G

T
1 +G2K2G

T
2 + Ir) rep-

resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and G2.

5.10.2 Outer bound for Gaussian diamond relay channel with di-

rect link between relays-Full Duplex

Ra ≤ CBC(Ga1, Ga2)

Ra ≤ CMAC(GT
b1, G

T
b2)

Ra ≤ C(Ga2) + CBC(GT
b1, Gd)

Ra ≤ CBC(GT
b2, G

T
d ) + C(Ga1)

Rb ≤ CBC(Gb1, Gb2)

Rb ≤ CMAC(GT
a1, G

T
a2)

Rb ≤ CBC(GT
a1, Gd) + C(Gb2)

Rb ≤ C(Gb1) + CBC(GT
a2, G

T
d )

(5.16)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb
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5.10.3 Outer bound for Gaussian diamond relay channel with di-

rect link between relays-Half Duplex

Ra ≤ λ1CBC(Ga1, Ga2) + λ3C(Ga2) + λ4C(Ga2) + λ5C(Ga1) + λ6C(Ga1)

Ra ≤ λ1C(Ga2) + λ2C(Gb1) + λ3CMAC(Gd, Ga2) + λ4C(Ga2) + λ4CBC(GT
b1, Gd)+

λ7CBC(GT
b1, Gd) + λ10C(Gd)

Ra ≤ λ1C(Ga1) + λ2C(Gb2) + λ5CMAC(GT
d , Ga1) + λ6C(Ga1) + λ6CBC(GT

b2, G
T
d )+

λ9CBC(GT
b2, G

T
d ) + λ8C(Gd)

Ra ≤ λ2CMAC(GT
b1, G

T
b2) + λ4C(Gb1) + λ7C(Gb1) + λ9C(Gb2) + λ6C(Gb2)

Rb ≤ λ1CBC(Gb1, Gb2) + λ3C(Gb2) + λ10C(Gb2) + λ5C(Gb1) + λ8C(Gb1)

Rb ≤ λ1C(Gb2) + λ2C(Ga1) + λ3CMAC(Gd, Gb2) + λ4C(Gd) + λ7CBC(GT
a1, Gd)+

λ10CBC(GT
a1, Gd) + λ10C(Gb2)

Rb ≤ λ1C(Gb1) + λ2C(Ga2) + λ5CMAC(GT
d , Gb1) + λ6C(Gd) + λ9CBC(GT

a2, G
T
d )+

λ8CBC(GT
a2, G

T
d ) + λ8C(Gb1)

Rb ≤ λ2CMAC(GT
a1, G

T
a2) + λ10C(Ga1) + λ7C(Ga1) + λ9C(Ga2) + λ8C(Ga2)

10∑
i=1

λi = 1, 0 ≤ λi ≤ 1

(5.17)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of Ra and Rb
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CHAPTER 6

NUMERICAL RESULTS

In this chapter, we compare the outer bounds for half duplex and full duplex case for

all the channels discussed above. We also make comparisons between the outer bound

and achievable rate for a few of the channels. In addition we compare the scale and

forward protocol with other protocols and also with the half duplex outer bound of the

diamond channel. We also plot the variation of the ratio of optimal scaling constants

against power at the relay. Comparisons are made between half duplex and full duplex

outer bounds for the MIMO case for all the channels for the cases 1. MIMO at relay

alone and 2. all nodes being MIMO.

6.1 Comparison of Rate Regions for 2 way relay chan-

nel with no direct link
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Figure 6.1: Comparison of Rate Regions for 2 way relay channel with no direct link
γ1 = 3 dB, γ2 = 3 dB
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Figure 6.2: Comparison of Rate Regions for 2 way relay channel with no direct link
γ1 = 3 dB, γ2 = 15 dB
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Figure 6.3: Comparison of Rate Regions for 2 way relay channel with no direct link
γ1 = 25 dB, γ2 = 25 dB

We observe in the above cases that full duplex outer bound is greater than the half duplex

outer bound. Lattice coding achieves rates close to the full duplex outer bound at high

SNR. MABC protocol achieves rates close to outer bound in some regions. MABC

also achieves some rate points that the full duplex lattice coding cannot achieve as in

Fig. 6.2. This is because in the case of Fig. 6.2 one link is much weaker than the other

making the term γ2/γ2 + γ1 significant enough to cause the maximum achievable rate

Ra to be much below the outer bound and also below the rate achievable by MABC

protocol.
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6.2 Comparison of Rate Regions for 2 way relay chan-

nel with direct link
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Figure 6.4: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex γ1 = 3 dB, γ2 = 15 dB,γ3 = 3 dB
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Figure 6.5: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex γ1 = 3 dB, γ2 = 15 dB,γ3 = 3 dB
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Figure 6.6: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex γ1 = 10 dB, γ2 = 15 dB,γ3 = 3 dB
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Figure 6.7: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex γ1 = 10 dB, γ2 = 15 dB,γ3 = 3 dB
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Figure 6.8: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex γ1 = 20 dB, γ2 = 25 dB,γ3 = 20 dB
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Figure 6.9: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex γ1 = 20 dB, γ2 = 25 dB,γ3 = 20 dB

We observe in the above cases that full duplex outer bound is greater than the half duplex

outer bound. Lattice coding achieves rates close to the full duplex outer bound at high

SNR. At low SNR decode and forward has better rates. In Fig. 6.6 we observe that

some rate pairs achieved by lattice coding are not achievable by decode and forward

and vice versa. In half duplex case, HBC rate region is higher and includes the rate

region of MABC and TDBC as expected since MABC and TDBC are special cases
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of HBC. When direct link is very weak, MABC is close to rate region of TDBC and

HBC. This is because MABC does not use the direct link. Also similar to the case of

2 way relay with no direct link, we can observe in Fig.6.4 and Fig.6.5 that half duplex

protocols can achieve better rate for Ra than full duplex lattice coding when link a− r
is much weaker than b− r.

6.3 Comparison of outer bounds for 2 way relay with

and without direct links
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Figure 6.10: Comparison of outer bound for 2 way relay channel with and without di-
rect link γ1 = 20 dB, γ2 = 20 dB,γ3 = 3 dB
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Figure 6.11: Comparison of outer bound for 2 way relay channel with and without di-
rect link γ1 = 20 dB, γ2 = 25 dB,γ3 = 10 dB

We observe that when the direct link between the terminal nodes is very weak compared

to the link between a and r and the link between b and r, it will not make any difference

if we use the direct link or not. In Fig. 6.10 we observe the full duplex outer bounds

overlap. In the half duplex case, the rate for 2 way relay with direct link coincides with

the one without direct link in the case of equal rates(Ra = Rb).
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6.4 Comparison of outer bounds for diamond relay with

and without direct links
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Figure 6.12: Outer bounds for diamond relay channel with and without direct link γa1 =
15 dB, γa2 = 10 dB,γb1 = 15 dB, γb2 = 10 dB,γd = 7 dB
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Figure 6.13: Outer bounds for diamond relay channel with and without direct link γa1 =
14 dB, γa2 = 6 dB,γb1 = 5 dB, γb2 = 12 dB,γd = 8 dB

We observe that the outer bound for diamond relay with direct link between A and B

is better than the other two cases for both full duplex and half duplex mode. The link

between the nodes A and B provides a direct path of communication between them, so

this outer bound is better than the one without direct link in all channel conditions. The
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link between the relays does not provide any improvement for the symmetric channel

case. The direct link between relays is observed to increase the achievable region only

when the three hop path (through the R1−R2 link) is better than the other two in terms

of SNR as in Fig 6.13. In other cases, this bound is found to overlap with the outer

bound for the diamond channel without direct links.

6.5 Scale and forward Protocol

6.5.1 Comparison of Scale and forward Protocol with other proto-

cols and the outer bound

Comparison of achievable rate regions of Scale and forward Protocol with different

protocols and the outer bound is shown for different channel conditions: Asymmetric

channel (as in Fig 6.15), Symmetric channel (as in Fig 6.16), Weaker Channels from

both sources to one of the relays (as in Fig 6.14), Weaker channels from both relays to

one of the sources ( as in Fig 6.17)
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Figure 6.14: Rate region for Scale and Forward protocol: γa1 = 30 dB, γa2 = 3 dB,
γb1 = 20 dB γb2 = 4 dB
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Figure 6.15: Rate region for Scale and Forward protocol: γa1 = 10 dB, γa2 = 12 dB,
γb1 = 14 dB γb2 = 16 dB
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Figure 6.16: Rate region for Scale and Forward protocol,Outer bound and other proto-
cols: γa1 = 10 dB, γa2 = 10 dB, γb1 = 10 dB γb2 = 10 dB
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Figure 6.17: Rate region for Scale and Forward protocol,Outer bound and other proto-
cols: γa1 = 30 dB, γa2 = 20 dB, γb1 = 3 dB γb2 = 4 dB

We observe that the scale and forward protocol achieves rates close to the other

protocols and in some cases rate points outside the achievable rate region of other pro-

tocols. In the case in Fig 6.17 where channels from source B to the relays is weak, scale

and forward achieves better rate than all the other protocols discussed in the region of

Ra approximately equal to Rb

6.5.2 Ratio of scaling coefficients Vs Power at the relays
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Figure 6.18: a/b ratio Vs Power at the relay 1 ha1 = 1, ha2 = 2 ,hb1 = 5 , hb2 = 1
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We observe that the a/b ratio that maximizes Ra approaches ||ha1||||hb2||/||ha2||||hb1||
which is 0.1 in this case .

Also the a/b ratio that maximizes Rb approaches ||hb1||||ha2||/||ha1||||hb2|| which in

this case is 10.

6.6 Outer bounds in full duplex and half duplex for 2

way relay and diamond relay channel-MIMO case

The outer bounds evaluated as in Chapter 5 are plotted below for the cases of relays

alone being MIMO and the case of all nodes being MIMO.

6.6.1 2 way relay

The channel matrix for 2 way relays for the below two cases have values as :a − r has

value 3 for all transmitter receiver pairs, b − r has value 5 for all transmitter receiver

pairs, a − b has value 4 for all transmitter receiver pairs. For example, channel gain

matrix G1 (a− r) for 3× 1 case would be [3; 3; 3]. We observe that the outer bound is

larger for the case with all nodes being MIMO.
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Figure 6.19: Full duplex and half duplex outer bounds for MIMO 2-way relay with no
direct link:
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Figure 6.20: Full duplex and half duplex outer bounds for MIMO 2-way relay with
direct A-B link:

6.6.2 Diamond relay

The channel matrix for the following cases have values as :a − r1 has value 3 for all

transmitter receiver pairs, b− r1 has value 4 for all transmitter receiver pairs, a− r2 has

value 6 for all transmitter receiver pairs, b − r2 has value 5 for all transmitter receiver

pairs, a − b has value 1 for all transmitter receiver pairs. For example channel gain

matrix G12 (a− r1) for 3× 1(r × t) case would be[3; 3; 3]
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Figure 6.21: Full duplex and half duplex outer bounds for MIMO diamond relay with
no direct link:
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Figure 6.22: Full duplex and half duplex outer bounds for MIMO diamond relay with
direct A-B link:
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Figure 6.23: Full duplex and half duplex outer bounds for MIMO diamond relay with
direct link between relays:

Comparison of outer bounds for the case of relays alone being MIMO, and the case

of all nodes being MIMO shows that the case of all nodes being MIMO has a larger

outer bound and thus is better than the case of relays alone being MIMO.
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CHAPTER 7

CONCLUSION

7.1 Contribution of this thesis

The two-way Gaussian relay channel and the diamond channel with and without direct

link has been studied for full duplex and half duplex cases. Outer bound is derived for

each of the cases. This gives an insight to the maximum rates that can be achieved

in either of the cases and thus provides a new benchmark for comparing further im-

provements to two-way relaying protocols. Scale and forward protocol is proposed and

analyzed for the 2 way diamond channel. We also look into the MIMO case for the

channels discussed above and make comparative studies between the half duplex and

full duplex cases.We also compare the outer bounds for the case of only the relays being

MIMO with the case of all nodes being MIMO.

7.2 Future Work

New protocols for the different channels can be proposed as there is quite a gap between

existing protocols and the outer bound. The 2X2 interference network of State 14 of

diamond relay channel can be exploited to improve the half duplex achievable rate

region. Achievable rate regions for 2 way full duplex diamond channel can be found.

Gap between the achievable rate region of the existing protocols and the outer bound,

for different channels discussed in this thesis can be analyzed to know the conditions

under which a protocol can be used to achieve rates close to outer bound. New protocols

for MIMO relay channel can be proposed for both full duplex and half duplex modes.
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