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ABSTRACT

We consider two 2-way relay channels -a three-node Gaussian relay network where
two nodes (say a, b) want to communicate with each other and the third node acts as a
relay and a Gaussian diamond channel where 2 nodes act as relays. Relaying protocols
and possible rate pairs (R, , R, ) for the two-way communication are investigated.
We obtain an outer bound for the rate region of all achievable (R, , R, ) in the full
duplex mode and compare it with outer bound for the half duplex mode. This outer
bound is based on the full duplex and the half-duplex cut-set bound respectively and
is applicable to any protocol. We also extend the results to the MIMO case for all the
channels studied. Numerical results and comparisons of the achievable rate regions of
some protocols and the outer bound are also presented. We also propose and analyze
the scale and forward protocol for two way communication between nodes in a diamond

channel with no direct link.
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CHAPTER 1

INTRODUCTION

A two-way or bidirectional relay channel consists of two nodes exchanging messages
through one or more relays. Relay networks find applications in multi-hop wireless
networks, sensor networks with transmitter power limitations etc. Among the different
relay channels, the three node two-way relay channel and the diamond relay channel
have attracted significant interest. We restrict our attention to these two channels in the
current thesis. Two-way relaying without the direct link between nodes a and b is stud-
ied in [10; 3; 19; 16]. The more general two-way relaying with the direct link is studied
in [7; 6; 14]. In [7], achievable rate regions are derived for three protocols, namely the
multiple access broadcast (MABC) protocol, time division broadcast (TDBC) protocol,
and the hybrid broadcast (HBC) protocol under the decode-and-forward (DF) relaying
scheme. In [6], the TDBC and MABC protocols have been studied under other re-
laying schemes such as amplify-and-forward (AF), compress-and-forward (CF), mixed
forward (MF) and Lattice forward (LF). A partial DF protocol, which is a superposition
of DF and CF was studied in [13]. In [14], a three-phase cooperative MABC proto-
col (CoMABC), which outperforms the MABC and TDBC protocols in terms of sum
rate in asymmetric channel conditions, was proposed. A transmission scheme based on
doubly nested lattice codes was also proposed in [14], i.e., the CoOMABC protocol uses
the Lattice forward relaying strategy and is not a DF relaying protocol. A DF protocol
using all states called All States (AS) protocol and a protocol called HBC-AS protocol
that is an improvement to HBC protocol using side information is proposed in [2]. A
generalized outer bound for the capacity region for all relaying protocols was derived in
[2] using the half-duplex cut-set bound in [5]. This outer bound considers all possible
states of the network.

The half-duplex Gaussian diamond relay channel where a source node and a destination
node communicate with each other through two non-interfering relays has been studied
in [12], [17] and [4]. In [17], the the AF, CF and DF relaying schemes have been

generalized to the diamond channel and some hybrid schemes also have been proposed.



In [4], multi-hopping decode-and-forward (MDF) protocols for one-way communica-
tion were proposed to achieve rates within a constant gap of a capacity outer bound.
Coding schemes based on nested lattice coding and compute and forward have been
proposed in [8], [15]. These exploit the mixing of the two flows and improve the
rates in both directions. Relaying protocols for the bidirectional communication over
half duplex diamond relay channel have been proposed and their achievable rate regions
have been determined in [11]. Two protocols- The CF-CMAC(Compute and Forward
Multiple Access Channel) and the CF-BC(Compute and Forward-Broadcast), that use
compute and forward scheme at the two relays are proposed for the diamond relay
channel. The MDF protocol in [4] is also extended to two-way relaying by simple time
sharing between the flows in the two directions. Outer bound and some achievable rate
regions for half duplex diamond relay channel with direct links between relays and with
direct links between sources are also discussed in [11]. Multiple-input and multiple-
output, or MIMO is the use of multiple antennas at both the transmitter and receiver
to improve communication performance. MIMO technology has attracted attention in
wireless communications because it improves throughput, spectral efficiency and reli-
ability. MIMO is an important part of modern wireless communication standards such
as IEEE 802.11n (Wi-Fi), 4G, 3GPP Long Term Evolution, WiMAX and HSPA+.

In this work we compute and compare the half duplex and full duplex outer bound for
the case of multiple input multiple output for all the channels discussed in [2] and [11].
We also derive an outer bound for the full duplex mode for the two way relay channel
and the Gaussian 2 way diamond channel and compare with the half duplex case. This
outer bound is based on the full duplex and the half-duplex cut-set bound respectively
and is applicable to any protocol. Numerical results and comparisons of the achievable
rate regions of some protocols and the outer bound are also presented. We also propose
and analyze the scale and forward protocol for two way communication between nodes
in a diamond channel with no direct link. Scale and Protocol for one way communi-
cation for diamond channel was proposed in [17]. We extend this protocol for the 2
way communication case and compare the achievable rate region with some protocols

in [11] and the outer bound.



1.1 Organization of Thesis

The organization of this thesis is as follows.

e Chapter 2 deals with the derivation of an outer bound for capacity region of gaus-
sian 2 way relay channel with and without direct links for the full duplex and half
duplex modes. Some existing protocols of 2 way relay channel are also discussed.

e Chapter 3 deals with the derivation of an outer bound for capacity region of the
full duplex mode of the diamond channel without direct links, diamond channel
with direct link between sources and diamond channel with direct link between
relays. Outer bound for capacity region of half duplex mode is also discussed.

e Chapter 4 discusses the scale and forward protocol proposed in this thesis for the
gaussian two way diamond relay channel.

e Chapter 5 deals with the derivation of an outer bound for capacity region of gaus-
sian 2 way relay channel and diamond channel discussed in the previous chapters
for the full duplex mode and half duplex mode of the MIMO case.

e Chapter 6 presents some numerical results on the rate region for scale and forward
protocol and also some results on outer bound for capacity region of different
channels discussed in previous chapters and

e Chapter 7 concludes this thesis discussing possible future works.



CHAPTER 2

GAUSSIAN TWO-WAY RELAY CHANNEL

In this chapter, an outer bound for the capacity region of the two-way Gaussian relay
channel is derived for the cases with and without direct a — b link for both half-duplex
and full-duplex mode. This is derived using the half-duplex cut-set bound and full-
duplex cut set bound respectively. In the two-way relay network, there are two flows,
one from a to b and another from b to a. The outer bound for the two flows is derived
considering two cuts that separate nodes a and b and information flow in both directions
across the cuts. For a full-duplex relay network, any achievable rate from source to

destination R is upper bounded as :

R< msin I(Xg; Yse

Xse), 2.1)

For a half-duplex relay network with m states, any achievable rate from source to des-

tination R is upper bounded as :

< S ] ; N c c ) .
R sup mé;nZIAZI(XS,YS Xse, 1), (2.2)

e Doy
where a cut partitions the set of nodes into sets .S and S¢ such that the source node is
in S, the destination is in S, and S°¢ is the complement of .S. In order to bound R,

(rate of information flow from a to b), we consider the cuts defined by S; = {a}, and

Sy = {a,r}. Similarly to bound R,, we use S3 = {b} and Sy = {b,7}.

2.1 Gaussian 2 way relay channel without direct link

2.1.1 System model

Consider two nodes a and b communicating with each other in the network shown in
Fig. 2.1. A relay node r assists this communication by receiving the information from

these nodes and forwarding to the desired destination. There is no direct link between



hl h2

Figure 2.1: Two-way Gaussian Relay Channel with no direct Link

the nodes. For simplicity each node is assumed to have the same transmit power P and
each receiver a noise variance of N for each state. Let h; and h, be the gains of channels
a-r and b-r respectively. The SNRs of these channels are denoted by vy, = h%TP and
Yo = hgTP. We use R, and R, to denote the rate of data transmission (bits per channel
use) from node a to node b and from node b to node a, respectively. In full duplex case
all the nodes transmit and receive simultaneously all the time. In half duplex case, there
are 2 states-Multiple Access state where both a and b transmit to relay and Broadcast
state when relay transmits to a and b. Let \;, ¢« = 1,2 denote the fraction of channel

uses in states 1, 2 respectively. Let C(7) = 0.5logs(1 + ) represents the capacity of a

gaussian channel with SNR of ~y

2.1.2 Outer bounds for Gaussian 2 way relay channel with no direct

link-Full duplex
Using the full duplex cut set bound we get :

Ry < min{l (Xo; Yy, Y5| X0, Xb) , I (Xa, Xi5 V5| X)) }

(2.3)
Rb < mln{] (Xb7 X7‘7 Ya|Xa) ; I (Xb, }/7"7 Ya|X7‘a Xa)}
Solving the mutual information terms gives the following bound
Ry < min{C(11),C(12)}
(2.4)

Ry <min{C(71),C(72)}



Figure 2.2: Cuts used for finding the bound

We solve the optimization problem of maximizing R,, keeping the ratio of R, and R
fixed and satisfying the above constraints, to get the outer bound. The complete outer
bound region can be evaluated by solving the above problem for different values of
the ratio of R, and R;. The outer bound is valid for any relaying scheme (since it is
based only on the cut-set bound and mutual information bounds) for the two-way relay

channel.

2.1.3 Protocols for Two-way Relay Channel without Direct Link-
Full Duplex

Lattice Coding

For a Gaussian TRC, we can achieve the following region [8]:

Ra S 6(72)

V2
R, <|[C(v — +
(Cln— ) s

Ry <C(m)

71 +
Ry < [C(v2 —
< C0n = )

where [x]" 2 mazx(zx,0)

To achieve the above region,nested lattice codes formed from a lattice partition chain



are used for the uplink. For the downlink, a structured binning of messages at the relay
is used, which is naturally introduced by the nested lattice codes. The destination nodes
decode each other’s message using this binning information and their own messages as

side information.

2.1.4 Outer bounds for Gaussian 2 way relay channel with no direct

link-Half duplex

For a two-way relay channel without direct link, the possible states are as shown in the
fig. 2.3 and fig. 2.4 Using S}, and .S, as defined above, we get :

r

/N

State — 1
Figure 2.3: Multiple Access State-1

r

N

State — 2
Figure 2.4: Broadcast-State-2

Ra < sup mln{/\1] (Xa; Y;"a YEJ’XNXINZ. = 1) ) )\2] (Xa7 er Yb|)(l77Z - 2)}
LD Y RP Y|
(2.6)

Similarly bounding R,

Ry < sup  min{ Al (X, X, Y| X, i = 2), M (X3 Y0, Yo | X, XG0 = 1)}
a3, Lt
2.7)



Solving the mutual information terms, we get the following outer bound

Ry < MiC(n)
Ry < XaC(72)
Ry < MC(72) (2.8)
Ry < AaC(m1)

2

da=10<N<1

i=1
We maximize R, over all possible \;’s, keeping the ratio of R, and R, fixed and sat-
isfying the above constraints to get the outer bound. The complete outer bound region

can be evaluated by solving the above problem for different values of the ratio of R,

and Ry.

2.1.5 Protocols for Two-way Relay Channel without Direct Link
Multiple Access Broadcast (MABC) protocol

MABC is a two phase protocol in which states 1 and 2 shown in fig. 2.3 and fig. 2.4
are used. An achievable rate region for MABC with decode-and-forward scheme is
discussed here. In the first phase,terminal nodes send messages to relay node. After
first phase, relay decodes the received messages and forward it to destinations in second
phase. The achievable rate regions for MABC is given in [7]. It is the closure of the set

of all points (R,, R;) satisfying following constraints.

R(z < min{/\lc(ryl% AQC(VQ)}
Ry < min{AC(72), A2C(m)} (2.9)
R, + Ry < MC(m + 72)

M+d=1,0<\<1 i=34



2.2 Gaussian 2 way relay channel with direct link be-

tween A and B

2.2.1 System Model

The 2-way relay channel with direct link between the end nodes is shown in Figure 2.5.
The system model is similar to Section 2.1, but for an additional link between A and B.

hiP

The SNR of the direct link is denoted as 3 = =+

r

5 ! :

Figure 2.5: Two-way Gaussian Relay Channel with Direct Link

2.2.2 Outer bounds for Gaussian 2 way relay channel with direct

link between A and B-Full duplex

We derive an outer bound for the capacity region of the full-duplex two-way Gaussian
relay channel. This is derived using the full-duplex cut-set bound. The outer bound for
the two flows is derived considering two cuts that separate nodes a and b and informa-
tion flow in both directions across the cuts. Combining these four bounds (2 cuts x 2

directions), we get the rate region outer bound.

Ra < HllIl{] (Xa; Y;"’ }/E)‘XTW Xb) ) I (Xaa Xr; YE;|Xb)}
(2.10)

Rb S mm{[ (Xba Xr; Ya‘Xa) 5 I (Xba Y;‘7 Ya‘Xra Xa)}



e

cut 1 cut 2

Figure 2.6: Cuts used for finding the bound
Now, we can upper bound the various mutual information terms as in [5] to get:

I(Xy; Y, Y| X0, Xp) < C(yr +73)
@2.11)
I( Xy Y., Y| X0, Xo) <C(y2 +73)

I(Xa, X33 Y| Xp) <C (72 + 3+ 2v/7273)
I (Xba er Ya‘Xa) S C (’71 + Y3 + 2\/ 7173)

(2.12)

Finally, we can obtain each point on the outer bound of the rate region by solving the
following optimization problem. Maximize R, keeping the ratio of R, and R, fixed

and satisfying the following constraints :

R, < C(m1+73)

Rqo < C (72 + 73+ 2v/7273)

Ry < C(v2 + 73)

Ry, <C(m1+ 73+ 2y7173)

(2.13)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R;.
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2.2.3 Protocols for Two-way Relay Channel with Direct Link be-
tween A and B-Full Duplex

Decode and Forward Protocol

The following rate region is achievable for the full-duplex Gaussian two-way relay

channel with pure decode forward scheme [9]:

Lattice Coding

R, < C(m)
Ry <C(72+73)
Ry < C(72) 2.14)
Ry, < C(m1 +173)
Rq+ Ry < C(m1 +72)

It is shown in [18] that the following rates are achievable for the two-way AWGN relay

channel with direct links

where [x]" 2 max(zx,0)

Ry <C(v2+73)

V2
R, <|[C(v — +
<O — )

Ry <C(71 +3)

71 +
Ry < |C(v —
b < [C(2 71+72)]

(2.15)

2.2.4 Outer bounds for Gaussian 2 way relay channel with direct

link between A and B-Half duplex

An outer bound for the capacity region of the half-duplex two-way Gaussian relay chan-

nel is derived in [2]. This is derived using the half-duplex cut-set bound ans is as fol-

11
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Figure 2.7: Possible states in a Half-duplex Two-way Relay Channel

Ry < MC(m1 +73) + A3C(m1) + AsC (73)

Ry < MC(73) + MC(72) + AsC (2 + 73 + 24/7273)
Ry < MC(y2 +73) + AsC(72) + A6C (73)
(

Ry < AaC(73) + MC(71) + A6C (71 + 3 + 2¢/7173)

(2.16)

6
da=10<N<1
=1

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Rj.

2.2.5 Protocols for Two-way Relay Channel With Direct Link

Time Division Broadcast (TDBC) protocol

TDBC [7] is a three phase protocol in which states 1, 2 and 4 are used. In first phase

(state 1), a transmits at a rate equal to the capacity of link between a and r. At this

time node b listens to this transmission and uses this information as side information

12
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Figure 2.8: States used in TDBC protocol

for decoding after phase 3 (state 4). Phase 2 is similar to phase 1 in which b transmits
at a rate equal to the capacity of link between b and r and « listens to this. At the end
of each of these phases, relay node r decode the messages and does a binning operation
on these messages. In phase 3, 7 transmits this binned information to a and b. Since
a and b know the message meant for the other destination, relay node r can use XOR
of these messages for broadcasting. Achievable rate region for TDBC protocol under
decode-and-forward scheme is given in [7]. It is the closure of the set of all points

(R,, Ryp) satisfying following constraints.

Ra < min{)‘lc(’yl)a )‘16(73> + >\4C<72)}
Rb < min{)\QC(*yg), )\26(’)/3) + )\46(’}/1)} (217)

MAd+A=1,0<N<1,i=1214

Hybrid Broadcast (HBC) protocol

HBC is a four phase protocol in which states 1, 2, 3 and 4 are used. State 1, 2 and
4 are used in the same way as in TDBC. State 3, where terminals a and b transmit
simultaneously (MAC) to relay r, is also added. These messages are decoded at the
relay and forwarded as such in state 4. In HBC, state 4 is used for forwarding binned
messages from state 1 and 2 as well as for forwarding messages received in state 3. The
HBC protocol is always better than TDBC and MABC protocols since they are special
cases of the HBC protocol. The use of side information from one phase in decoding
during another phase provides improvement in TDBC and HBC over MABC for some

channel conditions. Achievable rate region for HBC protocol is given in [7]. It is the

13
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Figure 2.9: States used in HBC protocol

closure of the set of all points (R,, R;) satisfying following constraints.

Ry <min{ (A + A3)C(7), MC(73) + AaC(72)},
Rb S IIllIl{(/\Q -+ )\3)6(’}/2), )\26(’}/3) + )\46(’)/1)},

Ra + Rb S )\16<”)/1) + )\QC(’}/Q) —+ )\36(71 -+ ’)/2), (218)

4
dN=10<N<1
=1

Cooperative MABC (CoMABC) protocol

CoMABC is a three phase protocol in which states 3,4 and 5 (or 6 depending on channel
conditions) is used. Assume that y; < ~5. Since the link between b and r is better than
the link between a and r, relay may receive more data from 0 than from a. Using
MABC protocol, the relay may finish forwarding of messages from a before finishing
forwarding of messages from b since a <> r link is weaker than b < r link and more
data have to be forwarded to a. Thus, node b remain idle for some time. This idle
time may be long depending on the defference between the channel gains of two links.
In CoMABC protocol, state 6 is added (for 7; < 5, case) in addition to state 3 and 4
of MABC protocol. So, when the forwarding of messages to b is finished, state 6 is
used for further forwarding of messages to a. Node b joins the r — a transmission
by using some cooperative technique to get either diversity where node b retransmits

some data it already transmitted to relay node r in state 1 or multiplexing where node b

14



transmits new data. Similarly if 5 < 1, state 5 will be used in which node a assists the
forwarding of data from r to b. Achievable rate region for CoOMABC protocol is given

in [14]. It is the closure of the set of all points (R,, R;) satisfying following constraints.

R, < min{\3R} ,\iC(72)}

ar?

Rb S min{/\gRZT + )\66(’}/3), )\46(’}/1)

+ XC(m11 +73)} (2.19)
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CHAPTER 3

GAUSSIAN DIAMOND RELAY CHANNEL

In this chapter, an outer bound for the capacity region of the two-way Gaussian diamond
relay channel is derived for the cases with and without direct links for both half-duplex
and full-duplex modes. This is derived using the half-duplex cut-set bound and full-

duplex cut set bound respectively.

3.1 Gaussian diamond relay channel with no direct link

3.1.1 System Model

Consider two nodes a and b whose bi-directional communication is assisted by two
relays, r; and 75 in diamond topology as shown in Fig. 3.1. No link is present between
the two nodes A and B or between the two relays. So all communication is through
the two non-interfering relays. For simplicity each node is assumed to have the same
transmit power P and each receiver noise variance of N for each state. Let hy; , hao ,

hyy and hyy be the gains of channels a-r; , a-ry , b-r; and b-r5 respectively. The SNRs

h2, P h2,P R}, P hZ,P
of these channels are denoted by 7,1 = ~4%— , Va2 = ~%— Y1 = 5 and o = %

respectively. The channel is assumed to be known, reciprocal and constant. Channel
state information is assumed to be available at all nodes. We use R, and R, to denote
the rate of data transmission (bits per channel use) from node a to node b and from
node b to node a, respectively. Let C(7) = 0.5logs(1 + ) represents the capacity of a

gaussian channel with SNR of ~y



Yal Vb1

Va2 Vb2

Figure 3.1: Two-way Gaussian Diamond Relay Channel with no direct Link

Figure 3.2: Cuts used for finding the bound
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3.1.2 Outer bounds for Gaussian diamond relay channel with no

direct link-Full duplex
Using full duplex cutset bound we get:

R <m1n{I(XaaY;‘17 7"27Yb|XbaXr17Xr2) XaathYba r2|Xb7

?

I r2)
I (X, Xi2; Yo, Y[ X, Xi1) o T (X, X1, Xog; Yo  Xp)
Ry <min{! (Xy; Y1, Yoo, Yol Xo, Xp1, Xo2) , T (X, X5 Ve, Yoo Xa, Xia)
1) )

I(XbaXr%Y;zaY;”XaaXr a[<Xb7Xr17X7’27Y;1’X }

R, <min{l (Xo; Y1, Yio| Xp) , [ (Xay Xo1; Ve, Yio| Xp, Xi)
I (Xa, Xro; Yo, Vo1 | X, Xo1) , 1 (X1, Xi23 Y3) }

Ry <min{[ (Xy; Y1, Yool Xa) , T (Xp, Xo15 Yo, Yio| Xo, Xia)
)

I(Xb7Xr2;Ya7Y;"1’Xa7Xr1> 7I(X7'17X7'27Y;1 }

Now, we can upper bound the various mutual information terms as in [5] to get:

I(Xa; Y1, Yol Xs) < C(Yar + Va2)

I (XY, Yial X)) < C(yp1 + Yo2)

I (Xay Xi1; Yo, Yio| Xp, Xio) < C(7a2) + Cym1)
I (X, Xro3 Yo, Y1 | X, Xo1) < C(2) + C(7a1)
I (X, Xr15 Ya, Yeo| Xa, Xi2) < C(Ya1) + C(2)

I (X, Xro; Ya, Y| Xa, Xo1) < C(m1) + C(Ya2)

I (X1, X2, Y5) <C (1 + Vo2 + 20/ 1782)
1 (XT’17 XT’2; Ya) S C (’7@1 + Ya2 + 2\/ 7a17a2)

3.1)

(3.2)

(3.3)

3.4)

(3.5)

Finally, we can obtain each point on the outer bound of the rate region by solving the

following optimization problem. Maximize Rz, keeping the ratio of R, and R?; fixed

18



and satisfying the following constraints:

Ra < C(Ya1 + 7a2)

Ry < C (71 + 2 + 2v/70172)
Ry < C(Va2) + C(711)

Ry < C(me) +C(Va1)

Ry < C(y1 + Ye2)

Ry < C (Va1 + Va2 + 2v/Va17a2)
Ry < C(7Va2) + C(701)

Ry < C(2) +C(Yar)

(3.6)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Ry

3.1.3 Outer bounds for Gaussian diamond relay channel with no

direct link-Half duplex

The diamond relay network has 16 possible states, because each of the four nodes can
be either in transmit or receive state(half-duplex constraint). We can ignore the 2 states
in which all nodes are in transmit or all are in receive states, as they do not serve any
purpose. The remaining 14 useful states can be seen in Fig.3.3. An outer bound for
the capacity region of the half-duplex two-way Gaussian relay channel is derived in
[11] using the half-duplex cut-set bound. Only six states of Fig.3.3 are considered for

writing the cut-set bound: 14, 13, 2, 3, 6, 7 with the fraction of time the network is in

19



|

|

A Os
|

|

| Ra

| (i)

}_ ____________
| Ry

| Q\Q
'a B
| Q\Q

i R;

i (vi)

,,,,,,,,,,,,,,,,,,,

(iii)
Ry
O
B
A O
R.
(viii)
Ry
A B
R,
(xiii)

@)

@)

|

|

IN®) B!
|

Re |

) |
——————————— :
Ry |

@) |

|

A v "
|

R i

®) i

Figure 3.3: Possible states in a Half-duplex Two-way Diamond Relay Channel

these states being denoted as A\1; Aa; A3; Ay; As; Ag, respectively.

v\/

Va1 + Ya2) + AsC(Ya1) + AaC(Va2)
Yaz) + A2C (Y1) + AC(Va2) + AC(Ye1)
Ya1) + A2C(V2) + AsC(Va1) + AsC(2)
V1 V)% + AsCm2) + MC ()
Vo1 + Yo2) + AsC (V1) + AC(2)

+ X2C(Ya1) + A6C(2) + A6C(Var)
+ )\26(%2) + AsC(01) + AsC(Va

2)

3.7

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R},
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Figure 3.4: Two-way Gaussian Diamond Relay Channel with Direct A-B Link

3.2 Gaussian diamond relay channel with direct link

between A and B

3.2.1 System Model

The diamond relay channel with direct link between the end nodes is shown in Fig 3.4.
The system model is similar to Section 3.1, but for an additional link between A and B.

The SNR of the direct link is denoted as 7., = h2P

3.2.2 OQOuter bounds for Gaussian diamond relay channel with di-

rect link between A and B-Full duplex

Using the full duplex cutset bound we get:

R <m1n{[ (XQJK'17K“27Yb‘Xb7XT17XT2) (Xa7X7'17}/;)7 T’2’Xb7

Y

}

r2)
I(Xa7XT2;}/E)7Kl|Xb’ ) )

Rb < mln{-[ (Xba }/7“1a 2 Ya’|Xa7 XT‘17 XTQ) (Xb’ XTl’ }/;1’ Kﬂ2|Xa7 sz) ’
) )

(Xaa XT‘].) XT‘27 }/E)’Xb
(3.8)

-[(vaX'rQ; Y(m}/?“l’X(mXT 7I (Xb7X7’17X7‘27Y |X }

21



Figure 3.5: Cuts used for finding the bound

Now, we can upper bound the various mutual information terms to get:

](Xa; Y;“h Y;’Qa Y;)|Xba XT17 X’I"Q) S C(’Yal + Ya2 + ’yab)

3.9
I(Xb, lea Yr27 Ya|Xa7 X’rl; X’I‘2) S C(’Ybl + Vo2 + /}/ab)
I(Xerl;Y})aY;“ﬂXba ) C( 2+7ab) _I_C(’Ybl)
1 (Xm XTQ; }/1)7 )/7"1|Xb7 ) C(7b2) + C(/yal + /Y(zb) (3 10)
I (X, Xo15Ya, Yool Xa, Xi2) < C(Ya1) + C(ve2 + Yab)
I (X, Xo2; Y, Yo Xa, Xo1) < C(yp1 + Yab) + C(Va2)
I(Xay Xo1, Xo2; V5| Xp) < C(v1 + v/ W2 + vV Aab)” G

](Xb, XT17 Xr?; Ya|Xa) S C(\/ Yal + V Ya2 + vV 'Vab)2

Finally, we can obtain each point on the outer bound of the rate region by solving the

following optimization problem. Maximize Rz, keeping the ratio of R, and 7} fixed

22



and satisfying the following constraints :

Ry < C(Ya1 + Va2 + Yab)

Rq < (A1 + v 2 + VAab)
Rq < C(a2 + Yab) + C(701)

Rq < C(ye2) + C(va1 + Yab)

Ry < C(1 + Vo2 + Yab)

Ry < C(va1 + Va2 + V)’
Ry < C(Ya1) + C(Ve2 + Yab)

Ry < C(y1 + Yab) + C(Va2)

(3.12)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Ry,

3.2.3 Outer bounds for Gaussian diamond relay channel with di-

rect link between A and B-Half duplex

IN®)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

a0

Figure 3.6: Possible states in a Half-duplex Two-way Diamond Relay Channel with

direct A-B link

An outer bound for the capacity region of the half-duplex two-way Gaussian di-

amond relay channel is derived in [11] using the half-duplex cut-set bound and is as
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follows:

Ry < MC(Ya1 + Ya2) + A3C(Yab) + MC (Va2 + Yab)
+ A5C(Yar + Yab) + A6C (Va1 + Va2 + Vab)
Ra < MC(Va2) + MC(v61) 4+ AsC(vAab + V1) >+
MC(Yo1) + AC (Va2 + Yav) + X6C (Va2 + Yab) + AsC(Vas)
Ra < MC(Ya1) + 22C(2) + AC(vAab + vA02)"+
A€ (Vab + AsC(Ve2) + AsC (Va1 + Yab) + A6C (Va1 + Yab)
Ra < 0C(VA1 +vA2)” + AsCvAb + VA + va)*+
MC (VA + vVAab) + AsC(Vab + v s2)? + A6C (Yab)
Ry < MC(v1 + m2) + MC(vap) + AsC (Vo2 + Yab)+ (3.13)
AoC (Vo1 + Yab) + A10C (Vo1 + Vo2 + Yab)
Ry < MC(2) + AoC(Va1) + MC(vAab + vVAar) >+
A8C(Va1) + AsC (2 + Yab) + A0C (V2 + Yab) + AoC (Vab)
Ry < MC(1) + A€ (Va2) + MC(VAab + V7a2)*+
ASC(Vab) + X9C(Vaz) + AoC (Vo1 + Vab) + A10C (Vo1 + Vab)
Ry < MC(V a1 + vV7a2)? + MC(VAal + Va2 + vVAab)*+
AsC(vAat + vVAab)? + AC(vAab + VVa2)” + MoC (Yab)

10
Y A=10<N<1

=1

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Rj.

3.3 Gaussian diamond relay channel with direct link

between Relays

3.3.1 System Model

The diamond relay channel with direct link between the relays is shown in Fig3.7. The

system model is similar to Section 3.1, but for an additional link between R, and R».

24



Va1 Vb1

Va2 Vb2

R>

Figure 3.7: Two-way Gaussian Relay Channel with Direct Link between Relays

2
The SNR of the direct link is denoted as v4; = %. The two relays are no longer non-
interfering. A relay, say R, can treat the information from other relay R2; in two ways.
One way is to consider it as interference, and the other way is to consider it as a message

to be decoded and forwarded to the destination.

3.3.2 Outer bounds for Gaussian diamond relay channel with di-

rect link between R1 and R2-Full duplex

The outer bound for the two flows is derived considering four cuts as shown in fig
3.8that separate nodes a and b and information flow in both directions across the cuts.
Combining these eight bounds (4 cuts x 2 directions), we get the rate region outer

bound.

R < mln{[ (Xavy;‘laY;”%Yb’XbaXrlaXr‘Q) XaathY;Ja T‘Q‘Xba

?

[ (Xaa XTQ; }/;)7 }/;“1|Xb7

r2)
X, Xo1, X2 Y| X
I( b X ol X)) (3.14)

)

)

I(
r1)

Ry <min{I (Xy; Y1, Y0, Yal Xy, Xp1, Xio) , T (Xy, Xo13 Ya, Yio| Xo, Xi2)
1)

1 (Xb7XT27YOL7}/T1|XCL7XT 7] (Xb7X7'17XT2JY ’X }
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Figure 3.8: Cuts used for finding the bound
Now, we can upper bound the various mutual information terms to get:

[ (Xa; Y;’la Y;Qa Y;)|Xb7 XT‘l) XT?) S C(’Yal + ’VaZ)

(3.15)
I (Xp; Yo, Yoo, Yol Xo, X1, Xo2) < C(yp1 + 2)
I (Xa, Xr13 Vs, Yool Xo, Xi2) < C(Va2) + C(y1 + 7Va)
I (X4, X023 Y, Yia| X, Xi1) < Clv2 + Ya) + C(Va1) (3.16)
I (Xb; Xr1; Y, Y7«2|Xa,Xr2) < C(%ﬂ + %l) + C(%z)
I (Xp, Xo2: Y, Yo Xa, Xo1) < C(yp1) + C(Ya2 + va)
(X4, X1, Xi0; Y| Xp) < C(\/”Ybl + \/’sz)2 3.17)

[ (Xb7X7‘17X7’2; Y;1|Xa) S C(\/ Yal + V ’Ya2)2

We can obtain each point on the outer bound of the rate region by solving the following

optimization problem. Maximize R, keeping the ratio of 17, and R} fixed and satisfying
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the following constraints :

< C(Yar + Va2)

< C(v1 + V)’
Ya2) + C (71 +

< C(VAa1 + Va2)’

Va)

Y2 + Va) + C(Va1)

Ry < C(Ya1 + va) + C(2)

(
(
(
(
(
(
(
(

R, <C 'Ybl)_’_C(’}/aQ_’_

Yd)

(3.18)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Ry

3.3.3 Outer bounds for Gaussian diamond relay channel with di-

rect link between R1 and R2-Half duplex

IN®)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,

Figure 3.9: Possible states in a Half-duplex Two-way Diamond Relay Channel with

direct link between relays

An outer bound for the capacity region of the half-duplex two-way Gaussian relay
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channel is derived in [11] and is as follows:

Rq < MC(Ya1 + 7a2) + AsC(a2) + AaC(Va2) + AsC(Va1) + A6C(Var)

Ry < MC(Ya2) + MC(v61) + MC(VAd + vVAa2)” + MC(Ya2) + MC (o1 + va)+
AC(Y1 + Ya) + MoC(7a)

Ry < MC(va1) + 22C(m2) + AsC(v/Aa + vAar)? + A6C (1) + AsC (2 + 7a)+
AoC (W2 + va) + AsC(7a)

Ry < MC(\/e1 + v62)” + MC (1) + AMC (1) + AeC(162) + A6C(702)

Ry < MC (1 4 2) + AsC(e2) + A10C(162) + AsC(Y61) + AsC (V1)

Ry, < MC(m2) + A2C(Yar) + AsC(v7a + ve2)® + MC(7a) + AC (Va1 + 7a)+
AMoC(Yar + 7a) + AoC(2)

Ry < MC(ym1) + A2C(Ya2) + AsC(vAa + vA61)* + A6C(7a) + AoC (Va2 + Ya)+
AsC (Va2 + 7a) + AsC(761)

Ry < AC(\Aa1 + vVAaz)? + A10C(Ya1) + MC(Ya1) + AoC(Vaz) + AeC(Va2)
10
da=10< )<
i1

(3.19)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Rj.
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CHAPTER 4

SCALE AND FORWARD PROTOCOL

We consider the half duplex gaussian diamond relay channel with no direct link as in
Section 3.1. Let hyy , hao , hpy and hyo be the gains of channels a-r; , a-r9, b-r; and
b-rorespectively. The relays R; and R, receive signals from the two sources A and B
during the first half. In the second half each relay node scales sum of its received signals
by multiplying with a complex constant, and sends it out in Stage 2. The constants are
chosen such that the signals from the two relays add up coherently at the destination,
maximizing the end-to-end SNR. Since each sender knows the signal that it has sent
and also knows the channel coefficients, it is possible at the destination to remove the

signal sent by it in the first half. This scheme can be described as

X1 =a1Y1, Xy = axYs
“4.1)
st E||X\|P < P E||Xo|P < P

4.1 Theorem

For a bidirectional gaussian diamond relay channel, the rate under scale and forward is

(al[Po1har |l + 0| Po2haz|])?)
a?([[hea[[)? + 02 ([|Po2|[)? + 1
(allhsiharl] + bl hozhas|])?) )
a2(||ha1])? + b2(||ha2|])? + 1 4.2)

st @ (|lhall® +[[hul]*)P +0%) < P

Ra = 0.5log(1 +

Rb = 0.5log(1 +

b (Ilha2* + el *) P + 0*) < P

4.1.1 Assumptions:

All the nodes are half duplex. The channels are assumed to be reciprocal. Channel
coefficients are known at all the nodes. All nodes transmit with same power P and have
same noise variance. However the protocol can be generalized to the case of arbitrary

powers at the nodes.



4.1.2 Proof

Let Y, be the received signal at A and let Y}, be the received signal at B. It is easy to show
that Yo, =(ha101ha1 +ha2a2hae2) Xa+(hara1her +hagashie) Xp+(harar Ni+ hagaa No+ N3)
and Y,=(hpra1hpr + hepazhe) Xp+H(haia1he + hagaghye) Xp+(hyrar N1+ hygas Not+ N3)
Since each sender knows the signal that it has sent and also knows the channel coeffi-
cients, it is possible at the destination to remove the signal sent by it in the first half.
In order that the two relay signals add up coherently, al, a2 should be of the form
a1 = a(ha1her)*/||(harher)||; az = b(ha2he2)* /|| (hazhee)|| With a, b being positive. Af-
ter cancelling the message sent by itself, we have Ya = (||ha1hp1||a + || hazhez||D) Xp +
(ha1a1 Ny + hg2aoNo + N3). By Shannon’s formula, the end-to-end achievable rate is

as given in the above theorem where the factor 0.5 is due to the equal time-sharing.

4.1.3 Remarks

Consider R,. Denote oo = a|hy1 || and S = b||hyz||. The maximum achievable rate thus

becomes
(allharl| + Bllha2l])* P
(a2 + B2+ 1)0?

max 0.51log(1 + ) 4.3)

‘We note that

(allhal| + Bllhazl))?/ (0 + 5% + 1)
< (o + B)([[har|[* + [[ha2l)*) /(@” + 5% + 1)) *4)

< ([1harll® + [l a2l1)*

with the first inequality becoming equality only if

a/f = |[ha||/l[ha2|| i-e a/b = |[ha||[[Pw2l] /| haz][[|s]| (4.5)

That is, the effective SNR from a relay to the destination should be proportional to its

received SNR from the source. Similarly for R, we have

a/b = [[hua |[[[ haz|l/[[Par ||| ]| (4.6)
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We thus have the following observation. In a single source single destination case when
the multi-access part of the network has better channel condition, i.e., in the case of R,
when P||hy ||* and P||hy,||? are much larger than P||h,||? and P||h.z||?, the optimal
strategy in scale-forward is to scale the signals so that a/b = ||ha1||||Re2||/||Paz]|| |1 ]]-
In the two source case if the power at the relay P is such that a®(||hq1||* + ||hsi]|?) P +
0?) and b2(||ha2||*+||he2||?) P+0?) is much less than P; then Ra is maximized by a/b =
[1ha [[[1hw2]|/[[Paz] ||[e1|| and Rb is maximized by a/b = [|hu||[[haz|/|[Par ||| ez ]|

We compare the achievable rates of this protocol with other known protocols in

Chapter 7 which are described briefly below:

4.2 Other Protocols for half duplex diamond relay chan-

nel

4.2.1 MDF Protocol

Two-way MDF is a simple two-way protocol that uses the MDF protocol of [4] for
both direction flows (A — B and B — A) in a time-sharing manner. Thus, States
1-4 in Figure 3.3 will be used for communication from A to B, and States 5-8 will be
used for communication from B to A. The two-way MDF uses Decode and Forward
scheme at the relays. The maximum achievable rate for the one-way MDF protocol can
be computed as in [4]. Suppose this rate for communication from A to B is Rq_yqf
and for communication from B to A is I_,,q , then the achievable rate region for
the two-way MDF protocol is the triangular region enclosed by the three straight lines:

(1)Ra = 0, (2)Rb = 0, and (3) the line joining (0; Rp—mqr) and (Ry—mar; 0).
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To find Ry_rnqr We use

mazimize Ry + R
subject to :
Ry < Mu+ AC(Var)
Ry < X3C(v1) + 24
Ry < \v+ A3C(7a2)
Ry < XoC(Ye2) + Zo
Z1 < MC(m1)
Zy < MC( o) @.7)
Zy+ Zy < MC(1 + 2)
u=C(Ya1) if Va2 < Va1
=C(Ya1) = Ca1) if Va1 < Va2
=CMa2) if Va1 < Va2
(

=C ’YaQ) (77%2) Zf Ya2 < Yal

Z)\izl,og)\igl,ogngl
i=1
Here u and v are rates associated with relays 1 and 2 respectively in broadcast state and

7 is power allocation parameter.

4.2.2 CF-CMAC Protocol

The Compute-and-forward-Compound MAC (CF-CMAC) protocol is a three state pro-
tocol using States 9, 10 and 13 of Figure 3.2. States 9 and 10 are Multiple Access
Channels in which both the nodes A and B transmit to one of the relays. State 13 is an
interference channel in which both the relays simultaneously transmit to both nodes A
and B. States 9 and 10 employ nested lattice coding scheme as in [18]. This protocol
employs a compute and forward strategy at the relays, making use of the fact that a relay
need not decode all the information received by it, it only needs to forward sufficient

information to enable the receiving nodes to decode correctly. The relays attempt to de-

32



code the sum of the messages received from A and B, instead of decoding the individual
messages. This sum is forwarded to the two nodes in State 13.The achievable rate for
this protocol is derived in [11] by solving the following optimization problem. Maxi-

mize 7, keeping the ratio of R, and R, fixed and satisfying the following constraints

9 13
Zarl - Z’rlb
9 13
Zarg = ngb
Zypy = 21,
Zy = Zpoy
Vb1
7% = XlC(ve — ——)]"
ari 9[ (,7 1 Val +f)/bl )]
Zp = Xo[Clyp1 — L)TF
' Ya1 + Vo1 4.8)
219 = AolClran — — 22—
. 10[C (Va2 %2—1-%2)]
Z10 = MolClomy — — 22—+
Ya2 + Vb2

Y oA=10<N<1

i=9,10,13

where [x]" 2 max(zx,0)

4.2.3 CF-BC Protocol

The CF-BC (Compute and Forward-Broadcast Channel) protocol uses States 9-12. Only
one relay is used in each state. States 9 and 10 are used the same way as in the CF-

CMAC protocol, i.e, A and B simultaneously transmit to R1 in State 9 and to R2 in
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State 10. The relays R1 and R2 compute the sum of messages received by them in
states 9 and 10 and forward them to the end nodes in Broadcast States 11 and 12 re-
spectively. The nodes can decode the messages meant from them using their apriori
knowledge of the messages sent by them to the relays. This scheme is basically a time
sharing of two-way relaying with one relay. The achievable rate for this protocol is
derived in [11] by solving the following optimization problem. Maximize R, keeping

the ratio of R, and Ry fixed and satisfying the following constraints :

bra
28, = 28,
Zh, = 28,
z, =21,
Zl?'rg - Z'r}fa
Th1
Zgr = M[C (Vo1 — ——)|F
! 9[ <fy ' Va1l + Vb1 >]

Zy, = MolClm — — L))

Ya1 + Vo1 4.9)
71 = Myo[C(az — — 2"

ars 10[ (/7 2 Va2 + Voo )]

Zyp, = Mo[C (b2 — T2y

Ya2 + Vb2
Zmb = M1C(m
Z:fa = M1C(Va1

Y o oN=L0<n<1

1=9,10,11,12

where [z]|T 2 mazx(zx,0)
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CHAPTER 5

OUTER BOUNDS FOR CAPACITY OF GAUSSIAN
TWO-WAY RELAY CHANNEL AND GAUSSIAN
DIAMOND RELAY CHANNEL FOR MIMO CASE

5.1 MIMO point to point channel

We model the MIMO point-to-point communication channel as a Gaussian vector chan-
nel, where the output of the channel Y corresponding to the input X is Y = GX+Z.
Here Y is an r-dimensional vector, X is a t-dimensional vector , Z ~ N(0, Kz), K7 >
0, is an r-dimensional noise vector, and G is an r X t constant channel gain matrix
with its element G, representing the gain of the channel from transmitter antenna &
to receiver antenna j. The channel is discrete-time and the noise vector process Z(i)
is i.i.d. with Z(i) ~ N(0, Kz) for every transmission ie[1 : n]. We assume average
transmission power constraint ” on every codeword. We can assume without loss of
generality that K = Ir, since the channel Y = GX+Z with a general Kz > 0 can be
transformed into the channel W = KZ_%Y = KZ_%GX + Z, where Z; = K;%Zand
vice versa. Here Z; ~ N (0, I,).

The capacity of the point to point channel is [1]

1
—log(GK,GT + 1, 5.1
{Kz}:t}ﬂilz;aei(l(z)gp 2 o + 1) ©-1)

5.2 Reciprocity

Since the channel gain matrices G and G have the same set of (nonzero) singular
values, the channels with gain matrices G' and GT have the same capacity. This is
evident from the following lemma For every r x ¢ channel matrix G' and ¢ x t matrix

K. > 0, there exists an r x r matrix K > 0 such that trace(K) < trace(K),

IGTKG + 1| = |GKGT + 1| (5.2)



5.3 MIMO Multiple Access channel

Consider the MIMO multiple access communication system where each sender wishes
to communicate an independent message to the receiver. Assume a Gaussian vector
multiple access channel (GV-MAC) model Y = G1.X; + G2 X5 + Z, where Y is an
r-dimensional output vector, X; and X, are t-dimensional input vectors, G; and G, are
r X t channel gain matrices, and Z ~ N(0, Kz), Kz > 0 is an r-dimensional noise
vector. As before, we assume without loss of generality that K, = [,. We further
assume average power constraint P on each of X; and X5. The capacity region of the

multiple access channel is

1
Rl < §ZOQ(G1K1G{ + L«)

1
Ry < 5log(GQfgc;g + 1) (5.3)

1
Rl + R2 < §ZOQ(G1K1G1T + G2K2Gg + IT)

The sum-capacity of the GV-MAC can be found by solving the maximization problem

1
mam’mizeﬁlog(GlKlGlT + Gy KoGE 4 1)

subject to
(5.4)

5.4 MIMO Broadcast channel

Consider the MIMO Broadcast communication system where a sender wishes to com-
municate with more than one receiver. For the simple case of one sender, two receivers,
assume a Gaussian vector broadcast channel model Y|, = G X, + Z1, Yo = G2, X5 + 25
where Y; and Y, are r-dimensional output vectors at receiver 1 and 2 respectively,
X is t-dimensional input vector, G; and G, are r X t channel gain matrices, and
Zy ~ N(0,K3),K; > 0and Zy ~ N(0,K,), Ky > 0 are r-dimensional noise vec-
tors. As before, we assume without loss of generality that Ky = Ky = I,. We further

assume average power constraint P on X; and X5. Unlike the scalar Gaussian BC, the
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Gaussian vector BC is not in general degraded, and the capacity region is known only
in several special cases. Here,we use the Multiple Access Broadcast channel duality to

compute the rate region of MIMO Broadcast channel.

5.5 Multiple Access Broadcast channel duality

Given the GV-BC (referred to as the original BC) with channel gain matrices G; and
G, and power constraint P, consider a GV-MAC with channel gain matrices G7 and
G? (referred to as the dual MAC). Broadcast Multiple Access Duality Lemma states that
the rate region of broadcast channel is the same as that of the dual MAC but under the

sum-power constraint. The capacity region of the broadcast channel is thus

1
Rl S 5[09(G{K1G1 + I,,«)

1
Ry < =log(Gy K>Gsy + 1)

% (5.5)
Ri+ Ry < §log(G1TK1G1 + GYK,Gy + 1)

Trace(Ky) + Trace(Ky) < P

The sum-capacity of the GV-MAC can be found by solving the maximization problem

1
maximize §l0g(G1TK1G1 +GITK,Gy + 1)

subject to
(5.6)
trace(Ky) + trace(Ks3) < P

K;>0,j=1,2

For the MIMO case we use the cut-set bounds as in the single antenna case. The ca-
pacities are computed using the above results for point to point, broadcast and multiple

access channels by SDP optimization. As an example, for a point to point channel
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capacity C,

C< sup I(X;Y)
{F(x):E(XXT)<P}
< sup h(Y)—h(Z) (5.7)

{F(2):E(XXT)<P}

1
o {KIZO:t%?Je}((KI)Sp} 2 Og( 1 1+ )

5.6 2 way relay channel with no direct link

5.6.1 System Model

The system is similar to section 2.1 except the fact that all nodes are MIMO. Let GGy
and G5 be the 7 x t gain matrices of channels a-r and b-r respectively.

Let C(Gh) 2 MAaX( i, >0strace(Ky)<P} %log(GlTKxGl + I,) represents the capacity of a
gaussian channel with channel gain matrix of G.

5.6.2 Outer bound-Full Duplex

R, < min{C(G,),C(G2)} (5.8)
Ry < min{C(G,),C(G2)} |

5.6.3 Outer bound-Half Duplex

(5.9)
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5.7 2 way relay channel with direct link

5.7.1 System Model

The system is similar to section 2.2 except the fact that all nodes are MIMO. Let GGy
and G be the r x t gain matrices of channels a-r and b-r respectively. Let G5 be the
t x t gain matrix of channels a-b.

Let C(Gh) 2 MAaX( i, >0strace(Ky)<P} %log(GlTKxGl + I,) represents the capacity of a
gaussian channel with channel gain matrix of G.

Let Cpe(G1, G2) 2 MAaX{ g, >0,i=1,2:trace(K; ) +trace(K2) <P} %lOg(GlTKlGl +G3 K2Go+1,)
represents the capacity of a gaussian broadcast channel with channel gain matrix of Gy
and Gs.

Let Coac(Gi, Ga) 2 max(isourace(i<pict 2} 5109(GLE I GT + Gy K>GY + 1) rep-
resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and GQ.

5.7.2 Outer bound for Gaussian relay channel with direct link be-

tween A and B-Full Duplex

R, < Cpe(Gr, G3)
R, < Crmac(Gy, Ga)
(5.10)
Ry < Cpe(G2, GY)
Ry < Camac(GT, G)
The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Rj.
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5.7.3 Outer bounds for Gaussian relay channel with direct link be-

tween A and B-Half duplex

Ry < MCse(Gr, G3) + A3C(Gh) + AsC(G3)
R, < MC(G3) + MC(G2) + AsCaac(Gs, G3)
Ry < XaCpc(Ga, G3) + A3C(Gy) + XeC(G3) 5.11)
Ry, < AC(G3) + MC(G1) + A6Cruac(G1, G3)

6
dA=10<N<1
=1

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R.

5.8 Gaussian diamond relay channel with no direct link

5.8.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let G,
G2, Gy and Gy be the r X t gain matrices of channels a-ry ,a-rs, b-r; and b-ro respec-
tively.

Let C(Gh) 2 MAX{ i, >0:trace(Ky)<P} %log(GimeGl + I,.) represents the capacity of a
gaussian channel with channel gain matrix of G;.

Let Cpc(Gh, G2) 2 MaX{k,;>0,i=1,2:trace(K1)+trace(K2)<P} %ZOQ(GlTKlGl + GIK>Gy + 1)
represents the capacity of a gaussian broadcast channel with channel gain matrix of GGy
and Gs.

Let Caqac(G1, G2) 2 MAaX{ K, >0:trace(K;)<P,i=1,2} %ZOQ(GlKlG{ + G2 K2GS + I,) rep-
resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and GQ.
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5.8.2 Outer bound for Gaussian diamond relay channel with no di-

rect link -Full Duplex

Ry < Cpe(Gar, Gaz)
Ry < Caac(Ghy, Giy)
R, <C(Gaz) +C(Gn)
R, < C(Gp2) + C(Gar)
Ry < Cpe(Gor, Gie)

(5.12)

Ry < Cpuac(GL, GL)
Ry < C(Ga2) + C(Gr)
Ry < C(Gpe) +C(Gar)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and Rj.

5.8.3 Outer bound for Gaussian diamond relay channel with no di-

rect link -Half Duplex

Ry < MiCse(Gat, Gaz) + A3C(Gar) + AC(Gaz)

R, < MC(Ga2) + AC(Gr1) + MC(Gaz) + MC(Gry)
R, < MC(Ga1) + AaC(Gra) + A3C(Gar) + A3C(Gra)
Ry < MaCatac(Giy, Giy) + MaC(Gia) + MC(Gin)

Ry < MCC(Gin, Gia) + AsC(Gio) AeC(Gn) 513
Ry < MC(Ghs) + MC(Gat) + AC(Gia) + AeC(Car)

Ry < MC(Gh1) + AoC(Gaz) + MC(Gor) + AsC(Gas)

Ry < MCriac(GLy, GL) + MsC(Gaz) + A6C(Gar)
6
da=10< <1
i=1

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R,
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5.9 Gaussian diamond relay channel with direct A-B

link

5.9.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let GG11,
(12, G'91 and G99 be the r X t gain matrices of channels a-ry ,a-ro b-r; and b-ro respec-
tively. Let G4 be the t x t gain matrix of channels a-b .

Let C(Gh) 2 MAaX{ i, >0:trace(Kz)<P} %log(GlTKxGl + I,) represents the capacity of a
gaussian channel with channel gain matrix of G.

Let Cpe(Gh, ..., Gp) 2 MAX (K, >0,i=1.0:5", trace(Ki)<P} 5109(D iy GT K;G; + I,.) rep-
resents the capacity of a gaussian broadcast channel with channel gain matrix of G; ,G>
to G,,.

Let Caqac(G1, .., Gp) 2 MAX{ i, >0:trace(K;)<Pi=1,.n} 3109(O iy GiK;GT + I,.) repre-
sents the capacity of a gaussian multiple access channel with channel gain matrix of

Gl,G2 to Gn

5.9.2 Outer bound for Gaussian diamond relay channel with direct

link between A and B-Full Duplex

R, < Cpe(Gar, Gaz, Gab)

R, < Camac(Ghy, gy Gap)

R, < Cpe(Gaz, Gap) +C(Ghr)

R, < C(Gu2) + Cpe(Gar, Ga)

(5.14)

Ry < Cpe(Ghr, Gia, Gy)

Ry < Crmac(Gay, Gao, Gop)

Ry < C(Ga1) + Cpe(Gra, GL)

Ry < Cpe(Gor, GL) + C(Ga2)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R.
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5.9.3 Outer bound for Gaussian diamond relay channel with direct

link between A and B-Half Duplex

R, < MCpc(Gary, Gaz) + A3C(Gap) + MCpe(Gaz, Gap)
+ AsCe(Gar, Gap) + AeCe(Gar, Gaz, Gap)
Ra < MC(Gaz) + AL (Gur) + AsCaac(Ga, Gi)+
MC(Gr1) + ACpe(Gaz, Gap) + XeCic(Gaz, Gap) + AsC(Gap)
Ra < MC(Gar) + AaC(Gra) + AsCrtac(Gap, G+
MC(Gap + AsC(Gr2) + AsCsc(Gar, Gap) + AeC(Gar, Gap)
Ry < MaCaac(Ghyy Giy) + AsCuiac(Giy, Ghay Gap) +
MCrac(Ghy, Gap) 4+ AsCatac(Gav, Giy) + XC(Gap)
Ry < MCre(Ghy, Gia) + AC(Gap) + AsCe(Gra, GL)+ (5.15)
NoCre(Gy1, GL) + MoCse(Gyr, G, GL)
Ry < MC(Gra) + MC(Gar) + MCaaac(GL,, G+
AC(Gar) + AsCre(Gra, o) + MoCre (G, Gip) + AoC(Gas)
Ry, < MC(Gu1) + MC(Gaz) + ArCrmac(Ghy, GL)+
AC(Gap) + MC(Ga2) + AoCre(Gor, GL) + MoCre(Ger, GL,)
Ry < MaCatac(Gay, Goo) + MCuac(Gay, G, Gop)+
AsCrtac(GT GL) 4 MoCriac(GL, GL) + MoC(Gup)

10
da=10<N<1

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R.
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5.10 Gaussian diamond relay channel with direct link

between relays

5.10.1 System Model

The system is similar to section 3.1 except the fact that all nodes are MIMO. Let G,

, G2, G91 and Gy be the r x t gain matrices of channels a-ry, a-ry, b-r; and b-r9
respectively. Let G4 be the r x r gain matrix of channels r-r5.

Let C(Gh) 2 MAaX{ i, >0:trace(Kz)<P} %log(GlTKxGl + I,) represents the capacity of a
gaussian channel with channel gain matrix of G.

Let Cpc(Gh, G2) 2 MAaX{ K, >0,i=1,2:trace( K, )+trace(K2)<P} %ZOQ(GlTKlGl + GJK2Gy + 1)
represents the capacity of a gaussian broadcast channel with channel gain matrix of Gy
and Gs.

Let Cuiac(Gh, Go) 2 max(s,sotrace(y<piv1 2y 30g(G1K1GT + GoKoGE + 1) rep-
resents the capacity of a gaussian multiple access channel with channel gain matrix of

G1 and GQ.

5.10.2 Outer bound for Gaussian diamond relay channel with di-

rect link between relays-Full Duplex

Ra < Cpe(Gat, Gaz)
R, < Camac(Ghy, Gi)
Ry < C(Gaz) + Coe(Gy, Ga)
Ry < Cpe(Gy, G) + C(Gan) (5.16)
Ry < Cpe(Grr, Grz)
Ry < Caac(Gay, Goo)
Ry < Cue(GL, Ga) + C(Gia)
Ry < C(Gh) + Coc (G, G)
The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R,

44



5.10.3 Outer bound for Gaussian diamond relay channel with di-

rect link between relays-Half Duplex

Ry < MCc(Gary Gaz) + A3C(Gaz) + MC(Gaz) + AsC(Gar) + A6C(Gar)

Ry < MC(Gaz) 4+ AC(Gh) + AsCrtac(Ga, Gaz) + MC(Gaz) + MCie (G, Ga)+
MCpe(Ghy, Ga) + AoC(Ga)

Ry < MC(Ga1) + MaC(Gha) + AsCruc(GY, Gar) + N6C(Gar) + NeCie(Gly, GT)+
NCre (G, GE) + \C(Gy)

Ra < MCriac(GE, GL) 4+ MC(Go1) + MC(Gr1) 4+ AoC(Gz) + AsC(Gho)

Ry < MCse (G, Gia) + A3C(Grz) + A0C(Gra) + AsC(Gr) + AsC(Gr)

Ry < MC(Gia) + MC(Gar) 4+ AsCriac(Ga, Gia) + MC(Ga) + MCre(GT, Ga)+
MoCse (G, Ga) + MoC(Ge)

Ry < MC(Gh) 4 MC(Gaz) + AsCatac(Gy, Gi) + AeC(Ga) + AoCre (G, G )+
MsCpe(GL,, GEY + XsC(Gyy)

Ry < MCauac(GE, GT)) 4+ MoC(Gar) + ArC(Gar) + MC(Gaz) + AsC(Glaz)

10
dA=10<)<1
=1

(5.17)

The complete outer bound region can be evaluated by solving the above problem for

different values of the ratio of R, and R,
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CHAPTER 6

NUMERICAL RESULTS

In this chapter, we compare the outer bounds for half duplex and full duplex case for
all the channels discussed above. We also make comparisons between the outer bound
and achievable rate for a few of the channels. In addition we compare the scale and
forward protocol with other protocols and also with the half duplex outer bound of the
diamond channel. We also plot the variation of the ratio of optimal scaling constants
against power at the relay. Comparisons are made between half duplex and full duplex
outer bounds for the MIMO case for all the channels for the cases 1. MIMO at relay
alone and 2. all nodes being MIMO.

6.1 Comparison of Rate Regions for 2 way relay chan-

nel with no direct link

2 way relay channel with no direct A-B link

0.7p

0.6 H Half duplex MABC achievable rate
——— Full duplex lattice coding achievable rate
—+&— half-duplex outer bound

full-duplex outer bound

0.5

£ 0.4
0.3
0.2

0.1

0.5 0.6 0.7

Figure 6.1: Comparison of Rate Regions for 2 way relay channel with no direct link
71 ZSdB,’}/QZ?)dB
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Half duplex MABC achievable rate
—— Full duplex lattice coding achievable rate
—=&— half-duplex outer bound
full-duplex outer bound

0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Ra

0.1

Figure 6.2: Comparison of Rate Regions for 2 way relay channel with no direct link
71 :BdB,’yQ: 15 dB

2 way relay channel with no direct A-B link

4 Half duplex MABC achievable rate
——— Full duplex lattice coding achievable rate
351 —&— half-duplex outer bound ]
full-duplex outer bound
3 L
25F

Figure 6.3: Comparison of Rate Regions for 2 way relay channel with no direct link
71 = 25 dB, Yo = 25 dB

We observe in the above cases that full duplex outer bound is greater than the half duplex
outer bound. Lattice coding achieves rates close to the full duplex outer bound at high
SNR. MABC protocol achieves rates close to outer bound in some regions. MABC
also achieves some rate points that the full duplex lattice coding cannot achieve as in
Fig. 6.2. This is because in the case of Fig. 6.2 one link is much weaker than the other
making the term -, /72 + 7 significant enough to cause the maximum achievable rate
R, to be much below the outer bound and also below the rate achievable by MABC

protocol.
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6.2 Comparison of Rate Regions for 2 way relay chan-

nel with direct link

2 way relay channel with direct A-B link —Full duplex

16&
decode and forward
Lar lattice coding
——— outerbound
1.2t
1 .
£ o8t
0.6
0.4
0.2
0 1 1 1 1 1 1 ]
0 0.2 0.4 0.6 0.8 1 1.2 1.4

Ra

Figure 6.4: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex vy = 3dB, 7, = 15dB,y3 = 3 dB

—6— mabc
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half-duplex Outer bound

1.2f

1 1 1 1
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Figure 6.5: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex v = 3dB, 7, = 15dB,y3 = 3 dB
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2 way relay channel with direct A-B link —Full duplex
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Figure 6.6: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex v, = 10dB, 2 = 15dB,y3 =3 dB
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Figure 6.7: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex v, = 10dB, 2 = 15dB,y3 =3 dB
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2 way relay channel with direct A-B link —Full duplex

4.5(
o
3.5 decode and forward
lattice coding
3+ : ——— outerbound
25
Qo
4
2 .
1.5F
1 |-
0.5+
0 1 1 1 1 1 1 1 J
0 0.5 1 1.5 2 2.5 3 3.5 4
Ra

Figure 6.8: Comparison of Rate Regions for 2 way relay channel with direct link-Full
duplex v, = 20 dB, 75 = 25 dB,y3 = 20 dB
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Figure 6.9: Comparison of Rate Regions for 2 way relay channel with direct link-Half
duplex v; = 20 dB, 75 = 25 dB,y3 = 20 dB

We observe in the above cases that full duplex outer bound is greater than the half duplex
outer bound. Lattice coding achieves rates close to the full duplex outer bound at high
SNR. At low SNR decode and forward has better rates. In Fig. 6.6 we observe that
some rate pairs achieved by lattice coding are not achievable by decode and forward
and vice versa. In half duplex case, HBC rate region is higher and includes the rate

region of MABC and TDBC as expected since MABC and TDBC are special cases
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of HBC. When direct link is very weak, MABC is close to rate region of TDBC and
HBC. This is because MABC does not use the direct link. Also similar to the case of
2 way relay with no direct link, we can observe in Fig.6.4 and Fig.6.5 that half duplex
protocols can achieve better rate for I?, than full duplex lattice coding when link a — r

is much weaker than b — 7.

6.3 Comparison of outer bounds for 2 way relay with

and without direct links

35
3k ——&— No Direct link-half-duplex
No Direct link—=full-duplex
Direct link between A and B-half-duplex
25F —e—— Direct link between A and B—full-duplex

L L L J
2 25 3 3.5

Figure 6.10: Comparison of outer bound for 2 way relay channel with and without di-
rect link v; = 20 dB, v = 20 dB,y3 = 3 dB
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—+&— No Direct link-half-duplex
No Direct link—full-duplex
Direct link between A and B—half-duplex
25F ——o—— Direct link between A and B-full-duplex

Figure 6.11: Comparison of outer bound for 2 way relay channel with and without di-
rect link v; = 20 dB, v = 25 dB,y3 = 10 dB

We observe that when the direct link between the terminal nodes is very weak compared
to the link between a and 7 and the link between b and r, it will not make any difference
if we use the direct link or not. In Fig. 6.10 we observe the full duplex outer bounds
overlap. In the half duplex case, the rate for 2 way relay with direct link coincides with

the one without direct link in the case of equal rates(Ra = Rb).
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6.4 Comparison of outer bounds for diamond relay with

and without direct links

—=a— No Direct link—half-duplex
257 No Direct link—full-duplex
AN ——— Direct link between A and B-half-duplex
O\\O\N ——— Direct link between A and B-full-duplex
2L TS . w! Direct link between relays—half-duplex
TFag o ™ Direct link between relays—full-duplex
15F
Qo
4
1k
0.5
0 Il Il Il Il Il
0 0.5 1 15 2 25

Figure 6.12: Outer bounds for diamond relay channel with and without direct link ,; =
15 dB, 742 = 10 dB,yp; = 15 dB, Y2 = 10 dB,y; = 7 dB

——=&— No Direct link—half-duplex
N No Direct link—full-duplex
@\\ —<—— Direct link between A and B-half-duplex
e ——— Direct link between A and B-full-duplex
Direct link between relays—half-duplex
\ Direct link between relays—full-duplex

15r

Rb
/fij
7f

, K \\

Figure 6.13: Outer bounds for diamond relay channel with and without direct link vy,; =
14 dB, 742 = 6 dB,y31 = 5dB, 12 = 12dB,y; = 8 dB

We observe that the outer bound for diamond relay with direct link between A and B
is better than the other two cases for both full duplex and half duplex mode. The link
between the nodes A and B provides a direct path of communication between them, so

this outer bound is better than the one without direct link in all channel conditions. The
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link between the relays does not provide any improvement for the symmetric channel
case. The direct link between relays is observed to increase the achievable region only
when the three hop path (through the R; — R, link) is better than the other two in terms
of SNR as in Fig 6.13. In other cases, this bound is found to overlap with the outer

bound for the diamond channel without direct links.

6.5 Scale and forward Protocol

6.5.1 Comparison of Scale and forward Protocol with other proto-

cols and the outer bound

Comparison of achievable rate regions of Scale and forward Protocol with different
protocols and the outer bound is shown for different channel conditions: Asymmetric
channel (as in Fig 6.15), Symmetric channel (as in Fig 6.16), Weaker Channels from
both sources to one of the relays (as in Fig 6.14), Weaker channels from both relays to

one of the sources ( as in Fig 6.17)

—*— Scale and Forward
Two-way MDF
CF-BC

+ CF-CMAC
—+&— Outerbound

0 0.5 1 15 2
Ra

Figure 6.14: Rate region for Scale and Forward protocol: v,; = 30 dB, 7,2 = 3 dB,
Y1 = 20dB 2 =4 dB
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—*— Scale and Forward
Two-way MDF
CF-BC

—&— CF-CMAC
——8— Outerbound

0.6

0.4r

0.2

Figure 6.15: Rate region for Scale and Forward protocol: v,; = 10 dB, v, = 12 dB,
Yp1 = 14 dB 2 = 16 dB

Scale and Forward
—&— Two-way MDF
CF-BC
—&— CF-CMAC
——8&— Outerbound

Rb

Ra

Figure 6.16: Rate region for Scale and Forward protocol,Outer bound and other proto-
cols: 7,1 = 10dB, 7,2 = 10dB, 731 = 10 dB 2 = 10 dB
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Scale and Forward
—&— Two-way MDF
CF-BC
—&— CF-CMAC
——8&— Outerbound

0.8

0.6

:
;

0.4r

0.2

Figure 6.17: Rate region for Scale and Forward protocol,Outer bound and other proto-
cols: Yal = 30 dB, Ya2 = 20 dB, Yo1 = 3dB Yv2 = 4 dB

We observe that the scale and forward protocol achieves rates close to the other
protocols and in some cases rate points outside the achievable rate region of other pro-
tocols. In the case in Fig 6.17 where channels from source B to the relays is weak, scale
and forward achieves better rate than all the other protocols discussed in the region of

R, approximately equal to R,

6.5.2 Ratio of scaling coefficients Vs Power at the relays

a/b ratio vs Power at the relay

101 SRRk *%**%*******%**%***%*****%%%*%*%%*%*
Hy K

S * —<%— a/b ratio maximizing sum rate
* —+8— a/b ratio maximizing Ra
8F —#— a/b ratio maximizing Rb
7 |-
*
6 |-
2
©
% o <><><><><><>0<><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><>
%
4r <><>
310

0 0.5 1 15 2 25

Power at the relays x 10*

Figure 6.18: a/b ratio Vs Power atthe relay 1 hy,y = 1, hoos = 2 ,hpy =5, hpe = 1
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We observe that the a/b ratio that maximizes R, approaches ||hq1l|||hsz||/||Paz]||||Fo1]]
which is 0.1 in this case .
Also the a/b ratio that maximizes R, approaches ||hp1||||Pa2||/||Ra1l|||Pp2|| Which in

this case 1s 10.

6.6 Outer bounds in full duplex and half duplex for 2

way relay and diamond relay channel-MIMO case

The outer bounds evaluated as in Chapter 5 are plotted below for the cases of relays

alone being MIMO and the case of all nodes being MIMO.

6.6.1 2 way relay

The channel matrix for 2 way relays for the below two cases have values as :a — r has
value 3 for all transmitter receiver pairs, b — r has value 5 for all transmitter receiver
pairs, a — b has value 4 for all transmitter receiver pairs. For example, channel gain
matrix G (a — r) for 3 x 1 case would be [3; 3; 3]. We observe that the outer bound is

larger for the case with all nodes being MIMO.

2 way MIMO relay channel with no direct A-B link

35
3l : MIMO at relay-half-duplex
—+— MIMO at relay—full-duplex
——6— All MIMO nodes-half duplex
257 All MIMO nodes—full duplex
g 2
1.5F
l |-
0.5
0 i i i i i i i
0 0.5 1 15 2 2.5 3 35 4

Ra

Figure 6.19: Full duplex and half duplex outer bounds for MIMO 2-way relay with no
direct link:

57



2 way MIMO relay channel with direct A-B link

MIMO at relay—half-duplex
—+— MIMO at relay—full-duplex
—6— All MIMO nodes-half duplex
All MIMO nodes—full duplex

0 0.5 1 15 2 25 3 35 4 4.5
Ra

0.5

Figure 6.20: Full duplex and half duplex outer bounds for MIMO 2-way relay with
direct A-B link:

6.6.2 Diamond relay

The channel matrix for the following cases have values as :a — r; has value 3 for all
transmitter receiver pairs, b — r; has value 4 for all transmitter receiver pairs, a — 7 has
value 6 for all transmitter receiver pairs, b — 5 has value 5 for all transmitter receiver
pairs, a — b has value 1 for all transmitter receiver pairs. For example channel gain

matrix G2 (a — 1) for 3 x 1(r X t) case would be[3; 3; 3]

\
4 %\8\&
R R
35F
3 |-
2.5F
e}
o4
2 |-
15
MIMO at relays—half-duplex
0 —+— MIMO at relays—full-duplex
S —©&— All MIMO nodes-half duplex
All MIMO nodes—full duplex

0 0.5 1 15 2 25 3 35 4
Ra

Figure 6.21: Full duplex and half duplex outer bounds for MIMO diamond relay with
no direct link:
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MIMO at relays—half-duplex
—+— MIMO at relays—full-duplex
—©6— All MIMO nodes-half duplex
All MIMO nodes—full duplex

0 0.5 1 15 2 25 3 35 4

Figure 6.22: Full duplex and half duplex outer bounds for MIMO diamond relay with
direct A-B link:

MIMO at relays—half-duplex
—+— MIMO at relays—full-duplex
—©6— All MIMO nodes-half duplex
All MIMO nodes—full duplex

0 0.5 1 15 2 25 3 35 4

Figure 6.23: Full duplex and half duplex outer bounds for MIMO diamond relay with
direct link between relays:

Comparison of outer bounds for the case of relays alone being MIMO, and the case
of all nodes being MIMO shows that the case of all nodes being MIMO has a larger

outer bound and thus is better than the case of relays alone being MIMO.
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CHAPTER 7

CONCLUSION

7.1 Contribution of this thesis

The two-way Gaussian relay channel and the diamond channel with and without direct
link has been studied for full duplex and half duplex cases. Outer bound is derived for
each of the cases. This gives an insight to the maximum rates that can be achieved
in either of the cases and thus provides a new benchmark for comparing further im-
provements to two-way relaying protocols. Scale and forward protocol is proposed and
analyzed for the 2 way diamond channel. We also look into the MIMO case for the
channels discussed above and make comparative studies between the half duplex and
full duplex cases.We also compare the outer bounds for the case of only the relays being

MIMO with the case of all nodes being MIMO.

7.2 Future Work

New protocols for the different channels can be proposed as there is quite a gap between
existing protocols and the outer bound. The 2X2 interference network of State 14 of
diamond relay channel can be exploited to improve the half duplex achievable rate
region. Achievable rate regions for 2 way full duplex diamond channel can be found.
Gap between the achievable rate region of the existing protocols and the outer bound,
for different channels discussed in this thesis can be analyzed to know the conditions
under which a protocol can be used to achieve rates close to outer bound. New protocols

for MIMO relay channel can be proposed for both full duplex and half duplex modes.
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