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ABSTRACT

KEYWORDS: Gaussian Interference channels(IC), Many-to-one IC, One-to-many IC, HK

scheme, Nested Lattice codes.

In this work, we obtain new sum capacity results for the Gaussian many-to-one and one-
to-many interference channels. Simple Han-Kobayashi (HK) schemes, i.e., HK schemes with
Gaussian signaling, no time-sharing, and no common-private power splitting, achieve sum ca-
pacity under the channel conditions for which the new results are obtained. First, by careful
Fourier-Motzkin elimination, we obtain the HK achievable rate region for the K -user Gaussian
many-to-one and one-to-many channels in simplified form, i.e., only in terms of the K rates I?;,
Rs, ..., Rix. We also obtain the achievable sum rate using Fourier-Motzkin elimination. Then,
to obtain sum capacity results, we derive genie-aided upper bounds that match the achievable
sum rate of simple HK schemes under certain channel conditions. We then show how the al-
ready existing nested lattice code results for symmetric many-to-one ICs can be extended to

asymmetric cases also. We also discuss a little about separability in multi-antenna case.
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CHAPTER 1

Introduction

In a multi-user wireless network where all the users share the same communication medium
interference is common. The signal from a transmitter acts as an interference at all the receivers
other than its intended receivers. The existence of interference affects the performance of the
system greatly. The users should strategize in the best way to possible to achieve the best
results. A lot of effort has been put into identifying strategies that achieve capacity in the

presence of interference.

The K -user Interference channel (IC) is a special case which has K distinct transmit-receive
pairs that interfere with each other. The capacity region or even the sum capacity are not known
in general. In this thesis we studytwo special cases of K - user interference channels namely
Many-to-one interference channels (Fig. 3.1) and One-to-many interference channels(Fig. 4.1).
In a many-to-one interference channel the interference is seen only at one receiver from all
the transmitters, while in a one-to-many interference channel, signal from a single transmitter

interferes with all the other receivers.

1.1 Literature review

The capacity region or even the sum capacity are not known in general. The sum capacity of
the Gaussian IC is known under some channel conditions ( ); ( );
( ) ( ) ( ). In
( ), the capacity region and sum capacity for the 2-user IC were determined under

strong interference conditions. In ( ); ( );
( ); ( ), the sum capacity of the K -user Gaussian
IC was obtained under noisy interference conditions. Under these conditions, Gaussian sig-

naling and treating interference as noise at each receiver achieves sum capacity. In



( ), the sum capacity of the 2-user Gaussian IC under mixed interference

conditions was also obtained.

The many-to-one Gaussian IC and one-to-many Gaussian IC are special cases of the Gaus-
sian IC where only one receiver experiences interference or only one transmitter causes in-

terference. Even for these simpler topologies, exact capacity results are hard to obtain. The

one-to-many IC and many-to-one IC were studied in ( ); ( );
(2009); (2009); (2016, )-
In ( ); ( ), approximate capacity and degrees of freedom

results are obtained for the many-to-one and one-to-many ICs. The sum capacity under noisy
interference conditions is obtained for the many-to-one and one-to-many Gaussian ICs in

( ); ( ). The same results can also be
obtained as a special case of the result in ( ). Recently, for the many-to-one
Gaussian IC, channel conditions under which Gaussian signalling and a combination of treat-

ing interference as noise and interference decoding is sum rate optimal were obtained in

(2016).

For the symmetric many-to-one IC, structured lattice codes were shown to achieve sum
capacity under some strong interference conditions in ( ). Other special

cases of the Gaussian IC, namely the cyclic IC and cascade IC were studied in

(2013); (2011).

1.2 Overview

First we look at a motivating example that directed us towards this work in Chapter 2. Then we
obtain new sum capacity results for Gaussian many-to-one and one-to-many ICs in chapters 3
and 4 . Then we look at how lattice coding may help us achieve sum-capacity in some region
in chapter 5 for a many-to-one IC. And we discuss about seperability in a multi-antenna case

and the scope for future work in chapter 6.

We consider the work done in chapters 3 and 4 to be our major contribution. First, by

careful Fourier-Motzkin elimination, we obtain the Han-Kobayashi (HK) achievable rate re-



gion for the K-user Gaussian many-to-one and one-to-many channels in simplified form, i.e.,
only in terms of the K rates R, Rs, ..., Rx. Then, we focus on simple HK schemes with
Gaussian signaling, no timesharing, and no common-private power splitting. We show that
genie-aided sum capacity upper bounds match the achievable sum rates of simple HK schemes
under some channel conditions. We also discuss how the genie-aided bounds used in this paper
differ from the bounds in ( ,a) for the K-user many-to-one Gaussian IC. Overall,

we obtain new sum capacity results for a larger subset of possible channel conditions than cur-

rently known in exisiting literature in ( );
(2009); (2016); (2015); (2011). In

( ); ( ) only the case when all the interference is treated
as noise was considered. In ( ), only the symmetric many-to-one IC was
considered. In ( ); ( ), only a successive decoding strategy was

considered. Furthermore, the conditions under which sum capacity is achieved in

( ) are not obtained explicitly in terms of the channel parameters. We allow joint decoding
of the desired and interfering signals as well and obtain conditions explicitly in terms of the
channel parameters. In the simple HK schemes considered in our paper, either the interference
from a particular transmitter is decoded fully or gets treated as noise. For the many-to-one case,
we consider schemes where £ out of K -1 interfering signals are decoded at receiver 1. For the
one-to-many case, we consider schemes where k out of K-1 receivers decode the interfering

signal.



CHAPTER 2

The motivating example - GZIC

In this chapter we look at the capacity results for the a Gaussian Z-interference channel, which

will motivate us towards the results obtained in Chapters 3 and 4.

A’\Zl

T 1 + U1
’ A’\ZQ

x2 1 U y2

Figure 2.1: Standard form Many-to-one ZIC

2.1 Channel Model

The Z-IC is a special case of a two user IC, where interference happens only at once receiver.
he channel model in standard form for the Gaussian Z-IC are shown in Fig. 2.1. The received

signals in the Gaussian many-to-one IC in standard form are given by:

Y1 = T1 4 axs + 2 2.1)

Yo = T2 + 22, 2.2)

where z; is transmitted from transmitter ¢, z; ~ A(0, 1) for each i. The average power con-

straint at transmitter ¢ is ;. We take a look at the the sum capacity results available for the

GZIC channel.



2.2 Sum Capacity results

Based on the results in ( ), ( ),
( ) ( ), we give the following sum-capacity results for the GZIC. The sum-

rate capacity of a GZIC is given by

.

tlog(1+4 Pp) + Llog(1 + Py), ifa>>1+ P

%log(l—l—Pl—i—aZPQ) ifl<a’<14+P

| log(l+ gb) + 3 log(1+ P2) ifa® <1
and is achieved by using Gaussian inputs, decoding and subtracting interference X, for a? >
1+ Py, jointly decoding X and X, at Receiver 1 for 1 < a? < 1+ P, and treating X as noise

for a® < 1.

2.3 Comparison with the sum-capacity results available for

Many-to-one and One-to-many ICs

For the many-to-one Gaussian IC, channel conditions under which Gaussian signalling and a
combination of treating interference as noise and interference decoding is sum rate optimal
were obtained in ( ). In ( ), sum capacity was obtained for
K-user Gaussian Z-like interference channels under some channel conditions. In both

( ) and ( ), a successive decoding strategy where interference is decoded
before decoding the desired signal is considered. They don’t consider a case where the inter-
fering signals get jointly decoded along with the required signal. ( ) doesn’t
even consider jointly decoding a set of interfering signals. Similarly for the One-to-many ICs
also don’t have results that consider jointly decoding the interference and the required signal.
In this work, we obtain some region where sum-capacity is achieved for both the one-to-many
and Many-to-one interference channels if we also consider jointly decoding the interference

and signal.



CHAPTER 3

Many-to-one IC

3.1 Channel Model in standard form

21
T 1 /—I—\ W
ha 2
T2 1 @ Y2
hs
Z3
T3 1 @ Ys
;D :
RK :
D

Figure 3.1: Standard form Many-to-one IC

Many-to-one IC is a special case of Gaussian IC where interference occurs at only one
receiver. The channel model in standard form for the Gaussian many-to-one are shown in Fig.

3.1. The received signals in the Gaussian many-to-one IC in standard form are given by:

K
yo=a1+ ) hiwit oz (3.1)
j=2
yi:xi+zi,i:2,3,...,[(, (32)

where z; is transmitted from transmitter i, z; ~ N(0, 1) for each i. The average power con-

straint at transmitter ¢ is ;.



3.2 Achievable rate region for Han-Kobayashi (HK) scheme

in simplified form

Let W, be the message at transmitter ;. For each ¢+ = 2,3, ..., K, the message is split into
two parts W, = {W,, W;;}, where W;o is common message that gets decoded at receiver
1 and also at receiver 1, and W;; is the private message that gets decoded only at receiver
1. The HK achievable rate region in simplified form in the Theorem below is stated for the
discrete memoryless channel, and can be readily extended to the Gaussian many-to-one 1C

with average power constraints using standard approaches ( );

(2011).

Theorem 1. For the discrete memoryless K-user many-to-one IC, the HK achievable rate

region is given by the set of all (R, Ry, . . ., Ri) that satisfy:

Ri + Y Ry < Y I(X;YilQUy) + I({UvXiYi|lUr n,Q), YN C F (33)
JEN JEN

R, < I(X;Yi|Q).i € [2: K] (3.4)

where Uy = {U;,i € A}, F ={2,3,..., K} and (Q,Us,Us, ..., Uy, X1, Xo, ... Xy) is dis-

tributed as

K

(g uz, - um, w1, ) = pl)p(e ) | [ (p(uilg)p(aslus, ). (3.5)
=2

Proof. Let S;,i = 2,3,..., K, denote the rates for private messages W;1, 1 = 2,3,..., K, re-
spectively. LetT;,7 = 2,3, ..., K, denote the rates for common messages Wy, 7 = 2,3, ..., K,
respectively. Note that R; = S; + 1,7 = 2,3, ..., K. Using standard analysis of HK schemes,

we get the following achievable rate region in terms of {R;} and {7;}:

R —T; < I(X; Y3|Q, Uy) (3.6)
R; < I(X;Y3|Q), 3.7



for:=2,3,..., K, and

Ri+ > T, < I(Uy, X13Y1|Q, Ur_y) (3.8)
ieN

for all possible N C F and F = {2,3,..., K}. We also add the trivial constraints

T; 2 0,T; < R;. (3.9)

The simplified rate region in (3.3) and (3.4) in terms of only the R;’s can be obtained using
Fourier-Motzkin elimination. The main steps of the Fourier-Motzkin elimination are provided

below.
We eliminate the variables in the following sequence: T5,75,...,Tk. After eliminating

15,15, ..., Tk, the set of inequalities is given by:

R1 + ZRz + ZT; < ZI(XWYHQv U]) + [(UN7 US>X15Y71|U.7:7(SUN)7Q)a
iEN €S 1EN
YN C{2,3,.. kLSC{k+1,... K}

Fork+1<i<K

T, > 0,7; < R;.
For2 <i:< K
R < I(X;;Yi|Q). (3.10)

This can be proved by induction.

Setting £ = K, we get the required inequalities in (3.3) and (3.4) after elimination of
1,15, ..., Tk. O

Corollary 1. The achievable sum rate S for a discrete memoryless many-to-one IC satisfies:



S < Z[<Xi§Y;"Q7Ui) + Z I(X3;Yi|Q) + I(Un X1 V1|Ur_n, Q), YN C F, (3.11)
iEN ieF—N

where F ={2,3,...,K}.

Proof. First, we substitute Ry = S—) fi , 1. Then, we eliminate the variables in the following
sequence: R, Rs, ..., Rx. After eliminating R, Rs, ..., Ry, the set of inequalities is given

by:

S—ZRZ-S Z ](Xi;Y”Q)Ui)+ZI(XZ';}/1'|QJU1')

ieB i€(S—B) ieN

Y I(X3;YilQ) + I(Us—, Uy, X1; Yi|Unm, Us, Q),
1EM-N

VBC SandS = {k+1,...,K}andVN C Mand M ={2,3,... k},andfork+1 <i < K
R; < I(X Y3|Q). (3.12)

This can be proved by induction.

Setting k = K, we get the required result in (3.11) after elimination of Ry, Rs, ..., Rg. [

Simple HK schemes: Consider HK schemes with Gaussian signaling, no timesharing, and
no common-private power splitting, i.e., X; ~ N(0,P;), V1 < i < K, @ is constant, and
Ui = X;,i € Band U; = ¢,1 ¢ Bforafixed B C {2,3,...,K}. The set B denotes the
indices of the set of transmit messages decoded at receiver 1. For simple HK schemes, we get

the following sum rate result directly from Corollary 1.

Corollary 2. The achievable sum rate of a simple HK scheme over the Gaussian many-to-one

IC satisfies:
1 1 1 A+ 2 ME
S< =N log1+P)+= log(1+P)+=log |1 M YM C B
_QZog(+ )—i—QZog(—l— )—1—2 og | 1+ 55 12P , VM
i¢B ieM :
¢B
(3.13)

forafixed BC {2,3,...,K}.



3.3 Sum capacity results

Consider the simple HK scheme with B = {2,3,... k}, i.e., interference from transmitters
2 to k are decoded at receiver 1. We choose successive indices 2 to k£ only for notational
convenience, and the results can be generalized to any set of £ — 1 indices by just relabeling

the transmitters. For this case, from (3.13), we have the following 2*~! sum rate constraints:

ieB—M
Sgiz 1og<1+a)+5210g(1+3)+§1og 1+ = VM C B.
i=k+1 ieM 1+ Z h?Pl
i=k+1
(3.14)

The least of these 2°~! upper bounds will determine the maximum achievable sum rate for this
simple HK scheme. We will now discuss two cases below where we can show that the simple

HK scheme achieves sum capacity.

Case 1 (MZky): Here we consider the case when the inequality corresponding to M = BB

in (3.14) is the dominant inequality, i.e., its right hand side is the least.

Theorem 2. For the K-user Gaussian many-to-one IC satisfying the following channel condi-

tions:

K
[ a+P)+ > wP+P) < 14> WP+ P,YN C BN # B, (3.15)
i€B-N j=k+1 i¢N

K
> o om<i, (3.16)

j=k+1

where B=1{2,3,...,k}, k€ {1,2,.., K}, the sum capacity is given by

1 P =1
S=Zlog |1+ - ) +572 log(1 + Py). (3.17)
2 ( L) 2
Proof. The converse or upper bound has already been proved in ( , , Thm.

7) under the condition (3.16) using the genie-aided channel in Fig. 3.2. This sum rate can

be achieved by the simple HK scheme if the inequality corresponding to the M = B case is

10



the dominant inequality in (3.14). This inequality is dominant if the conditions in (3.15) are

satisfied. ]

Remark 1. The case of k = 1 is taken to be B = ¢ resulting in condition (3.16) alone, thereby

recovering the sum capacity result for treating all interference as noise in

(2009).

Remark 2. The achievability conditions in (3.15) are less stringent than the achievability con-
ditions in ( ) since joint decoding in the simple HK scheme is better than the
successive interference cancellation decoding used in ( ). This can be noted

in Fig. 5.1 where the region obtained using this theorem includes an additional shaded region

for the case MZI3, compared to the result in ( ).
21
1 ) Decl k—{zo,.. 2%}
2k
T2 O, Dec 2
2k
Tk 0} Dec k

2K

O¢——

Tk

Dec K

Figure 3.2: Side Information for MZk;

Case 2 (MZk,): Here we consider the case when the inequality corresponding to M =

B\{k} ={2,3,...,k — 1} in (3.14) is the dominant inequality.

Theorem 3. For the K-user Gaussian many-to-one IC satisfying the following channel condi-

tions:

K K K
II a+pr) <1+P1+ d o nip+ ) th) > [[ a+P)a+P+> 1P
igB—N i=k+1 i€B—N i=2,i#k j=k

(3.18)

11



1 0 Decl (—{xo,.. 751}
22
To © Dec 2
2k
T © Deck k— X
SThxT +w"
i=k
M © Dec K

Figure 3.3: Side Information for MZk;

YN CBN #{2,3,..k—1}and B={2,3, ..k}

K K
thg 1—p% phy=1+ Zh?Pi (3.19)
i=k+1 i=k+1

the sum capacity is given by

K
S:Z 1og(1+Pi)—|—§log 1+m

i=k+1

Proof. The sum rate S in the theorem statement can be achieved by the simple HK scheme
if the inequality corresponding to M = B\{k} is the dominant inequality in (3.13). This

inequality is dominant if (3.18) is satisfied.

For the converse or upper bound, we consider the genie-aided channel in Fig. 3.3, where a
K

genie provides the signal s = {x},x%, ..., x}_, } toreceiver | and the signal s} = > h;x}+w"
i=k

to receiver k, where w” is i.i.d. A'(0,1), and w and z;, are jointly Gaussian with Efwz;] = p.

Now, we have
K

nS <I(xpyhst) + > I(xy!) + I(xsyh,sy)
i=2,i#k

12



K
= h(yPlst) = h(yrlst.xi) + D (Ay?) = h(z}) + b (sp) + h(yiIsh) — hlyr,siixp)

i=2,i#k

k—1
(a) n n n
< nh(yelsic) — h(yTIst, x) + > (nh(yic) — nh(z))

=2

K K
+ ) (h(y}!) = nh(z)) + h(sp) + nh(yeclsie) — h ( > hix! + w"|zz> — h(z})
i=k+1 i=k+1
k—1 K

(b)
< nh(yiglsic) + ) _(nh(yic) — nh(z)) + Z (h(y7) — nh(z)) + nh(yre|sic)

1=2 i=k+1
K
—h ( Z hix;' + W”|z’,;‘> — nh(z)
i=h+1
© k-1 K
< nh(yiclsic) + ) (nh(yic) — nh(z)) + Z (nh(yic) — nh(z:)) + nh(yrclskc)
=2 i=k+1
K
—nh( Y hitia + wlz) — nh(z)
i=k+1
@ =
= nl(z16;Y1cls16) + Z nl(ziq; yia) + nd (Tra; Ska)
i=2,ik
K
= nl(n16, 1 viclsic) + > nl(wic vie),
i=2,ik

where x;c ~ N (0, P;), s;c and y;c represent the Gaussian side information and output that
result when all the inputs are Gaussian as described in ( ), (a)
follows from the fact that Gaussian inputs maximize differential entropy and h(y},s}|x}) =

K
h(z})+h ( > hix} + W"|z}§) , (b) follows from h(y?} (s}, x}) = h(s}), (c) follows from ap-
i=k+1

K K

plication of ( , ,Lemma2)to > h(y?)—h( > hx}!+w"|z})under (3.19),
i=k+1 i=k+1

and (d) follows from the fact that x. — sga — yre forms a Markov Chain (

, , Lemma 8) for our choice of p in (3.19). [l

In ( ), only a successive decoding strategy where the desired signal is always
decoded after decoding the interfering signals, is considered. However, jointly decoding the

interfering signal and the desired signal (Scheme MZk;) is required above to achieve capacity.

( , , Theorem 2) identifies channel conditions where sum-capacity is achieved

for a Z-like interference channel. By considering a appropriate 4 matrix for a many-to-one I1C

13



we can derive the channel constitions necessary for achieving sum-capacity for the MZ1, as

shown in ( , , Example 1).

( , , Theorem 3) extends the result to a general K-user IC by using a "succes-
sive decoding strategy". Even though the paper does not give the channel conditions explicitly,

we can see that if we consider that only the receiver k receive the interference, we obtain the

results we get for MZk,. The ( , , Theorem 2) gives the condition (3.16). And
the ( , , Theorem 3) gives the condition (3.15). As the interference occurs only at
receiver k, the constraints we get from ( , , Theorem 3) are nothing but the HK

achievable region when U; = X, fori € {2,3,...k}and U; = ¢ fori € {k+1,... K} in
Theorem 1. This gives the constraints on sumrate given by (3.14) when M = B = {2, 3, ...k}.
And we can easily see that the sum-rate capacity they mention also matches with our sum-rate

capacity for MZk.

The outer bound in ( , , Theorem 2) for the 3-user case matches our outer bound

only for MZ2,. Our K-user upper bounds are tighter than the /K '-user upper bounds in

( ) for the many-to-one setting. Furthermore, the genie signal used in Theorem 3 is dif-
ferent from the genie signals considered in ( ).
If we consider a many-to-one IC, we can see that according to ( , , Theorem), we

get the upper bound on the sumrate as
Ry + Ry + R3 < I(X16; Y1) + 1(Xog; Yag, Saa) + 1(Xag; Yaa)
if hg < U‘Q/Nz’ where VN2 = (NQ’ZQ) and E[ZQNQ] = PNy where 52 = h2X2 + h3X3 + NQ.

This upper bound matches with (*) in the proof of Theorem 3.

In ( ), there is an example 3-user channel where the HK scheme does
not achieve capacity, while a scheme based on interference alignment does. It can be verified
that this 3-user example channel, when written in standard form, does not satisfy any of the

conditions under which sum capacity is derived in this paper.

In ( , , Section II.B), the authors consider a 3 user many-to-one IC with

14



the channel conditions given below.

y1 = BT + BTo + BTz + 21
Y2 = \/B@ + 29
Y3 = \/Bi'?: + 23,

where z; ~ N(0, 1) for each i € {1,2,3}. The average power constraint at transmitter i is P;.

This can be converted to the standard form by considering

I = B"%h To = \/5.572, Ty = \/Bfi‘g

The equations in standard form will be

y1=$1+\/5$2+\/5903+21
Y2 = To + 29

Y3 = T3 + 23,
with power constraints
P, = %P, P,=p.P,, P;=p.P;.
We can see that hy = hs = /3. They consider a case where P =P = ]53 = 1 The authors

prove that for 5 > 2, the capacity cannot be achieved by any HK-type scheme.

We can see that these channel conditions do not satisfy any of the conditions given in Table
3.1 or the conditions for MZ1, and MZ2, given in ( ). We here explicitly see

how it does not satisfy the conditions necessary for MZ3.

To satisfy the conditions for M13, the following conditions must be satisfied.

B>1+4 5

268 > ((1+8)* - 1)(1+ 5%

15



Strategy Channel conditions
MTI2, () h2 <1+ P, + hiPs,

2
h§g1—(%) h2>1

(i) h2 <1+ P, + h3Ps,

2
np<1- () >

M1T3, h3>1+ P, h3>1+P
RiP, + 3Py > (1+ Po)(1+ P3) — 1) (1 + Py)

MI3, ()h3 > 1+ P+ h3Ps, hi <1+ P h} > 1,

14+Ps 1+P1+h3Ps
1+P = 1+P1+h2P

() h2>1+ P +h2Py h3 <1+ P b2 > 1,

1+P 14+Pi+h3 P
1+P; = 1+P1+hiPs

Table 3.1: Channel conditions under which sum capacity is achieved using simple HK schemes
in Theorems 2 and 3 for the 3-user Gaussian many-to-one IC. Conditions for MZ1,
and MZ2 are already given in ( ). These conditions are plotted in
Fig. 5.1 for a given set of power constraints.

We can see that for 5 > 2 none of the conditions are satisfied.

The results in Theorems 2 and 3 for the Gaussian K -user many-to-one IC are now listed in

Table 3.1 for the 3-user case.
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Figure 3.4: Channel conditions where sum capacity is obtained for the 3-user many-to-one IC
using simple HK schemes, P, = P, = P35 = 2.
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CHAPTER 4

One-to-Many IC

4.1 Channel Model in Standard Form

The channel models (in standard form) for the Gaussian many-to-one and one-to-many ICs are
shown in Fig. 4.1. The received signals in the Gaussian one-to-many IC in standard form are

given by:

yl:xz+thK+ZZaZ:1a2737;K_]- (41)

Yk = Ty + 2k 4.2)

where z; is transmitted from transmitter ¢, z; ~ N(0,1) for each i. The average power con-

straint at transmitter ¢ is P;.

4.2 Achievable rate region for Han-Kobayashi (HK) scheme

in simplified form

Let 7 denote the set of indices of the receivers at which interference is decoded, and 7 be the
set of receivers at which interference is treated as noise, i.e., 7 = {1,2,--- , K — 1}\Z. Let W,
be the message at transmitter . The message W gets split into two parts Wy = {Wgq, Wk },
where Wi represents the common message that gets decoded at every receiver in Z and Wi

is the private message that gets decoded only at receiver K.

Theorem 4. For the discrete memoryless K-user one-to-many IC, the HK achievable rate



—|— N

T hn
hy
5
T I -+ Y2
ho
EN
1
T3 » + y.3
Az:l(
. _
Tx () ¥«

Figure 4.1: Standard form One-to-many IC

region is given by the set of all (Ry, Ra, . .., Ri) that satisfy

R < I(X3Yi|Q),i € T

R, <I1(X;Y|Q,U),ieZ

R+ Rx < I(X;,U; Yi|Q) + I(Xk; Yi|Q,U),i €T
Ry < I(Xk; Yk|Q),

where (Q,U, X1, X, ..., Xk) is distributed as

K-1

p(q, u, v1, 72, . 7x) = p(q) Hp(xiM)p(UIq)p(xKW, q)-

Proof. Let S denote the rate of the private message Wy and T' denote the rate of the common
message Wi. Note that R = S + 1. Using standard analysis of HK schemes, we get the

following achievable rate region in terms of { R;} and {7'}:

R, <I(X;Yi|Q),ieJ

R < I(Xi;Yi|U,Q),i €T
Ri+T < I(X.U:Yi|Q),i € T
Rg —T < I(Xk; Yk|U, Q)

19



Ri < I(Xk; Yk|Q)

Using Fourier-Motzkin elimination to eliminate 7', we get the rate region [

Simple HK scheme: Let X; ~ N (0, P;), V1 <i< K, Q is constant, and U = X . From

Theorem 4, we directly get the following result.

Corollary 3. The achievable rate region for the simple HK scheme over the Gaussian one-to-

many IC is given by:
Rigé 10g(1+1ﬁ'ﬁ),i€j, (4.3)
R; < % log(1+ P,),i € Z, (4.4)
Ri+ Rg < % log(1+ P + hiPg),i € T, (4.5)
Rk < % log(1 + Pk). (4.6)

Corollary 4. The achievable sum rate S for the simple HK scheme over the Gaussian one-to-

many IC when J = ¢ satisfies

K
1
S < — log(1 + P; 4.7
< ;2 og(l+P)), (4.7)

K-1 .

S < 3 10g(1+Pj)+§ log(1 + P, + h?Py),
=1
J#i

V1I<i<K-—1. (4.8)

Proof. Given J = ¢, we get the following rate constraints:

1
Rigé log(1+F),1<i<K-1

1
R¢+RK§§log(1+Pi+h?PK), 1<i<K-1

1
Ry < 3 log(1 + Pg).

First, we substitute R = S — Zfi}l R;. Then, we eliminate the variables in the following

sequence: Ry, Rs, ..., Rk _1. After eliminating R, R», . .., Ry, the set of inequalities is given

20



1
Ri <3 log(1+P),k+1<i<K-1
K-1 k 1 1
S= D> Ri< 25 log(1 + ;) + 5 log(1 + Pk)
Jj=k+1 Jj=1
K-1 k 1 1
S — R; < Z510g(1+Pj)+§log(l—i—PmthPK),lgigk
j=k+1 j=1,j#i

K-1 k

1 1

S — § R-<§ —log(1+ P))+ = log(1+ P+ h’Pg), k+1<i< K —1
j=k+1,j#i ]_rlQ ol J) 2 . .

This can be proved by induction.

Setting k = K — 1, i.e., after elimination of Ry, Rs, ..., Rx_1, we get the required inequal-

ities in (4.7) and (4.8). O

4.3 Sum capacity results

Consider the simple HK scheme where interference from transmitter KX is decoded at % re-
ceivers. Without loss of generality, we can consider the set these k receivers to be 7 =
{1,2,...,k} and J = {k + 1,k + 2,..., K — 1} (other choices can be easily handled by

relabeling the receivers). We denote this scheme to be OZ;.

Theorem S. For the K-user Gaussian one-to-many IC satisfying the following conditions:

14+ P, <|hi|*1<i <k, (4.9)
j=k+1 Ik + 1
the sum capacity is given by
1< 1 1 &= P,
S = 5 ;log(l + P) + 5 log(1 + Pk) + +5 ]Zk;llog (1 + W) . (4.11)

Proof. For achievabililty, consider the achievable rate region in Corollary 3 for the simple HK
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Dec; |« Tk

Decy, [— Tk

Decyi1

Decy

Figure 4.2: Side Information for OZ;,

scheme OZ. Under (4.9), constraint (4.5) is redundant. From the remaining constraints (4.3),
(4.4), and (4.6), we get the achievable sum rate to be equal to the sum capacity in the theorem

statement.

For the converse, consider the genie-aided channel in Fig. 4.2, where a genie provides z
to receivers 1 to k. The first k receivers can now achieve the point-to-point channel capacities
without any interference. The genie-aided channel can be considered to be a combination of
these k point-to-point channels and a Gaussian one-to-many IC with users k£ 4 1 to K of the
original channel. The sum capacity of the k point-to-point channels corresponds to the first
term in the right hand side of (4.11). The sum capacity of the Gaussian one-to-many IC with
users k + 1 to K is upper bounded by the sum of the second and third terms in (4.11) under
condition (4.10) ( , , Thm. 5). Thus, we have the required sum

capacity result.

]

Now, we consider the special case where Z = {1,2,..., K — 1} and J = ¢, i.e., the
interference gets decoded at all receivers. For this special case, we now have a sum capacity

result for conditions not included in Theorem 5. We will denote this case OZ i1, .
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Figure 4.3: Side Information for OZ 1,

Theorem 6. For the K-user Gaussian one-to-many IC satisfying the following conditions:

1<h}<1+DPR (4.12)
hi W 1<i<K-landi#]l (4.13)

1 — a 1 .
1+p ~1+p —'= "

foranyl € {1,2,..., K — 1}, the sum capacity is

K—1
1 1
S = 5,2 1og(1+Pj)+§1og(1+P,+h?PK). (4.14)
J=15#l
Proof. For achievability, consider the achievable sum rate in corollary 4. The sum capacity
in (4.14) is the right-hand side of the inequality corresponding to @ = [ in Corollary 4. This

inequality is the dominant inequality under conditions (4.12) and (4.13).

For the converse, consider the genie-aided channel (shown in Fig. 4.3 for [ = 1), where a
genie provides x, to all receivers 1 to K — 1 except receiver [. The genie-aided channel is a
combination of K — 2 point-to-point channels and a Gaussian one-sided IC with users [ and K
of the original channel. The sum capacity of the KX — 2 point-to-point channels corresponds
to the first term in (4.14). The sum capacity of the Gaussian one-sided IC with users [ and K
is upper bounded by the second term in (4.14) under condition (4.12) ( , , Thm. 2).

Thus, we have the required result. ]

The results in Theorems 5 and 6 for the Gaussian K -user one-to-many IC are now listed in
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Figure 4.4: Channel conditions where sum capacity is obtained for the 3-user one-to-many IC

using simple HK schemes, P, = P, = P; = 1.

Table 4.1 for the 3-user case.

Strategy | Channel conditions

2 h2Py+h?

Ol | % itpst <1

OL | W)h2>1+P, h3<1
) hs>1+P, 2 <1

OL | >1+P, hi>1+ DB,

Oly, | ()1 <h3 <1+ Py, h3 > 58203
(i) 1 < A7 <1+ Py, hi > {503

Table 4.1: Channel conditions under which sum capacity is achieved using simple HK schemes
in Theorems 5 and 6 for the 3-user Gaussian one-to-many IC. These conditions are

plotted in Fig. 5.1 for a given set of power constraints.
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CHAPTER 5

Lattice Codes for Many-to-One Interference Channels

( ) shows that a coding scheme based on the compute and forward ap-
proach on the lattice codes achieves capacity for a symmetric IC under some strong interfer-
ence scheme. Here we extend the results to asymmetric channels. We first look at some of the
results from ( ) which we will be using. We use the same model here that

we used in Chapter 3.

5.1 Nested lattice codes( ( )

For each user k we choose a lattice A; which is good for AWGN channel. Let A, denote the
coarsest lattice. It has been shown that we can find another K simultaneously good nested

lattice such that A; C A, where

o = 0% (A}) = BiP, i >0

t
T = (—’“ + dk) mod AZ /B,
Br

where ;. is the lattice point corresponding to the message wy, that is to be sent.

For a given coefficient matrix Ay . g,

a;(1) ... ag(1)
ar(L) ... ag(L)

where all entries are integers and there are L sets of coefficients.



. All the L integer sums can be reliably decoded at receiver 1 if

Ry, <min 7 (ayra-1, ), ar(l) #0

2

o
Tk(alll:l—lvé) = ,maIR 1/2 log+(No’Zl))

ay..o €

lth

where a;1,,—; means that when ["" sum is being decoded, we assume that all the previous [ — 1

sums are decoded.

K -1 -1
No(l) = of + ) (auh = ar()Be — > _ajar(§)Be)*Pe + (o0 —ar(D)B1 — > _ajas(4)B1)* Py
k=2 J=1 J=1

5.2 Results

We take
o1 1. . .1
100 .. .0
and By = hy. We try to minimise Ny(1).
A= ( o1 1. . .1 >
( ) says that this A can be used to achieve capacity within a constant gap

in a particular region if the channel is symmetric. We extend the result to non - symmetric

channels too using the same A matrix.

K
No(1) = a2 +> (o — hi)* P + 2Py

k=2
S 2
h2P;
We have to find the o/; which maximises Ny(1). So o) = —=2——
1+P1+ Y R2P

=1
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Therefore .
(L4 P)(XhiP)
i=2

No(1) = —
14+ P+ > h?P,
i=2
K
1 thk(l + P+ Zh?PZ)
ru(ar, ) = 5 log™( =
(1+ P)(Xh?)
i=2
Zizz hi P L+ P
1 h2 P,
> ZlooT(—E—E
2 5loe (355
Now
K
Ng(?) = Oég + Z(O&Qhk - Oélhk)2pk -+ (Oég — 1)2P1
k=2

The a; and ap, which maximises the value of Ny(2) are oy = ay = 1J}:_1P1

Therefore we get
ri(agp, B) = 1/2log" (1 + P1)
Since this is the only constraint on user 1, we can see that user 1 always achieves capacity.
Now for

(1+ P)(1+ Pr)
Py

2
h2 >

every user achieves capacity. and for
hy > (1+ P)

every user other than user 1 achieves rate within 0.5 bits of capacity.
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Figure 5.1: Channel conditions where sum capacity is obtained for the 3-user many-to-one IC
using nested lattice codes, P = P, = P3 = 2.
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CHAPTER 6

Multi antenna Channels

6.1 Separability

It is known that the capacity of parallel (e.g., multi- carrier) Gaussian point-to-point, multiple
access and broadcast channels can be achieved by separate encoding for each sub-channel (car-
rier) subject to a power allocation across carriers.It has been shown that parallel interference
channels are not separable, i.e., joint coding is needed to achieve capacity in general.

( ) studies the separability, from a sum-capacity perspective, of single hop Gaus-
sian interference networks with independent messages and arbitrary number of transmitters and

receivers. We provide the main results from the paper here.

6.1.1 MAC-Z-BC network

A network (S, D, E, M) (S = set of transmitters , D = Set of receivers , £ C D x S = Set
of edges in the network , M C E = Message set,i.e. edges which carry messages ) is called

MAC-Z-BC if M = E and E has the following properties:
deg(T;) > 1,i' #i = deg(Ty) =1,Vi';i € S

deg(R;) > 1,j' #j = deg(Ry) =1,Y§',5€ D
where deg(T;) is the degree of Transmitter ¢ and deg(R;) is the degree of Receiver j.

Given a network N = (S, D, E, M), an instance of the network is uniquely identified by
(F, P,H) where F denotes the number of carriers, P denotes the power constraints and H is a

DF x SF dimensional channel gain matrix.

Theorem 7. ( , , Theorem 1) A network N is separable if and only if it

is the MAC-Z-BC network (or one of its sub-networks).



.”r].l "K]_-'! L _ .”rl_]

Wia+»Xo={ ) 8 -Y 'u o
ol ‘-:H_l 3

Wia =X e Wi 4

Wi 4 e

Wa, I—EKI - = - = Yor—Ws

Wa s '

Y Way
Figure 6.1: A MAC-Z-BC network with S = 4 transmitters and D = 3 receivers

Theorem 8. ( , , Theorem 2) Consider a single-carrier MAC-Z-BC
channel characterized by (1, P,H), where deg(T;) > 1 < deg(R;) = j = 1,i=S. Then

its sum-capacity is

S
_ 1 1+ |H|*P.
G, P H) = g log (1 2 'Hl’”zpj> s (#) o
j=1 ’

geee

Let us consider X channel(XC). We obtain XC by allowing messages in all links of an IC.
We can see that Many-to-one or One-to-many XC do not satisfy the conditions necessary for a
MAC-Z-BC network, except for the 2 user case where both the Many-to-one and One-to-many
XCs become a simple Z-network. So, we can say that except for the 2 user case, the multi-
antenna Many-to-one and One-to-many XCs are not seperable. So, that means that Z-1C is
also seperable, when regions where the strategy of decoding both the signal at the first receiver

achieves capacity.
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6.2 Future scope

The capacity region or region where sum-capacity is achieved for even a Multi-Antenna 2
user Gaussian Interference channel (GIC) does not have a closed form solution. We could
extend the results for multi-antenna Many-to-one and One-to-many ICs as done in (

, , Chapter 4). ( ) and ( ) show that
interference alignment is very useful for MIMO channels. So, we could try using interference

alignment for the multi-antenna cases.
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CHAPTER 7

Summary

We derived new sum capacity results for the /K -user Gaussian many-to-one and one-to-many
ICs. For both the many-to-one and one-to many IC, two new classes of channel conditions un-
der which sum capacity is achieved were determined (cases MZky,MZk,,0Z;,,OZk_1,). In
all these cases, simple HK schemes with Gaussian signaling, no time-sharing and no common-
private power splitting achieve sum capacity. Then we we extended the results of

( ) from symmetric many-to-one IC to asymmetric many-to-one IC. We then looked at

how a general many-to-one and one-to-many ICs are not separable.



10.

1.

12.

13.

REFERENCES

. Annapureddy, V. S. and V. V. Veeravalli (2009). Gaussian interference networks: Sum capac-

ity in the low-interference regime and new outer bounds on the capacity region. IEEE Trans.
Inf. Theory, 55(7), 3032-3050. ISSN 0018-9448.

Bresler, G., A. Parekh, and D. N. C. Tse (2010). The approximate capacity of the many-to-one
and one-to-many gaussian interference channels. IEEE Trans. Inf. Theory, 56(9), 4566—4592.
ISSN 0018-9448.

Cadambe, V. R. and S. A. Jafar (2009). Interference alignment and a noisy interference regime
for many-to-one interference channels. CoRR, abs/0912.3029. URL http://arxiv.org/
abs/0912.30209.

Cadambe, V. R. and S. A. Jafar (2010). Sum-capacity and the unique separability of the
parallel gaussian MAC-Z-BC network. CoRR, abs/1001.4120. URL http://arxiv.org/
abs/1001.4120.

. Carleial, A. (1975). A case where interference does not reduce capacity (corresp.). IEEE

Trans. Inf. Theory, 21(5), 569-570. ISSN 0018-9448.

Gamal, A. E. and Y.-H. Kim, Network Information Theory. Cambridge University Press,
2011.

Han, T. and K. Kobayashi (1981). A new achievable rate region for the interference channel.
IEEE Trans. Inf. Theory, 27(1), 49-60. ISSN 0018-9448.

Jovicic, A., H. Wang, and P. Viswanath (2010). On network interference management. /[EEE
Trans. Inf. Theory, 56(10), 4941-4955. ISSN 0018-9448.

Liu, Y. and E. Erkip, On sum capacity of K-user cascade gaussian z-interference channel. In
Proc. IEEE Int. Symp. Inform. Theory, St. Petersburg, Russia. 2011.

Maddah-Ali, M. A., A. S. Motahari, and A. K. Khandani (2008). Communication over
mimo x channels: Interference alignment, decomposition, and performance analysis. [IEEE
Transactions on Information Theory, 54(8), 3457-3470. ISSN 0018-9448.

Motahari, A. S. and A. K. Khandani (2009). Capacity bounds for the gaussian interference
channel. IEEE Trans. Inf. Theory, 55(2), 620—643. ISSN 0018-9448.

Nam, J. (20154). Capacity bounds for the K-user gaussian interference channel. CoRR,
abs/1506.03319. URL http://arxiv.org/abs/1506.03319.

Nam, J., Upper bounds on the sum capacity of the K-user gaussian interference channel. In
2015 IEEE Int. Symp. on Inform. Theory (ISIT). 2015b. ISSN 2157-8095.

33


http://arxiv.org/abs/0912.3029
http://arxiv.org/abs/0912.3029
http://arxiv.org/abs/1001.4120
http://arxiv.org/abs/1001.4120
http://arxiv.org/abs/1506.03319

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Prasad, R., S. Bhashyam, and A. Chockalingam, Optimum transmission strategies for the
gaussian one-to-many interference network. In Proc. IEEE WCNC, Istanbul, Turkey. 2014.

Prasad, R., S. Bhashyam, and A. Chockalingam (2016). On the gaussian many-to-one X
channel. IEEE Trans. Inf. Theory, 62(1), 244-259. ISSN 0018-9448.

Sason, L. (2004). On achievable rate regions for the gaussian interference channel. IEEE Trans.
Inf. Theory, 50(6), 1345-1356. ISSN 0018-9448.

Sato, H. (2006). The capacity of the gaussian interference channel under strong interference
(corresp.). IEEE Trans. Inf. Theor., 27(6), 786—788. ISSN 0018-9448. URL http://dx.
doi.org/10.1109/TIT.1981.1056416.

Shang, X. and B. Chen (2013). Two-user gaussian interference channels: An informa-
tion theoretic point of view. Foundations and Trends® in Communications and Informa-
tion Theory, 10(3), 247-378. ISSN 1567-2190. URL http://dx.doi.org/10.1561/
0100000071.

Shang, X., G. Kramer, and B. Chen, New outer bounds on the capacity region of gaussian
interference channels. In Proc. IEEE (ISIT), Toronto, ON, Canada. 2008.

Shang, X., G. Kramer, and B. Chen (2009). A new outer bound and the noisy-interference
sumrate capacity for gaussian interference channels. /EEE Trans. Inf. Theory, 55(2), 689-699.
ISSN 0018-9448.

Tuninetti, D., K-user interference channels: General outer bound and sum-capacity for certain
gaussian channels. In 2011 IEEE Int. Symp. on Inform. Theory Proc.. 2011. ISSN 2157-8095.

Zhou, L. and W. Yu (2013). On the capacity of the K-user cyclic gaussian interference channel.
IEEE Trans. Inf. Theory, 59(1), 154—165.

Zhu, J. and M. Gastpar (2015). Lattice codes for many-to-one interference channels with and
without cognitive messages. IEEE Trans. Inf. Theory, 61(3), 1309—1324. ISSN 0018-9448.

34


http://dx.doi.org/10.1109/TIT.1981.1056416
http://dx.doi.org/10.1109/TIT.1981.1056416
http://dx.doi.org/10.1561/0100000071
http://dx.doi.org/10.1561/0100000071

PAPER BASED ON THESIS

1. Abhiram Gnanasambandam, Ragini Chaluvadi, Srikrishna Bhashyam:, "On the Sum Ca-
pacity of Many-to-one and One-to-many Gaussian Interference Channels."
https://arxiv.org/abs/1701.04971

35



	ACKNOWLEDGEMENTS
	ABSTRACT
	LIST OF TABLES
	LIST OF FIGURES
	ABBREVIATIONS
	NOTATION
	Introduction
	Literature review
	Overview

	The motivating example - GZIC 
	Channel Model
	Sum Capacity results
	Comparison with the sum-capacity results available for Many-to-one and One-to-many ICs

	Many-to-one IC
	Channel Model in standard form
	Achievable rate region for Han-Kobayashi (HK) scheme in simplified form
	Sum capacity results 

	One-to-Many IC
	Channel Model in Standard Form
	Achievable rate region for Han-Kobayashi (HK) scheme in simplified form
	Sum capacity results 

	Lattice Codes for Many-to-One Interference Channels
	Nested lattice codes(zhu15)
	Results

	Multi antenna Channels
	Separability
	MAC-Z-BC network

	Future scope

	Summary

