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ABSTRACT

KEYWORDS: Resource Allocation; OFDM; Lyapunov stability; Limited channel

information; LTE

We address the problem of optimal downlink resource allocation in an OFDMA system,
in a scenario where very limited channel quality information (CQI) is available at the
base-station. Our work is particularly applicable in the context of the LTE downlink,
since the feedback mechanism we consider closely resembles one of the CQI reporting
modes in LTE. Specifically, the users only report the indices of their best M sub-bands
and an effective CQI corresponding to these best M/ bands. Our policy simultaneously
performs optimal sub-band assignment and rate allocation, by taking into account chan-
nel quality as well as the queue backlogs of each user. The technical novelty of our work
lies in exploiting a limit theorem on the best SNRs reported by the users, and combining
it within a Lyapunov stability framework. We show that our policy is throughput max-
imizing among all policies which are constrained to the CQI mechanism considered.
Numerical results indicate that in terms of throughput and average delay, our policy

compares favorably to existing resource allocation policies such as proportional fair.

We also address the problem of resource allocation in a generic single hop network
with a constraint on the deterministic delay of every packet. We tackle this problem by
using Lyapunov optimization technique together with the maximization of a concavely
extended utility function. The policy tracks the delay of the head-of-line data in each
queue and deterministically bound this number. We adopt a stopping rule based ap-
proach to analyse the evolution of the delay of the head-of-line data. We show that our
policy ensures deterministic delay guarantees and yield a thoughput utility that differs
from the optimal value by not more than an amount that is inversely proportional to
the delay bound. Our results hold for any generic single hop network with any random

arrival process and time varying channel rates.
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Lyapunov function

Condtional Lyapunov drift
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CHAPTER 1

Introduction

Orthogonal Frequency Division Multiplexing (OFDM) is employed in most of the emerg-
ing high data-rate wireless cellular standards such as Long Term Evolution (LTE) [8]
and IEEE 802.16 (WiMAX). In this thesis, we tackle the problem of optimal resource
allocation in downlink of an OFDMA system, in a scenario where very limited channel
quality information (CQI) is available at the base-station (BS). Our work is particularly
applicable in the context of LTE downlink, since the feedback mechanism we consider

closely resembles one of the CQI reporting modes in LTE.

In an OFDM system such as the LTE downlink, the available bandwidth (say 20
MH?z) is divided into several hundred sub-carriers (e.g., 512, 1024, or 2048). These sub-
carriers need to be allocated to multiple user equipments (UEs). In practice, a resource
block (RB) pair consisting of 12 contiguous sub-carriers and 14 OFDM symbols in
time is the smallest resource allocation unit [9]]. After accounting for unusable tones,

this leaves us with about 50 to 100 RBs to allocate to the UEs.

In order to schedule the UEs opportunistically, the base-station, in principle, needs
to obtain channel quality information from each UE, on each of the resource blocks.
This is highly impractical, since it leads to an enormous amount of control overheads
on the uplink. To overcome this, UEs in an LTE system report CQI to the base-station

in a very sparse manner.

1.1 Related Work

Various reduced feedback mechanisms have been studied in the literature in the context
of resource allocation in OFDM downlink. In [[14], the CQI of each UE is fed back
only for those sub—bandsﬂ whose quality is better than a certain threshold. The feedback

overhead is even more reduced in [26]], where the UEs report one-bit per sub-band

' A sub-band typically consists of one to three resource blocks.



whenever the channel quality exceeds the threshold. In [7]], an opportunistic feedback
strategy is considered wherein only the channel gains of pre-specified number of best
sub-bands are reported. A variation of this policy has been considered in [10, [11]. In
[10], the UEs feedback the average gain of the best M sub-bands and the corresponding
indices while in [11]], each UE reports an Effective Exponential Signal-to-noise ratio
Mapping (EESM) of the best M sub-bands and their respective indices. In effect, EESM
translates the different SNRs on parallel channels into a single effective flat-fading SNR
[32].

In this thesis, we assume a CQI feedback mechanism similar to [10, [11]], since it
closely resembles one of the CQI reporting modes — namely, the UE-selected sub-band
feedback mode — defined in the LTE standards [1]. Specifically, the UEs only report
the indices of their best M sub-bands, where M is a small number (say 2 to 5), and the
EESM corresponding to these best M bands.

Downlink resource allocation for OFDM systems has been studied from various
perspectives in recent years. In [15], resource allocation in downlink OFDM is posed
as a utility maximization problem, which includes proportionally fair resource alloca-
tion [18, 31] as a special case. The optimal power and sub-carrier allocation are then
determined using convex duality techniques. While [[15] assumed full CQI availability
except for an estimation error term, [27] takes imperfect CQI into account by factor-
ing for outages due to erroneous CQI at the base-station. In [34]], the authors consider
opportunistic resource allocation in OFDM under various fairness constraints, and pro-
pose a Hungarian algorithm based solution. It is worth noting that [15} 27, 34] assume
fully backlogged buffers (i.e., that the base-station always has data to send to the UEs),

and do not consider any queuing dynamics.

There is a vast literature on optimal server allocation to constrained queueing sys-
tems with time-varying connectivities. Most of the literature in this area based on the
landmark papers [30, 29] which introduced Lyapunov techniques for resource alloca-
tion. Subsequently, these Lyapunov methods, which explicitly take queue lengths into
account for making resource allocation decisions, have been applied in various contexts
including high-speed switches [20]], satellites [21], wireless [22]], and optical networks
[6]. In addition to being inherently throughput maximizing, Lyapunov based resource

allocation policies can also been used to ensure Quality of Service (QoS) metrics such



as delay guarantees [[17,16] and fairness [24].

In the above Lyapunov based resource allocation policies, the resource allocation
decision is based on the UE’s channel quality as well as queue backlogs, and these are
typically assumed to be available perfectly and instantaneously at the base station. In
contrast, [33] proposes a throughput optimal resource allocation algorithm under de-
layed channel information; their policy utilizes the conditional expectation of the chan-
nel quality, given the delayed measurements. In [19], a cross layer resource allocation
policy which maximizes the throughput under delayed CQI and takes into account the

channel outage event is proposed.

Another important point to note is that the above Lyapunov based resource alloca-
tion policies are optimal with respect to the network throughput but does not guarantee
any QoS requirements such as bounded delay. In [23], a delay based utility maximiza-
tion algorithm for a single hop network is proposed which guarantees a bound on the
deterministic delay of the packets. The policy also ensures that the throughput-utility is
very close to the optimal value. But the author restricts the class of arrival process to
bernauli arrivals which simplifies the analysis substantially. There has also been recent
work on low-complexity dynamic resource allocation for OFDM [3, 4] to ensure low

delay, but these papers do not consider sparse CQI feedback.

1.2 Owur Contributions

In the first part of the thesis, we propose a queue-aware resource allocation policy for the
OFDM downlink that is optimized for the specific form of the CQI available at the base-
station. As described earlier, we assume that the UEs only report the indices of their
best M sub-bands, where M is a small number, and the EESM corresponding to these
best M sub-bands. We develop a sub-band assignment and rate allocation algorithm
which is throughput maximizing under this CQI scenario, when the total number of
sub-bands is large. In other words, our algorithm is guaranteed to keep the queueing
system stable for all traffic rates that can be stabilized by any resource allocation policy

which is constrained to this CQI scenario.

One of the technical contributions of the paper lies in obtaining an explicit char-

acterization of the outage probability on each of the M reported sub-bands. In order

3



to obtain the outage probability expression, we exploit a ‘Gumbel’ limit theorem on
the joint distribution of the best M sub-bands, which subsequently leads to an explicit
expression for the conditional density, given the EESM. It is worth commenting that
the Gumbel weak limit is an attractor for the extremal values of a fairly large family
of distributions [2], so that our work does not crucially depend on the assumption that
the sub-band gains are i.i.d. Rayleigh distributed. Another distinguishing feature of our
resource allocation policy is that it naturally decouples for each sub-band, and does not

entail solving any computationally intensive matching problems [3, 34].

In the second part, we propose a delay based resource allocation algorithm based
on Lyapunov optimization technique which ensures deterministic delay guarantees for
every packet in any generic single hop network. We adopt a method which is similar
to [23] where the author uses the objective function as a concavely extended utility
function. The delay bound is guaranteed by tracking the waiting time of the head-of-
line data in all the queue during every slot and making the scheduling decisions based
on those waiting times. We model the evolution of the waiting time of the head-of-line
data using the stopping rule framework. Specifically, for any large enough integer D,
we can construct an algorithm that ensures all non- dropped packets have delay less than

or equal to D slots, with total throughput-utility that differs from optimal by O(1/D).

1.3 Organization of Thesis

The thesis is organized as follows. The Chapter [2| proposes a throughput optimal re-
source allocation algorithm for the LTE downlink. A delay based resource allocation
policy is proposed in Chapter [3| for any generic single hop network which is near
throughput optimal but guarantees an upper bound for the delay. The expression for
outage probabilities are obtained in Chapter 4| under the weak limit approximation. The
Chapter [5] presents the simulation results and finally the Chapter [ gives the conclusion

of the work.



CHAPTER 2

Throughput Optimal Resource Allocation Policy

In this chapter, we propose an algorithm for the throughput optimal resource allocation
in the context of the CQI feed back mechanism to that in LTE. Using Lyapunov stabilty
frame work, we prove that the policy is asymptotically throughput optimal by showing
that the policy can stabilize set of all arrival rates that can be stabilized by any other

policy.

2.1 System Model

Consider a downlink system with one BS and K UEs. The BS maintains a separate
queue corresponding to each UE. Time is slotted, and the queue corresponding to i*" UE
receives exogenous arrivals according to a random process. We denote the amount of
data that enters queue 7 during time slot ¢ by A;(¢), and the queue length corresponding
to the i'* UE during slot ¢ by Q;(t). We assume that the arrival process A;(t) is i.i.d.

from slot to slot, with mean \; and a finite second moment.

We assume that the channel between the BS and i** UE is a frequency selective
Rayleigh fading channel. We remark that this Rayleigh fading assumption is not crucial
to our work, but it makes exposition easier. OFDM transmission with V.. sub-carriers is
used. The SNR for the i UE on the ;" sub-carrier follows an exponential distribution.

The average SNR for the i*" UE is denoted as Vave,i-

We assume that the downlink channel gains of the UEs are not known to the BS
unless the UEs feedback their CQI to the BS. This corresponds to a scenario where
the uplink and the downlink channels are not reciprocal, or a scenario where the UEs
are not transmitting any data on the uplink, so that reciprocity (even if present) cannot
be exploited. In order to reduce feedback overhead, we assume that the sub-carriers
are grouped into N sub-bands in such a way that the channel can be approximated as

flat-fading in each sub-band. Further, we consider the ‘best M’ feedback mechanism



similar to [11], where each UE reports (i) the EESM corresponding to its best M (< N)
sub-bands, and (ii) the indices of those sub-bands.

Let +/ (t) be the SNR on the j** sub-band for the i UE in slot ¢ and YD), .., %(N) (t)

(2

be the ordered sub-band SNRs for i** UE in descending order. The EESM for the best
M sub-bands corresponding to the i** UE in slot ¢, denoted fy-ef !, is defined by

2

it 1 &L Pw
o (t) = —nln i Ze n , 2.1)
j

1

where 7 is a parameter that depends on the modulation and coding scheme (MCS).

Hence, the i*" UE reports the following two quantities to the BS during each slot.

(i) The EESM ~//,

(ii) The index set I; = {iy,dz,...0n},

where i; is the index of the j* best sub-band of the i’" UE.

Since we are considering a downlink problem, the BS is assumed to know the in-

stantaneous queue lengths @);(t) for all the UEs.

2.2 Problem Formulation

In this section, we develop a mathematical formulation of the optimal resource alloca-
tion problem. As mentioned earlier, the following information is assumed to be avail-

able with the BS during time-slot ¢ (for simplified notation, we omit ¢):
(i) The EESMs v/ = [i//, 77, 7]
(ii) The index sets [ = [I1, I, ..., k]

(iii) The queue length vector Q = [Q1,Q2, . .., Qk].

Given this information, our aim is to come up with a resource allocation policy
which can maximize throughput while keeping all queues at the BS stable. In order to

make this statement precise, we develop some terminology and notation.

A resource allocation policy performs the following two operations in each slot.



e Sub-band assignment: For each sub-band j that is reported by at least one UE, the
policy determines a unique UE to assign the sub-band. (Recall that a sub-band
can be allocated to at most one UE due to interference considerations, whereas a

UE can be allocated multiple sub-bands).

e Rate allocation: Given that j*" sub-band is assigned to i*" UE, determine the rate

r; ; at which data transmission will take place on j** sub-band.

From now on, we use the notation [i, j] for the i UE - j'* sub-band pair. In the
interest of simplicity, we restrict our attention to policies which allocate equal power to
all scheduled sub-bands, although our framework can be modified to include optimal
power allocation for different sub-bands. To be precise, define I = UK | I; as the set of
all distinct sub-bands reported by at least one UE, and let A1’ = |I| denote the number of
such distinct sub-bands. Assume that the BS has a power budget of P for transmissions
during each slot. Then, the base station allocates power P/M’ to each sub-band. Let

C; ; be the instantaneous capacity of [z, j]. Under the above assumptions, we have
p J
Cij=logy |1+ ) (2.2)
For a reliable communication over a sub-band, the rate assigned to [z, j], 7, ;> should
not exceed C; ;. Given ff / and the index sets I, we say [i, j] is in outage if the rate

allocated to [¢, j] is greater than C; ;. The outage probability for [i, j] when the assigned

rate is r; ; is defined as follows:
Pij(rig) = P{Ci; <rijl{, 1} 2.3)

We define a natural metric, namely goodput, as the average successfully transmitted
rate over a sub-band [28]. The goodput for [z, j] when the assigned rate is r; ; is defined

as follows:

Gij(rig) =rij(1 = P (ri ). (2.4)

Next, we briefly review the queueing dynamics and stability considerations of the queue-

ing system at the BS.



2.2.1 Stability considerations

The queue evolution equation for the i UE can be written as
Qi(t +1) = max{Q;(?) — pui(t),0} + A;(t), (2.5)

where A;(t) and p;(t) are arrival and service processes of the i UE queue. Here, y;(t)

is the amount of data served from the i"* UE queue during slot ¢, and can be written as

N
pa(t) = aigri i Hij(t).
j=1
In the above expression, a; ; denotes the fraction of time the j** sub-band is allocated

to the 7*" UE during slot ¢. Clearly

K

D a; <1 (2.6)

=1

Later, we will show that our optimal policy allocates a sub-band to at most one UE
during each time-slot. Next, H; ;(¢) is an indicator random variable which takes a value
1 whenever the transmission through [¢, j| during slot ¢ is successful and 0 otherwise.

Thus, P{H, ;(t) =0} = f)z]\j](rlj)

In the spirit of [13], we say that the queueing system at the BS is strongly stable if

for each UE ¢,
T

lim sup 1 > EQi(t)] < . 2.7)

T=ee 20
Denote by P the family of all resource allocation which allocate equal power to all
scheduled sub-bands, and have access only to the parameters ff f.I,and Q in order to
make the resource allocation decisions during each slot. Let A be the stability region
of the network, which is defined as (the closure of) the set of all arrival rates A =

(A1, Ag, ..., A\g) for which there exists some policy IT € P under which the queueing

system is strongly stable.

Our goal is to find a resource allocation policy in P which is throughput optimal, in
the sense that it keeps the queuing system stable for all arrival rates in the interior of A.

We propose the throughput optimal resource allocation algorithm in the next section.



2.3 Throughput Optimal Resource Allocation Policy

During each time slot, the scheduler at the BS observes ff f.I,and @, and implements

the following steps :

1. Determine I = UX I, and M’ = |I|.
2. forj =1to M'do
3. Determine U; = {i|j € I}.

4. Calculate an estimate of the outage probability f’” (r) as a function of r for each
i € Uj. (See Chapter 4)

5. Calculate

A

i, = argmax{r(1 — P,,(r))} Vi € U,

2,

6. Calculate

~

i() = argmax{ Q:(0)rs, (1 — Piy(ri,)}

7. Assign j™ sub-band to i(j)"* UE, and transmit at rate T g

8. end for

2.3.1 Discussion

In the first step, the scheduler determines the set of all distinct sub-bands reported by
the UEs. Then, for each such sub-band j, the scheduler determines the set U; of all UEs
who report that sub-band as being one of their best M sub-bands. In step 4, the outage
probability on [i, j] is computed, as explained in Section 4| In step 5, the scheduler
computes the rate that ensures the best goodput for each UE ¢ € Uj;. Finally, in steps 6
and 7, the scheduler assigns j* sub-band to the i"* UE that has the maximum queue-

length goodput product.

Notice that the above algorithm assigns every reported sub-band to a unique UE.

Also, no power is assigned to sub-bands that are not reported by any UE.

2.3.2 Lyapunov Analysis

In this section, we derive the optimal resource allocation policy as a Lyapunov drift

minimizing policy, and prove that it is throughput optimal. We define the quadratic



Lyapunov function
K

L(Q(t) = D _(Qi(t))%,

=1

and consider the conditional Lyapunov drift

AQ(1) =E{L(Q(t+1)) - LQ1))IQ*)} -

We obtain the following inequality by squaring the both sides of (2.5]).

Taking the sum over all the UEs and using the fact that the sum of squares of non-
negative variables is less than or equal to the square of the sum, we get the following

inequality.

LQ(t+1)) = L(Q(t)) < Z(Ai(t))Q +2)  ADQi(?) (Z > az‘,sz‘,sz',j(t))

i=1 j=1 i=1

K N
-2 Z Qz (t) Z ai,jri,jHi,j (t) (28)
i=1 j=1

Using (2.6), we get the following upper bound
K
> " airiHij(t) < max{Ci;} < o0, V j.

=1

Thus, taking conditional expectations and exploiting the independence of A;(t) and

Qi(t), we get

AQW) = B+2Y Qi) =23 Qitaimis(1 = Pylrig),  29)

i=1 j=1

where

B= (Z m?X{Ci,j}> + Z]E [4;(1)*] < oo

10



We know from [13, Lemma 4.1] that the Lyapunov drift becoming negative for large
queue backlogs is a sufficient condition for the strong stability of the queueing system.
With this in mind, we seek the policy that maximizes the negative term on the right

hand side of (2.9). We therefore formulate the optimal resource allocation problem as

follows.
K N
max  » Y Qi(t)ai;Giy(ri), (2.10)
{aij}{ri, i} =1 =1
subject to
K
doay < LV (CD
i=1
a;; = 0,Vi,j, (C2)

ri; > 0,Vi,7. (C3)

We assume that it is possible to come up with modulation and coding schemes for any
desired rate r; ;. Then, the above problem is a convex optimization problem and the
solution can be obtained easily by using Karush-Kuhn-Tucker (KKT) conditions [3].

The solution is discussed next.

2.3.3 Minimizing the Lyapunov Drift

We now solve the convex optimization problem (2.10) and arrive at our resource allo-
cation policy. Introducing the non-negative Lagrange multipliers {c;},{5; ,}.{;;} for
constraints (C'1)-(C3) respectively, the following conditions also must be satisfied at
the optimal solution (superscript (-)* denotes optimal values).

1]

. 0Gi;(r7;)

Qit)aj ;5 + 01, =0, Vi, (2.12)
1/7]

11



K
a <Za;j—1> = 0, VY] (2.13)
=1

riai, = 0, Vi, (2.14)
orri; = 0, Vi, (2.15)

Proposition 1. The optimal sub-band allocation for problem (2.10) assigns a sub-band

exclusively to the UE with the largest corresponding queue-length goodput product.

0Gi,;(r ;)
ori;

Proof. It follows from (2.15]) and (2.12) that ifr{j > (0, then 5Zj =0,i.e., =0.

Thus, 7, is obtained by maximizing goodput of i'" UE on j*" sub-band (Step 5 of our
policy in Section ??). Similarly, it follows from (2.14) and (2.11)) that if a;; > 0, then

]

«;. Hence, the 4" sub-band is assigned to the UE with largest queue-length goodput
product Q;(t)G; ;(r; ;). If multiple UEs have the same queue-length goodput product
for the same sub-band j, the sub-band can be shared in any arbitrary manner among

these users without affecting optimality in terms of the objective function in (2.10). [

Proposition 1 shows that the optimal sub-band allocation assigns each reported sub-
band j to the UE which has the maximum queue-length goodput product on the j**
sub-band. This establishes that the policy in the Section [2.3] minimizes the Lyapunov
drift.

Since the proposed policy ensures the “most negative” Lyapunov drift among the
class P, it seems plausible that our policy should be able to stabilize the queueing
system, whenever some policy in P can do so. The following theorem asserts that this

is indeed true.

12



Theorem 1. The resource allocation policy proposed in Section is asymptotically

throughput optimal, when the number of sub-bands is large.

Proof. If the arrival rate vector A is stabilizable by some policy II € P then de =

(61, €2, ... ,EK) with €; > 0V ¢ such that

i <Zb”r” — P i(ri;) —e, Vi,

where b; ; is the fraction of j sub-band allocated to i" UE and 7; ; is the rate assigned
to [7, j] by policy IT. Next, we invoke Scheffé’s Lemma [23]], which asserts the uniform

convergence of | P, ;(r) — P, ;(r)| to zero. Thus, for large N,

‘Pi,j(r)_ ( )’<6 vraimja

1,57

where (5N is a small positive number independent of r.. Hence, for large IV,
L= Pj(r) =6 <1—=Pij(r) <1 =Py (r) + 0 (2.16)

Since for every sub-band, our policy assigns a; ; and r} ; such that S Qitar (1=

P, 4(r7;)) is maximized, the following inequality holds good V' j, {b; ; }, {ri}.

Using (2.16) we get,

K K
ZQi(t)bi,jTi,j(l - ‘PZ] rl] Z 1] ’L] _Piyj(r;k,j) +6z],\g)
i=1 =1
Therefore, for our policy, the Lyapunov drift can be upper bounded as
K N
Q) < 53000 (6= Yty +hor )

j=1

Note that at most M of the a;; and b;,; are non-zero for each user ¢ which ensures that

the summation is finite even if N is large. Thus, for any ¢, there exists a large enough

13



N for which N
€ — (a* r*-—l—bi,jri,j)&-j >0, VZ,

i?j Z?] ,L7
Jj=1

which ensures that the Lyapunov drift becomes negative as queues grow. i.e., the pro-
posed policy stabilizes all the arrival rates which can be stabilized by any other policy

for large enough V. Hence it is asymptotically throughput optimal. ]

14



CHAPTER 3

Delay Based Resource Allocation Policy

In this chapter, we develop a resource allocation policy for a generic single hop network
based on the Lyapunov optimization technique described in [13]. Since we impose an
additional constraint that the delay of the data should be deterministically bounded it
is intuitive to expect that certain arrivals have to be dropped from the buffer inorder
to ensure stability for all arrival rates inside the stablizable region of the system. We
adopt a method which is similar to [23]] where the author uses the objective function as
a concavely extended utility function. The delay bound is guaranteed by tracking the
waiting time of the head-of-line data in all the queues in every slot and by making the

scheduling decisions based on those waiting times.

3.1 Network model

Consider a time slotted generic single hop network with K links numbered as {1,2, ..., K}.
The data arrive randomly every slot and are put into separate queues for different
links. Let A;(¢) be the amount of data arrived into queue ¢ during slot. The ar-
rivals to the network are assumed to be i.i.d. over slots and independent over different
queues. We assume that the amount of data that can be arrived to a queue in one slot
is bounded above by A,... Let A = (A1, A2, ... Ak ) be the arrival rate vector. Let
Q(t) = (Q1(t), Qa2(1),...,Qxk(t)) be the queue-length vector for the network in the
beginning of slot £. The data in the queue are marked with their integer arrival times
which is used to determine the waiting time in the system. The queue evolution is given

by the following equation.

Qi(t +1) = max{Q;(t) — pi(t) — Di(t), 0} + Ai(t)

where y;(t) is the service given to queue 7 during slot ¢ and D;(t) is the amount of data

dropped from the i*" queue during slot ¢. The link capacities are assumed to be time



varying and are denoted by C'(t) = (C4(t),Cs(t),...Ck(t)) for the K links during
slot . We assume that the capacity of the link is upper bounded by C,,.. Let 1.(t)
denote the link quality information available at the controller during slot £. Due to
the limited link state information at the controller, the transmission can become failure
whenever the rate exceeds the capacity of the link. Let z(t) = (z1(t), z2(t), . .. xx(t))
be the transmission rate vetor during slot . Let P?“!(z;) be the probability that the
trasmission rate x; exceeds the capacity of the link ¢ given the link state information

I.(t) at the controller. The service rate p;(t) is given as follows.

where 1;(¢) is an indicator random variable that takes 1 when the transmission through
link 7 is successful. Thus
1 with probability 1 — P (x;)

1;(t) = @D
0  with probability P (x;)

(2

For each queue i, define Y;(t) = A; — D;(t). Let y be the time average expectation of
Yi(t)

=\ — lim - ZE{D

t—oo t

The vector y is the difference between the rate of arrivals and the rate of droppings, and

hence it represents the throughtput vector provided the queues are stable.

3.2 The Optimization Objective

The goal is to propose a delay-based transmission scheme with data dropping that the

solves the following problem :

)s (3.2)

max ¢(

IQ

16



subject to

y € A,

0< v <\, Vi,

where g(y) is a continuous and concave utility function of the K'-dimensional vector.
The function is assumed to be defined over the hyper-cube ) = {g 10 <y < ApaaVi}

We make the following additional assumption.

Assumption 1 : For each queue ¢, for any vectors y and w such thaty € V, w € Y

and y +w € ) we have :

gy +w) < gly Z%wu (33)

where v; > 0V i. Note that the assumption is equivalent to say that for each 4, the '

partial derivative of g() is bounded above by a finite constant v;.

Let g* be the maximum value of the objective in the problem (3.2). Our aim is
to find a policy which achieve a utility close to ¢g* and simultaneously guarantees a
deterministic delay bound for the non dropped data. In the following sections, we define

the required machinery to obtain the solution easily.

3.3 Concave Extension of Utility Function

Suppose that g(y) satisfies Assumption 1, and define the concave extension of g(y) as
the function §(y) defined over the extended hyper-cube Yy = Wl —Amae <y <

Apae V i} given by,

3(y) = g(max{y,0}) + Z v; min{y;, 0},

i=1

where max{y,0} = (max{y;,0}, max{y,,0}, ..., max{yx, 0}). Since (3.3) holds, we

have the following inequality.
9(y) < 9(y,) + vilyi + Amaa), (3.4)

17



where y. is formed from y by replacing y; by — Ajnaz- This method of concavely ex-

tending the utility function is crucial to control the delay to be bounded.

3.4 Equivalent Problem with Virtual Queues

The optimization problem (3.2) can be easily transformed to the following problem

using an auxillary vector ¢(t).

max §(¢), (3.5)

subject to

i > ¢i Vi,
_Amaxg gbz SAmaanViy

< oo,

where @Q and y are achievable on the network and @ = limy_, + S, E{Q(7)}.

We solve the above problem by using the Lyapunov optimization technique for sta-
bilizing a set of virtual queues Z(t) = (Z1(t), Za(t), ..., Zk(t)) with the update equa-

tion as follows. For the ‘" queue,

Stabilizing this virtual queues ensures that the first constraint in problem 1s satis-
fied. Note that the virtual queue updation equation needs the knowledge of the actual
arrival rate vector A. In-order to incorporate the delay into the resource allocation pol-
icy, we define W;(t) as the waiting time of the head-of-line data in the i'* queue on slot
t. Let W;(¢) = 0 if the queue 7 is empty. Let N;(¢) be the amount of head-of-line data in
the i*" queue. Define 1¢,(f) as an indicator variable that is 1 if Q;(¢) > 0, and is zero if
the queue is empty. Define 1p, () as an indicator random variable which takes a value
1 whenever D;(t) > 0 and zero otherwise. Let 1y, () be an indicator variable which

takes a value 1 if V;(t) > pu;(t) and zero otherwise. We observe that 1V;(t) satisfies the

18



following update equation.

Wit +1) = 1g,(t) max{W;(t) + 1 — p(1p,(t), Ji(t), In; (1)), 0} + (1 — 1, (t)) La, )

(3.7)
where p(1p,(t), Ji(t), 1n,(t)) represents the time after which the data at the head-of-
line at the end of slot ¢ (after the service during slot ¢) have arrived with respect to
the arrival epoch of the head-of-line data in the beginning of the slot and 14, is an

indicator variable which takes 1 if A;(¢) > 0 and zero otherwise. We have,

0, 1p,(t) =0& Ly, (t) =1
p(]‘Di(t)7 Ji(t>7 1Ni<t>> = Ti(t% ]‘Di(t) =1& 1N¢(t) =1
i(t), Ly,(t) =0
where y
Ji(t) = minfw | Y~ Ai(t — Wi(t) +7) > pi(t) — Ni(t)}. (3.8)
and

Ti(t) = min{w |A;(t — W;(t) + w) > 0,w > 0}.

The update equation of the waiting time of the head-of-line data given by can be
understood as follows: If the queue is empty, the value of W;(¢ + 1) is 1 if and only
if there is a new arrival in the current slot ¢. Alternatively if the queue is non empty,
;(t) amount of data is served from the queue. Now if 1;(t) is less than the amount of
head-of-line data in the queue (i.e., 1x,(¢) = 1), then the remaining packets are either
dropped or retained in the queue. Hence W;(t + 1) can become W;(t) + 1 — T;(t)
or W;(t) + 1 depending on the value of D;(t). Here, T;(t) represent the interarrival
time between the head-of-line data and the subsequent arrivals. On the other hand, if
1n,(t) = 0, the data which arrived J;(¢) slots after the head-of-line data will become

the new head-of-line in the next slot which makes W;(t + 1) to be W;(t) + 1 — J;(1).
Claim 1. For any queue i in every slot t,
p(Lp, (1), Ji(t), 1w, (8)) = Ji(t) — 1 (3.9)

Proof. Note that J;(t) becomes 1 whenever 1y, (t) = 1. Hence, whenever 1y, (t) = 1,

irrespective of whether data are dropped or not, p(1p,(t), J;(t),1) > Ji(t) — 1 = 0.
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]

Without loss of generality, assume that \; > 0 for all the queues (else, just re-
move the queues that have no arrivals). Define O(t) = [Z(¢); W (¢); N(t)] where
Wi(t) = (Wi(t), Wa(t),... Wk(t)) and N(t) = (Ny(t), No(t),... Nk(t)) . We use

the following non-negative Lyapunov function:

L(O(t)) = 1ZZZ-@)? +lz/\iWi(t)2. (3.10)

3.5 Minimizing the Drift-Minus-Utility
Define A(©(t)) as the conditinal Lyapunov drift given by,
AO() = E{L(O(t +1)) - L(O®)|O()} -

Now using the Lyapunov optimization frame work in [13], our strategy is to make
transmission and dropping decisions to minimize a bound on the following drift-minus-

utility expression every slot:

¢ =A(O(1) - VE{g(o(1))[O)},

where V' is a non-negative control parameter. We have the following preliminary lem-

mas.

Lemma 1. During every slot t, for queue i
E{J;(t)*|0(t)} < oo
Proof. We have,
{Ji(t) = n} = {A"7F < () — Ni(£)} N {A" > pu(t) — Ni(t)}

where A" = " | A;(t — Wi(t) + 7). Define P, = P(J;(t) = n|O(t), p;(t) = p).
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Now, Conditioning on z;(t) = p, we have,
P, <P{A"' < — Ni(t)}
<P{A" ! < Crae}

Let m be the number of slots between ¢t — W;(t) and ¢t — W;(t) + n (excluding the

boundaries) in which there are no arrivals. Now, if n > | Cj,4.| + 1, then
m>n—1—|Cha]

Hence, for n > |Chrae] + 1
n—1—|Cmaxz |

< koay
where ag = P(A;(t) = 0) and k; and ks are finite constants. Now,

E{J:(t)|0(t), ms()} = ) _n*Py

o
< k3 + ko Z nzag < 00
nzl_cma:cj‘i‘l

where k3 is a finite positive constant. Hence E{J;(¢)?|©(t)} < oo. O

21



Lemma 2. Every slot t, the Lyapunov drift satisfies:

K

K
A©O() < B =Y Z(HE{Yi(t) — :i(1)[O(1)} — Y MWi(E{Ji(t) — 2|0(t)},
i=1 i=1
where B is a finite positive constant.

Proof. We get the following inequality by squaring (3.6).

Zi(t+1)° < Zi(1)* + ¢i(t)” + Yi(t)* = 2Zi(6)(Yi(t) — ¢i(t)) — 2Y(t) i (1)

Summing over all the queues and taking conditional expection we get,

E{Z(Zi(t +1)* = Zi(t)")|0(t)} < By — 2ZE{Z¢(75)(YZ-(25) —¢:(1)|0(1)}

where B is a finite positive constant. Now using (3.7)) and Claim|[T] we get the following
bound.

Wit +1)2 < Wi(1)2 + 4+ Ji(t)* — 2Wi () (Ji(t) — 2)

Summing over all the queues, taking conditional expectation and using Lemma

E{Z A(Wi(t+1)* = Wi()*)[O(1)} < By — 2> NE{W;(t)(Ji(t) — 2)[O(t)}

=1

where Bs is a finite positive constant. Adding the above bounds, the Lemma follows

directly. [
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Lemma 3. Every slot t, the drift-minus-utility satisfies :

(< B3+ 2(2/\1' + Ni())Wi(t) — E{Vg(e(t)) — Z Zi(t)oi(1)|O(t)}
- Z Zi(OE{Yi(1)[0(t)} — Z Wi () E{ i (2)|O(2) },

where Bs is a finite constant.

Proof. Every slot t, conditioning on the service p;(t), the random variable J;(¢) can be
viewed as a stopping rule which depends on the set of independent arrivals to the 7"

queue. Applying Wald’s equality we get,
E{A"O (), ©(t)} = NE{Ji(1) | (), O(1)} (3.11)

where A%® = S~ At — Wi(t) + 7). Clearly, by definition of J;(t), A%®) >

pi(t) — Nz’(t)_

E{Ji(t)|pi(t), O(t)} > N (3.12)

Now taking expectation over y;(t) we get,
E{J;(t)|0(t)} > E{“i(t”@(;)} - Nilt). (3.13)
From Lemma 2] and (3.13)), the lemma follows directly. O

Our delay based resource allocation policy in the next section makes control deci-

sion for ¢(t), D(t) and the also the transmission rate allocation.
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3.6 Delay Based Resource Allocation Policy

During slot ¢, the BS observes O(t), /.(t), and perform the following operations.

1. Congestion control step:
Choose ¢(t) as the solution to the following problem:
K
max Vi(e(t)) — > Zi(t)eu(t) (3.14)

i=1

subject to

_Amax S ¢z(t) S Amaz> \V/Z,

2. Transmission rate allocation:

Choose {z;} as the solution to the following:
K
max Yy (Wit) + mq(t) Zi(t))z:(1 — P (x;)) (3.15)
i=1

where m;(t) = 1 if W;(t) > Z;(t) and zero otherwise. Transmit p;(t) =

7;(t)1;(t) data from the i*" queue.

3. Dropping decision:
If m;(t) = 1 and N;(t) > p;(t), then drop the remaining head-of-line data in the

i'" queue.
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The following lemma is useful to prove that the delay is deterministically bounded.

Lemma 4. If Z;(t) > Vv, for a particular slot and queue 1, then the congestion control

step in the above policy chooses ¢;(t) = — Apax for that slot.

Proof. The value of ¢;(t) is determined by maximizing V' g(¢(t))|O(t) —S K Zi(t)pu(t)
over —Apae < ¢i(t) < Apaz. By lh we know that for any vector ¢(t) such that
_Amam S ¢z(t) S Amaz’

V(o) = Y Zn()om(t) < V(8,(0) + Vri($i(t) + Amar) = D Zn(t)bm (1)

m=1 m=1
Because Vi; < Z;(t), the upper bound is maximized at ¢;(t) = — A4, and equality
holds if and only if ¢;(t) = — Aq.- Hence the lemma. O

Theorem 2. The delay based resource allocation policy given above minimizes the
upper bound for the drift-minus-utiltiy given in Lemma[3] i.e., the following quantity is

maximized:
E{V3(¢(t)—>  Zi(t)$i()|O)}+D  Zi(t)E{Yi()|O(t)}+ Y Wilt)E{pi(t)|O(t)}

=1 i=1 =1

Proof. Note that the ¢;(t) terms appear separably in the expression, and hence they can

be optimally chosen by maximizing the following quantity:
K
V(o) = Zit)ou(t)

i=1

subject t0 —Aae < ¢i(t) < Apnae for all queues . This is precisely the congestion

control step of the policy.

Next, we have to maximize the following quantity by optimally allocating the re-

sources to the users:

Y WiOE{m ()0t} = Y Z(HE{Di(1)|e(t)}

i=1 =1

The amount of data dropped from the queue i in slot ¢, D;(t) is given by,

D;(t) = m;(t) max{N;(t) — p;(t), 0}
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The above equation can be understood as follows. When m;(t) = 1i.e., W;(t) > Z;(1),
and also if there are more data in the head-of-line of queue ¢ than the service in slot ¢,
then the remaining data are dropped. In any other case, no data are dropped from the

queue. This is exactly the dropping strategy given in the policy. Now,

E{Di()|0()} = mi(t)P(pi(t) < Ni(t))(Ni(t) — E{pi(8)[O(2)}),
< mi(8)(Ni(t) — E{m()|O(t)})
Now, maximizing (3.6)) is equivalent to maximize the following:
Z(Wz(t> +m;(t) Zi()) E{1:(t)|©(1) }.

This is precisely the transmission rate allocation step in the proposed policy. O]

Theorem 3. The proposed resource allocation policy ensures a deterministic bound on
both the virtual queue size and the delay of the head-of-line data in every queue in every

slot. More precisely, for any queue 1,
Zi(t) < [Vyi] 4 2400 and Wi(t) < [V + 2A 04z (3.16)

Proof. Consider the i’ queue. Att =0, when the queues are empty, clearly, Z;(0) <
[Vvi| + 2A04. and W;(0) < [V;| + 2A,4.- Hence the theorem holds for ¢ = 0. We
use this as the basis for the following proof by induction. We assume that holds
for given ¢. From (3.6) we have,

Zi(t+1) < Zi(t) + Dy(t) + ¢5(t) < Zi(t) + 2Aman-

If Zl (t) S (Vl/l—‘ , then ZZ (t—|— 1) é (Vl/l—‘ +2Ama:c Now if Zl (t) > [VVZ—‘ s by Lemma
¢i(t) = — Az and hence Z;(t+1) < Z;(t) < [Vv;|4+2A, 4. Therefore, by induction,
Z;(t) is bounded above as in (3.16). Similarly from (3.7) we have,

Wi(t+1) < Wi(t) + 1.

If Wi(t) < [Vui] + 2Amae — 1, then Wi(t + 1) < [Vy;| + 24,02 Now if Wi(t) >
(V] + 2A00 — 1, then Wi(t) = [V;| + 24,40 (since W;(t) must be an integer)
which makes W;(t) > Z;(t) and hence the head-of-line data will be completely drained
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off (either by successful transmission or if not by dropping). Therefore, W;(t + 1) <
Wi(t) < [Vv;| + 2A,.4. and hence by induction, the theorem holds for all ¢. O

Theorem 4. The delay based resource allocation policy ensures the delay of all non-
dropped data to be less than or equal to D slots, with total throughput-utility that differs
from optimal by O(1/D).

Proof. Clearly Theorem 3| asserts that the delay of any non-dropped data in the ‘"
queue is bounded by [Vv;] + 2A,,4. slots. Hence by choosing V' such that, D =
[Vimaz | + 2Amae Where vy,,, = max; v;, the delay of any non-dropped packet can be

deterministically bounded by D slots.

Now by Theorem 2] the proposed policy minimizes the drift-minus-utility. The Lya-
punov Optimization given in [13, Theorem 5.4] says that the policy which minimizes

the drift-minus-utility gives a lower bound for the throughput-utility as follows.
limtinf g(y(t)) > g*— B/V, (3.17)
—00

where y(t) = A — 1 S°I_UE{D(7)}. Hence the throughput differs from the optimal by
O(1/D). O

27



CHAPTER 4

Derivation of Outage Probability

In this section, we describe how the BS estimates the outage probability on [¢, j] in Step
4 of our algorithm, using only the parameters ff / and I. We utilize a limit theorem
on the order statistics of the SNRs to derive an expression for the conditional joint
distribution of the SNRs on the best M sub-bands for each UE, given the EESM and
the sub-band indices. For ease of exposition, we assume that the SNRs on the sub-
bands of a given UE are i.i.d. exponentially distributed. This assumption will hold well
in the case of Rayleigh fading in a rich multi-path environment, with number of paths
comparable to the number of sub-bands. However, we remark that the limit theorem
we are about to exploit holds for a fairly large class of distributions — namely, those
which lie within the Gumbel domain of attraction [2]. Therefore, our policy remains

asymptotically throughput optimal for this class of sub-band SNR distributions.

We first state a result which follows from [12, Theorem 15] regarding the order

statistics of M extremal values, drawn from /V i.i.d. exponential random variables .

Theorem 5. Let 71, Zs, ..., Zn be a sequence of i.i.d. unit exponential random vari-
ables, and Z 1y, Z(3), . . ., Z(n) be the corresponding order statistics in descending or-
der. Then

(e72w e 2@, . e7Zon) 2 (Y1, Ys, ... Yar),

as N — oo, where Z(i) =Zyp—InN,Y; = Z;Zl X and X;s are i.i.d. unit exponential

random variables.

Proof. Notethat1—e %1, 1—e~%2 ... 1—e %N isasequence of i.i.d. standard uniform

random variables. Now directly applying the [[12, Theorem 15], the result follows. [J

Lemma 5. Let Y™ = (Y1,Y,,...,Y,) with the entries Y; = ' | X; Vi=1,...,n,
where X ;s are i.i.d. unit exponential random variables. The joint pdf of Y™ s given
by

fyoo (W yasoyn) =70 <y <yp <L <y 4.1



Proof. Let fx,(x;) and fy,(y;) denote the pdf of X; and Y; respectively. Thus,
fx,(x) =€ x> 0,Vi.

Consider n = 2.

Sy Y1:v2) = i (1) ravizn (v2), 0 <yn < o,

= fX1(y1)fX2 (?/2 - y1)7

=e ¥, 0 <y <.

Hence the lemma holds for n = 2. We use this as the basis for the following proof by

induction. We assume that the (4.1]) holds for given n. Then,

Sy W y2e - Ynt1) = fyo (Y Ys - Yn) fy o iy ™ =(gryogm) (Unt 1)

= eiyann+1(yn+1 - yn)y

= ¢ Unt1, 0<y1 <y < ... < Ypt1-

So by induction, the lemma holds for all n > 2. O

Consider the 7" UE. Let S/ = e~ =0 N) for j = 1,..., M. Assuming that the
number of sub-bands N is large, we can use Theorem [5]and Lemma/[5], to approximate

the unconditional joint pdf of S = (S1, 82, ... SM) as

fsan (51,82, ,5m) =€ ™, 0<5 <5y <o <osyy

=i

Numerical results indicate that this approximation is good even for moderate values of
eff . . .
N. Next, define S; I = e~ =InN), Choosing the parameter 7 in (2.1)) as unity for

simplicity, we have
Selt — € i S
7 M = 7

Note that Sfff is known to the BS. Next, conditioned on Sfff =sand [; = I, §§M)

takes values only on the hyperplane ﬁ Z]J\il Sg = 5. Hence, we ignore the M'™" best
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SNR and calculate the joint CDFof (Sk,...SM=1 5¢/7Y as follows.

1 M—1
FS}’MSZM—l’Sfff<Sl, oS-, 8) =P(S; <sq,..., ] < Spm—1, Sfff <s),
M-1
=P(S} <sy,.. .,SZ«M_I < sy, SM < Ms — Z s;),
j=1
M—1
== §EM)(81,...SM,1,MS— ZSJ').
j=1
Now taking the partial derivatives with respect to sy, ..., sy-1, S, we get,
M-1
fSilp--SqM_lanff(sl’ e Spm—1, S) = Mfﬁ(_M)(Sl, oo SM-1, Ms — Z Sj),
j=1

M-—1

M—1
= Me WMs=Xi= %) <51 <sy<...< Ms— Z 5.
j=1

Next we calculate the conditional joint pdf of the best M — 1 sub-bands.

fo1  gu— ?ff(sl e SM-1,5)
fs(l\/lfl) Seff— ]._I<317 52, L 7SM71) — 57, »~~.Sl ,Sl ’ ) 7
S fgers(s)

_ o M-1 M—1
Me (Ms Zj:1 s;5)
= f () 7O§51§52§---§M8—ZS]'.
Sieff S j:1

Now, we can find the conditional marginal density f; (sj)forj=1,...,M—

|5 =5 ;=1

1 by integrating out the other variables in the above expression. Similarly, the f 015 s 1= (sar)
can be obtained by ignoring the best sub-band SNR. The outage probability can thus be

determined as

p’i’ij <T) - ]P)(Cl’lj < r‘,y?ff =7 [z = [>7

7

= Plogy(1 + ) <y =, L= 1),

. S (4.2)
=P(S] > Ne w |Si7f = Ne™" I, = 1),

N
:/ Tsiisett e g=r(53)ds;.
Y

2" -1

where y = N e< i > . Closed form expressions for the outage probabilities 1) can

be obtained through some tedious computations.We provide explicit expressions for the

'F(.) denotes Cumulative Distribution Function (CDF).
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cases M = 3 and M = 4 in Appendix |Al The outage probabilities computed in (4.2)

are used in Step 4 of the resource allocation algorithm.
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CHAPTER 5

Simulation Results

In this section, we present simulation results that demonstrate the throughput gains
achieved by the proposed policy over other existing policies. We also demonstrate that
the limiting approximation we use to obtain closed form outage probability expressions

1s a good approximation.

The proposed policy (labeled as “optimal” in the plots) is throughput optimal among
all policies that use the limited channel feedback scheme described in Section ??. Three
important components of our policy are: (1) evaluation of the conditional expected
CQI for each sub-band from the EESM, (2) evaluation of goodput while accounting
for outage probability, and (3) optimal utilization of queue length information. To
illustrate the importance of each component of our proposed policy, we compare the
proposed policy with the following policies (each of the heuristic policies ignores at
least one component of our proposed policy): (1) a throughput optimal policy with
perfect CQI (labelled “Perfect CQI”), (2) a policy that uses queue length information
but assumes that the reported EESM is the CQI for all the best M reported sub-bands
(labelled “Heuristic 17), (3) a policy that uses queue length information and evaluates
the conditional expected CQI for the best M reported sub-bands without accounting for
outage probability (labelled “Heuristic 2”), and (4) a proportionally fair rate allocation
policy that uses the conditional expected CQI and goodput evaluation without using

queue length information (labelled “PF”).

A single-cell OFDM downlink with K = 100 UEs is simulated. The number of
subcarriers is 512 and there are 12 subcarriers in each sub-band. Two channel models
are considered: (1) IID sub-bands, and (2) Correlated sub-bands resulting from a 6-
path channel with an uniform power-delay profile where each path is Rayleigh fading.
The arrival traffic for the i** UE is assumed to be Poisson with with parameter );. The
channel feedback from each UE is assumed to be the best M sub-bands and EESM for

these sub-bands.

Figures [5.1] and [5.2] show the average queue length (averaged across UEs and time
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slots) versus the aggregate arrival rate (i.e., sum of \;’s) for the IID and correlated sub-
band cases respectively. \; is chosen as i), i.e., each UE has a different arrival traffic
rate, and A is varied to change the arrival traffic load. Also, M = 3 and the number
of sub-bands NV = 43. It is clear that the proposed policy can support significantly
higher arrival traffic for the same average queue length than the heuristic policies. The

Perfect CQI policy is also shown to quantify the loss due to limited feedback. It is also
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clear that the proposed policy provides similar performance gains even in the correlated

sub-band case. Similar results have been observed for M = 4 (figures [5.3]and [5.4).

Figure [5.5] shows the conditional CDF of the CQI of the best sub-band given a
particular EESM for the best M sub-bands. Four cases of N (the total number of sub-
bands) are shown. Note that the number of subcarriers is 12/V. It can be observed that:

(1) the weak limit approximation is very good for N = 22 and N = 43, and (2) the [ID
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and correlated sub-band cases are not very different.
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CHAPTER 6

Conclusion

We proposed two queue-aware policies for allocating sub-bands in the LTE downlink
when each UE reports the best M sub-band indices and a single effective CQI for these
bands. The throughput optimality of the first policy was shown using the Lyapunov
stability framework. The policy assigns each sub-band to the UE with the best queue-
length goodput product for that sub-band. The goodput was obtained by deriving an-
alytical expressions for the conditional outage probability of each sub-band given the
effective CQI. The conditional outage probability was derived by exploiting a limit the-
orem on the joint distribution of the SNR of the best sub-bands. The proposed policy
supports signifcantly higher arrival traffic than existing policies like: (1) proportional
fair allocation based on CQI that does not consider queue information, (2) queue-aware
policies that use the effective CQI as the CQI of each sub-band, and (3) queue-aware
policies that do not account for outage in the estimation of goodput. The second policy
ensures a bound on deterministc delay, say D slots, for all the UEs provided the through-
put is not less than the optimal value by O(1/D). The policy is obtained using Lya-
punov optimization technique which involves minimization of drift-minus-utility. The
concavely extended utility function is used in the analysis which is crucial in bounding

the delay.



APPENDIX A

Expressions for Outage Probability for special cases

Case 1. No of sub-bands reported, M = 3.

The region for which the conditional joint pdf of S} and S? is non-zero is shown by

the shaded area in Figure [A.1

S2

Figure A.1: Region for which the conditional joint pdf of S} and S? given S&7/ = s is
non-zero

We can find the marginal density as follows. Note that conditional pdfs are non-zero

only for the specified region.

(i) Pdf of S/7.
— For 0 < s < o0,
. 3sa
fsfff(S) :/ / ’ 3e”Bs=51792) s, s,
0 Jsi ; )

9
= ée*s + 56735 —6e 2.

(i1) Best sub-band SNR.
— For0 < s; <5,

3s—s
5 3p(Bs—s1-s2)

f 11geff_g S :/ -~
Sz"Si - ( 1) 51 fsieff(s)
66(7%+%) — 6@231

3127 4+ 9¢2

d527




(iii) Second best sub-band SNR.
— For0 <35y, <s,

e = [
eff_g(52) = — o adsy,
SHSE = 0 fsfff(s)
B 6e*2(—1 + €°2)
3 12e% + 9e2s

— Fors < sy < 3—;,
35—2s9 36—(38—81—82)
forigerr_ (82) 2/ ———ds;
S8 =s 0 fsieff(5> )
6635(6—52 _ 6—33—4—52)

 3-12% 4 9e2s

(iv) Third best sub-band SNR.

S3

3s

’

.%)
(s,s)/\
’ \

\
\

- —
3 (3s,0) #2

Figure A.2: Region for which the conditional joint pdf of S? and S? given S} = sis
non-zero

In-order to find the expression for f53| get7_,(s3), we follow a similar procedure

but by ignoring the best sub-band SNR. The joint pdf of (Sff ! SZ ..., 88) is
given by

53(8,81,...,850) = Mfsgs)(Bs — S9 — S3, 52, 53),
2 -1

=3¢ %, 0<35— 59— 83 <8y < s3.

Wi e

The conditional joint pdf can is given by

3e7%3

eff_ . _1(82,83) = ———, 0 < 35— 53— 53 < 59 < 3. A.l
fo,S?ISi —s,Il—I< ) ) fsfff (8)7 ( )

The region specified in (A.I)) is shown in Figure [A.2] The conditional marginal
pdf is obtained as follows.
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9e=*(s3 — s)

3e=35 — 12¢~% + 9e—s

—For32—5§33§3s,

3s—s3 e~ 53

: 53) = ——ds
Fopyserr—s(s3) AS_SB Farr )

2

B 3e*3(3s — s3)
3e=35 — 12¢~ % + 9e—s

The outage probabilities ]5”] (r) for j = 1,...,3 can be obtained as follows. let
_P_
y=Ne \ M/,

(1) Best sub-band.
- For0 <y <s,

. 3e2¥ 4 e — 46(375+%)

Piil/r = s
a(r) 1 — 4de% 4 3e2s

(i1) Second best sub-band.

— For 0 <y <5,
. 2¢e® (ef —e¥)(e® +e¥ —2)
]Di,iQ(r) = s + 3s .
1+ 2e2 + 3e® 1 —4ez + 3e?s
— Fors <y < 2,
. 2e7Y(er — e¥)?
PLiz (T‘) =

1 de +3ex
(ii1) Third best sub-band.
— Fors <y < 2,

373 — 127 — 9se ¥ + 9ye ¥ + 9e Y

pu‘ r)= s
() 3e=35 — 12¢~% + Qe

—F0r32—5§y§33,

B (r) 3e73 —3e7Y + 9seY — 3ye Y
iig\I") = s .
" 3e=3 — 12¢7% + 9e—*
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Case 2. Number of sub-bands reported, M = 4.

We can find the marginal densities as follows. Let s, = 4s — 51 — 59 — S3.

(i) Pdf of S&/7.
— For 0 < s < o0,

4s—s1 4s—s1—s9
3

fgers(s) :/ / / ’ de 4 dsydsyds,
¢ 0 S1 So

32 2 s
= ge_s + 87 — 56_48 - 186_4?.

(i) Best sub-band SNR.
— For0 <s; <s,

53

4s5—351

_>
4s-51 52

Figure A.3: Region for which the conditional joint pdf of §§3> given Sff I = s is non-
zero for 0 < 51 < s.

4s—s1 4s—s1—59
3

2 4e="4
f 11geff_ (81) :/ d83d82
Si |Si * S1 S2 fsfff (S) 7
A _4s 251 25+ 2L 165 =5y
ez 2e2 —8e**2 4+ 6e” ©
- Jgers (s) '
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(iii) Second best sub-band SNR.
— For0 <35y, <s,
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45—359

— (52, 52) BN
7 ) \\ %
48-82 S1

Figure A.4: Region for which the conditional joint pdf of §£3) given S; /1 = s is non-
zero for 0 < 59 < s.
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Figure A.5: Region for which the conditional joint pdf of S 53) given S; 1 = s is non-

zero for s < sp < %
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(iv) Third best sub-band SNR.

— For0 <353 <s,
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Figure A.6: Region for which the conditional joint pdf of S 53) given S} 1 = s is non-
zero for 0 < s3 < s.
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Figure A.7: Region for which the conditional joint pdf of S 53) given S; 1 = s is non-
zero for s < s3 < 3.
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— For & <s3<23
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Figure A.8: Region for which the conditional joint pdf of §§3> given Sff I = s is non-
Zero for 5 < g3 < 2s.
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(iv) Fourth best sub-band SNR.
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Figure A.9: Region for which the conditional joint pdf of (52, S3, S4) given S¢// =
is non-zero for s < 54 < 435.
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Figure A.10: Region for which the conditional joint pdf of (52, 53, 54) given S/ = s

1S noNn-zero for 5 < gy < 2s.
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Figure A.11: Region for which the conditional joint pdf of (52,52, S!) given S} =
is non-zero for 2s < g4 < 4s.
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The expressions for outage probabilities are evaluated in Mathematica and are omit-

ted here.
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