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ABSTRACT

KEYWORDS: Ring amplifier; Offset voltage; Stabilization mechanism; Over-
shoot; Dead-zone; Progressive reduction; Settling; Design proce-

dure; Noise; Inter-reciprocity in LPTV systems; OTA

This report studies the steady state solution of a ring amplifier based switched capac-
itor circuit, analysing its structure and steady state mechanism in detail. An already
available first order model is extended to include effects of slewing and parasitic capac-
itances. Based on the detailed analysis, a design procedure is formulated to help fix the

transistor dimensions in the circuit.

The noise of the ring amplifier is analysed by using inter-reciprocity in LPTV net-
works with sampled outputs. The variation of noise with different parameters is studied.
A frequency domain noise analysis of OTA based switched capacitor circuits is done,

and the two noise analyses are compared.
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CHAPTER 1

INTRODUCTION

As stated in (Fiorenza et al., 2006), designing traditional switched capacitor circuits (us-
ing op-amps and OTAs) has become an increasingly demanding task in scaled CMOS
technologies. Lower supply voltages implies lower signal swing. Lower output resis-
tances in scaled circuits leads to lower DC gains for traditional operational amplifiers.
(Hershberg et al., 2012) states that technology scaling is designed to favour the world
of high-speed digital design, but not the traditional op-amp, which is fundamentally ill-
suited to scaling. A truly scalable amplifier takes the features of scaled CMOS which

favour digital design, and uses them to its advantage.

One attempt made in this regard was the CBSC, that is, comparator based switched
capacitor circuit (Fiorenza et al., 2006), which has the potential for significant power
reduction when compared to traditional op-amp based circuits. Also, CBSC designs
are more amenable to design in scaled environments and are free from feedback and

stability concerns.

Another alternative, the ring amplifier or RAMP or ring-amp (Hershberg et al.,
2012), is the focus of this discussion. It embodies all the essential elements of scal-
ability. It amplifies with nearly rail-to-rail swing, charges large capacitors efficiently by
slew-based charging, scales well according to process trends and can be built with only

a few transistors, capacitors and voltage-controlled switches.

The organization of this report is as follows:

e Chapter 2 introduces the structure of the ring amplifier, explains ring-amplification
in detail using a first-order model presented by (Hershberg et al., 2012). It then
goes on to extend the first-order model to include effects of slewing and parasitic
capacitances, and illustrates the same using suitable examples using a LEVEL 1

MOSFET model.

e Chapter 3 introduces some parasitic capacitance and delay models. It combines

these with some of the constraints derived in Chapter 2 and provides a set of



guidelines for designing a ring amplifier (choosing transistor lengths and widths).
It goes on to illustrate these guidelines with suitable examples using 0.18 pm

LEVEL 49 models.

Chapter 4 introduces some techniques for “time-domain’ noise analysis in LPTV
systems provided by (Pavan and Rajan, 2014). It then applies these techniques to
the ring amplifier based switched capacitor circuits and an approximate model is
developed to explain the noise in a ring-amplifier circuit. The variation of noise
with different circuit parameters is explored and the trends are verified by running

simulations using a LEVEL 1 model.

Chapter 5 analyses the noise of traditional OTA based switched capacitor circuits
using traditional “frequency-domain” techniques, which cannot easily be applied
to ring amplifiers. It then goes on to state some similarities and differences in
the noise performance of the ring amplifier based switched capacitor circuit and

traditional op-amp based switched capacitor circuit.



CHAPTER 2

Structure and Functioning of Ring Amplifier

2.1 Structure
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Figure 2.2: Ring amplifier with switched capacitor feedback



A simple structure of a ring-amplifier described in (Hershberg ef al., 2012) is first
considered to explain the fundamentals of ring-amplification. Alternate structures have
been developed for the ring amplifier like the ones mentioned in (Lim and Flynn, 2015)

and (Lim and Flynn, 2014).

As shown in figures (2.1) and (2.2), a ring amplifier (abbreviated as ring-amp) is a
ring oscillator split into two different paths and having different offset voltages embed-
ded in each path. This creates a “dead-zone” region of no conduction both by M and
M p transistors. For sufficiently large values of dead-zone, the ring-amp slews, settles
(rings) and locks itself into the dead-zone region. This is illustrated in figures (2.3) and
(2.4). The large capacitor (; is used to cancel the voltage difference between Vi x
and the trip-point of the first stage inverter A;. That is, a sufficiently large capacitor en-
sures that the voltage difference between the nodes Vx and V; during RST is the same
as the difference during RST'. Sources of offset after A; will however not be removed
by the large capacitance C. The offset voltage Vs is embedded using capacitors C

and C,.
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Figure 2.3: Ring amplifier behaves like a ring oscillator for Vg =0

It is apparent that when the ring-amp settles and locks itself to its steady state value,
the node Vy will be within one input-referred offset voltage more or less than Viy,x.

Denoting error in the node voltage Vx by ey, , the following inequalities hold true,

V. V
VCMX_ﬁ < Vx <VCMX+ﬁ
Ay Ay
2.1
e | < Vos
X A,

where A; is the steady-state gain of the first stage inverter.

Also, it is obvious that if the circuit settles to steady state, its output value without



considering the error is

C
Vour = Vemo + C—AVIN (2.2)
B

2.2 Ring Amplification
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Figure 2.4: Vi, Vour v/s time for Vpg = 150 mV

Though the ring-amp has a very simple structure, analysis of its steady state is quite
daunting. The basic theory provided in (Hershberg ef al., 2012) is first presented and
elaborated upon. The theory is presented in the paper using a first-order model. In this
report, this theory is extended to include effects like slewing and parasitic capacitances.
For simplicity, the voltages Voarx, Vo, Vono in figure (2.2) and the trip-points of all
inverters are assumed to be ‘%D; and the capacitances (', Cs and C'3 are assumed to be
infinite capacitances. The following work is done for the case of negative input voltage

Vin. It can be similarly extended to positive input voltages also.

(Hershberg et al., 2012) divides the ring amplification in RST" into the following 3

phases:

e Initial Ramping (from 50 ns to 52.77 ns in figure (2.4))
e Stabilization (from 52.77 ns to 70.84 ns in figure (2.4))

e Steady State (from 70.84 ns to 100 ns in figure (2.4))

2.2.1 Initial Ramping

Just as the RST phase starts, the voltage on the left plate of C'4 changes from V;y, the

input voltage to 0. Consequently, there is a change in the voltage Vx, V; and Vpyr,

5



given by
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Figure 2.5: Ring amplifier in ramping phase

For the case of negative input voltage considered above, Voyr, Vx and V; increase to
Vour+AVour, Vx+AVx and Vi +AV] as soon as RST starts. After a small delay (due
to parasitic capacitances), V4 goes very close to ground voltage, and Vo = V4 + Vpg.

Thus, Vgn =~ Vpp, and the transistor M is maximally biased.

Now, Vour starts ramping down towards its steady state value of VDTD + g—gV[ N
as given by equation (2.2). Similarly, Vx and V; start ramping down towards VLQD In
this phase, the ring amplifier behaves like a pair of bi-directional continuous time com-

parators, as shown in figure (2.5). This ramping phase is supposed to end as soon Vx

6



reaches one of the comparator thresholds. (In case of negative inputs, this threshold is
Vx + VALIS). However, due to the parasitic capacitances in the circuit, there is a propa-
gation delay (¢;) from the node Vx to the node Vi of the circuit. Thus, there is an
overshoot of Vx and hence V; and Vo beyond the comparator threshold. Denoting

the ramp rate of the output node by 7, the overshoot of V7 is given by,

A‘/OUT,overshoot = rotyq (24)

where, rg = é‘g’éﬁ . Ioyr is calculated for a maximally biased My with an output volt-
age equal to its steady state value of VDTD + g—;‘V[ ~- As the gate of My is maximally
biased with Vpp and Vo is clearly less than Vi (for the case of negative input con-
sidered here), it is obvious that M is in the triode region of operation. The following

are the expressions for /oy and Copr.

w V2
Tovr = ,unCOXf ((VDD - VTN)VOUT - OUT)

2
CyxCp
Cy+Cp

(2.5)
Covr = Croap +

It is more useful (as will be seen later) to find out the input referred overshoot with
respect to the mid-rail voltage, that is the overshoot of Vx with respect to VDTD This is

denoted by Vovershoot,0-

B Cp Vos
Vovershoot,0 = TOtd CA + CB - Al

(2.6)

2.2.2 Stabilization phase

After the initial ramping is done, the circuit oscillates/rings around its steady state value.
If there is no offset voltage, the circuit keeps ringing infinitely with amplitude voyershoot,0
given by equation (2.6). An increased offset voltage means a higher chance of settling.

The circuit settles if its final, steady state Vy satisfies the inequality (2.1).

A fundamental requirement for the circuit to settle is the progressive reduction in
the gate overdrive voltages of transistors M¢y and M¢cp. In the initial ramping phase,
the gate was maximally biased and the output current was given by equation (2.5). This

led to an overshoot of Vx beyond the comparator threshold (% + ‘%S) If the Vx



overshoots the other threshold (% — ‘%s) , the circuit doesn’t settle in that ring. If
the gate overdrive in the next ring doesn’t decrease and continues to remain Vpp, the
rate of change of Vo, Vx and V; remain the same. From equation (2.6) and (2.4), it is
apparent that the overshoot with respect to mid-rail voltage also continues to remain the
same. Thus, the circuit will never settle if there is no progressive reduction of overdrive
voltage. This is illustrated in figures (2.6) and (2.7). The first order model of the steady

state solution is presented before the condition for progressive reduction of overdrive

voltage is revisited.
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Figure 2.6: Vi, Vour v/s time for Vs = 50 mV. The circuit doesn’t settle
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Figure 2.7: Vgn, Vgp v/s time for Vg = 50 mV. The circuit doesn’t settle as there is no
progressive reduction in overdrive voltage.

2.3 First order model of steady state solution

2.3.1 Some Notations

Some notations which will be used in this section are introduced.



® Uovershoot i 15 the amount of input referred overshoot (with respect to mid-rail volt-
age) when the NMOS transistor My is active for the i time during the ringing

phase.

/

° .
Uovershoot K

is the amount of input referred overshoot with respect to mid-rail volt-
age) when the PMOS transistor M¢p is active for the i** time during the ringing

phase.

e 7, is the rate at which the the output node voltage Vo falls when the NMOS

transistor M¢y is active for the 7*" time during the ringing phase.

e 7/ is the rate at which the the output node voltage Vo1 falls when the PMOS

transistor M¢p is active for the i*" time during the ringing phase.

® t4.; is the time for which the circuit remains in dead-zone after the NMOS tran-
sistor was active for the 7" time. That is, it is the time for which the node voltage

\%
Vx stays at “B2 — Ugyershoot,i-

° 1127. is the time for which the circuit remains in dead-zone after the PMOS tran-

7
sistor was active for the i*" time. That is, it is the time for which the node voltage

Vi
VX stays at % + Vovershoot, i+

e t..; 1s the time taken by the circuit to cross from one dead-zone to another. This
is the crossing in which NMOS transistor My is active for the i time. In other
words, t.,; is the time taken for Vx to go from Ucl)vershoot,i—l tO Vovershoot,i- ter,0 1S
defined as the time taken by node Vx to cross from its initial threshold crossing

Vop | Vos
of 2 + Ay to Vovershoot,0-

e t/ . 1is the time taken by the circuit to cross from one dead-zone to another. This

cry
is the crossing in which PMOS transistor M¢p is active for the it time. In other

!/

words, t., , is the time taken for Vy to go from Ugyershoot.i 10 V) orshoot i

> Yeryd

e The index ¢ in the above mentioned notation runs from 0.

The magnitude of the first input referred overshoot (on the negative side of mid-rail
voltage) with respect to mid-rail voltage was evaluated in equation (2.6). Now, the

circuit remains in dead-zone for ¢4, ;. Next, the first input referred overshoot (with



respect to mid-rail) on the positive side of mid-rail voltage is computed.

Cpg  Vos
Ca+Cp A

/
overshoot,0

v = rjtq 2.7

The rate r{ is calculated in the following manner using incremental analysis. The incre-
mental voltage at the gate of inverter A; is the overshoot voltage calculated in equation

(2.6). Now, the incremental voltage at the gate of inverter As, vor is given by

Vor = vovershoot,OAl

_ (r o VOS) A 28
CCa+Cs A !

The incremental voltage at the gate of inverter M¢p, vgp is given by

UBp = UQTAQ

:(rt Cs —VOS>AA 2
OdCA+CB A, 142

The rate is given by

Cp Vos
H= — AlA
"o (TotdC’q +Cp Ay ) 142K

9m,Mcp
kp

o C4Ch
C e
Lt T Ch

By similar arguments, a pair of difference equations for r; and 7/ is constructed.

N G Csg  Vos
' o ey A
]i) . gm,MCN
n C,Cp
Cp+ =——
P Ca+ Oy
o ( Cpg  Vos

) A1 Asky,

(2.10)

A Ak
Cu+Cy Al) R

10



By solving above difference equations,

A A 1 AA A 1 AA
v = ((AlAQtd)Qkpk:an)z (To n VosAskn (1 + kytaAy 2¢)) _ VosAskn (1 + kytgAi Ast))

1 — (A1 Asty)2k k)2 1 — (A1 Agty)2k k)

(2.11)
where, v is the feedback factor and is given by
Cp

= 2.12

4 Cya+Cp ( )

Similarly for 77, the rate of change of Vr when the PMOS transistor M¢p is active,

is given by

R R

1 — (A Aot )2k kit 1 — (Ay Aot )2k kit
(2.13)

Now, for the circuit to settle to steady state, the overshoot with respect to the mid-rail

must be less than VALIS.

If the NMOS transistor M¢ is active during the last ring, the following condition
must hold for the circuit to settle.
Ve Ve
o5 _ 10§
Ay Ay

2Vos Ca
i 1+ —
r<A1td><( +CB)

(2.14)

If the PMOS transistor M¢p is active during the last ring, the condition changes to the

following.

Vos Vos
/

- - — —=
T d@/} ) < )

,  2Vos Ca
/ 14 =24
< At x [1+ .

(2.15)

In the above expressions, A; should actually be replaced by A;, the instantaneous gain
of the first stage inverter and is few times smaller than the actual steady state saturation
gain due to the effects of slewing which will be considered in the next section. The
inverter A; is in the high-gain region (of the inverter characteristics) where both the

PMOS ans NMOS transistors are in saturation region.

11



As observed later in figure (2.8), for most of the time , Vzy > Vpp — Vrp and
Vep < Vry. That is, for most part of the clock cycle, the second stage inverter is in
the “low-gain region”. That is, one of the PMOS or NMOS is in saturation and the
other is in triode. Also, as discussed in detail in section 3.1.1 on delays and parasitic
capacitances, the delay of stage 2 inverter is much less than the delay of stage 1 inverter.

Hence, the slewing effects of second stage inverter can be neglected.

As stated in the previous paragraph, for most of the time Vpp — Vip < Vpy <
Vpp. The output voltage Vo of the circuit is Vpp + g—;V[N. In case of negative
input voltages being discussed here, Voyr < % Hence, for most of the ramping
and stabilization phases, the transistor My is in triode region. This has been used in

deriving the above rate expressions.

Similarly, for most of the time 0 < Vgp < Vpn. The output voltage Vo1 of the
circuit is Vpp + g—gV[ ~. In case of small negative input voltages (such that Voyr >
Vep + Vrp), for most of the ramping and stabilization phases, the transistor M¢p is
in triode region. For higher negative inputs, the calculations above can be modified

appropriately using g,,, a7 as the saturation transconductance.

Next, the expressions for time for each dead-zone crossing t,. ;, t, ; and the time

taken from one dead-zone crossing to the other ¢, ;, t;m- are computed. 4, the inher-

ent delay in the “comparator” is the reason for the overshoot from % + ‘%S. From

the definitions of ¢..; and ¢, ; above, the above two quantities are written in terms of
/

Uovershoot,i

and Vovershoot i+

Vos

+ Vovershoot i
Ay ’

tcr,i =1q /
Vovershoot,i—1 + Vovershoot,i

Vos

- + /U, 3
Al overshoot,i

(2.16)

/
Vovershoot,i + Uovershoot,i

For the circuit to cross the i'" dead-zone after a transition phase where the NMOS
was active, the node V4, must go from VDTD — Vos to ‘%D + Vos. The incremental
current through the drain of A iS ¢,1Uovershoot,i- The capacitor is 2C7. Therefore, by
approximating that the node voltage V4 charges/discharges by a constant current which

is g,, times the overshoot, the following expressions for ¢4, ; and t;z; are obtained.

2

12



Using a linear rate approximation, ¢4, ; is given as

4VosC'
bz = ——— (2.17)

9Im1Vovershoot,i

Similarly,

4VpsC'
t, = —— (2.18)

/
gmlvovershoot,i

2.4 Including slewing effects

The gain term A; referred to in the previous section is not the actual steady state gain,
but is actually few times less than the actual value. This reduction in gain is due to

slewing. The presence of the parasitic capacitance is the main reason for slewing.

When there is an overshoot of Ugyershoot,i below ‘%D at the node voltage Vy, the
node voltage V4 doesn’t shoot up by A;1vspershoot,i- NOde voltage Vx remains at % -
Uovershoot,i 10T @ time 1,4, ;. This is equivalent to a step incremental voltage of Uoyershoot,i

applied at node Vx for time ¢4, ;.

dv
9Im1Vovershoot,i — Jds1VA + 2C/d—tA (219)
It is known that the steady state gain of stage 1 inverter A; is Jml . Solving the differ-
9ds1
ential equation (2.19),
tdz,i9ds,1
VA = Al(l —e 20 )Uovershoot,i (220)
Therefore, the reduced gain A; is given by
~ t z,19ds,
A= A1 — e S0 2.21)

It is apparent that the equations for instantaneous gain (2.21) and the equation for dead-
zone time (2.17) seem to have been derived similarly. Both are approximate expres-
sions, which work approximately as illustrated by several simulations, and provide
considerable insight. Finding exact expressions would be a very tedious task which
gives no insight, as the two quantities are highly co-dependent. A detailed explanation

of the co-dependence is provided below.
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There is a small time delay at the second stage inverter, which has been neglected
for convenience. Thus, the actual time at which circuit enters dead-zone is a small time
delay (t42) after the time at which V4 becomes VDTD — Vos. Similarly, the time at which
the circuit leaves dead-zone is a small time delay after the time at which V4 becomes
VDTD + Vog. At the time at which the circuit enters dead-zone, V, > VDTD — Vog, but
need not be equal to VDTD as assumed in the above calculation. Also, the voltage V4
continues to rise, though to a smaller extent, even after the circuit leaves dead-zone as

the sign of the incremental voltage is still same.

That is, the node voltage Vx becomes % at time td% — tgo. The time for which

. . . . . tds i tds.i .
circuit remains in dead-zone after V'y reaches VDTD is not dQ“ , but de + t4o after taking

into account the small delay of the second stage inverter. Thus, the actual expression

for Al would look like

(2.22)

tdz i
( 572+td2+tdnz)gds,l>

12[1 = Al (1 —e 2¢/

where 14, is the factor to account for the time during which circuit leaves dead-zone,
but V4 continues to rise. The equation (2.21) provides a reasonably accurate approxi-

mation of equation (2.22), as verified by several simulations.

2.5 Conditions for progressive reduction in overdrive

voltage

For a Vo5 of 150 mV, the circuit settles within %, as already seen in figure (2.4). This
happens due to the progressive reduction in gate overdrive voltages Vpx and Vgp. This

is illustrated in figure (2.8).

As seen before, the first overshoot of Vx (on the negative side of VDTD with respect

to mid-rail voltage is given by

B Cp Vos
Vovershoot,0 = TOtd CA n CB - Al

(2.23)

The incremental voltage v, was calculated in equation (2.8). The node voltage Var is
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Figure 2.8: Progressive reduction in overdrive voltages

given by

Vbp &
‘/ZT = T + Alvovershoot,o - VOS

Hence, the voltage Vzp is given by

V; ~
VBP = f(‘/QT) = f (% + Alvovershoot,l - VOS) (224)

where, f is the inverter’s large signal transfer function.

Now, condition for the ring amplifier to settle is derived. As mentioned in section
(2.2.2), for the ring amplifier to settle, the overdrive voltages Vzp and Vi y must lower
progressively from the rail voltages. Therefore, Vzp needs to go significantly above
ground, so that the gate overdrive voltage of the My p transistor goes below Vpp. The

condition thus required is,

V; ~
% + Alvovershoot - VOS < VDD - VTP
V. (2.25)
Alvovershoot,l < % - VTP + VOS
Substituting the expression for instantaneous gain obtained in equation (2.21),
. tdz,i9ds,1
A1<1 —¢€ 20/ )Uovershoot,O < VDD - VTP + VOS (226)

The set of equations for the second overshoot of Vx (on the positive side of % with

15



respect to mid-rail voltage is derived below

v = rit Cp __Yos
overshoot,0 0 dCA + CB Al

Vv, .
VA = % - Alvé)vershoot,o
~ tlz, 9 S,
Al :Al(l—ef : QOCId 1)

Vi -
Vop = % - Alvtl)vershoot,o + VOS

y 2.27)

Ven = f(‘/QB) = f (% - Alvé)vershoot,o + VOS)
Vi -
% - Alvtl)vershoot,o + VOS > VTN

e VDD
/
Alvovershoot,o < 9 - VTN + VOS

"
dz,i9ds,1

Al(l —e 20 )Uovershoot,O < VDD - VTN + VOS

2.6 Approximate number of rings in the circuit

From the (2.11) and (2.13), the equations of rate of change of Vo when the NMOS
or PMOS is active for the i** time; and (2.14) and (2.15), the conditions which the rates
have to satisfy for the circuit to enter dead-zone, the following expression for number

of rings is derived.

2Vos  VosAskn (1 + kptgA1Ax)

. 1 | At T (A At PR k)
In((Ay Asta))?k,kn) o VosAgky (1 + kptg A1 Ax)
1 — (A Antgt) )k for)
VOS " 2VOS VOSAan(l —+ kfptdAlAg’g/))
. 1 | At T RGBT = (A Aty Ry k)
In((Ay Asta))?k,ky,) VosAakn (1 + kptg Ay Ast))

,
T T = (A Astat) k)
N = min(2n4,2ny — 1)
(2.28)

The equation for n; gives half the number of rings if the NMOS is active during the
last ring. The equation for ny gives half the number of rings if in the last ring, PMOS
is active. The required number of rings is the minimum of the two. In the above
expressions, if the steady state gain A; is used, the number of rings will be much higher

than the actual number of rings. The number of rings may also turn out to be infinite

16



(which would imply the circuit doesn’t settle). Using the instantaneous gain A, at the
end of the first overshoot (equation (2.21)) gives a lower bound on the number of rings.
Using the instantaneous gain at the end of first overshoot and approximating the gain A,
as a constant by appropriate piece-wise linear approximations of inverter characteristics

in low-gain region gives a reasonably insightful expression of the number of rings.

2.6.1 Variation of number of rings with V¢

From equation (2.28), it is inferred that while keeping all other parameters constant and

varying only Vg, the number of rings as a function of Vg is of the form

I ( aVos )
N — T+ 5Vos (2.29)
In~y

That is, for circuits which settle, the number of rings reduces with Vg in the manner

=
o

Number of rings

o N M O @

L L L L L L L L L L
0.14 016 0.18 0.2 022 024 026 0.28 0.3 032 0.34
Vos V)

Figure 2.9: Number of rings vs Vg

observed in figure (2.9) (since v = (AlAgtdw)kakn < 1 for circuits which settle). The
plot in figure (2.9) shows the variation of number of rings versus Vg for a LEVEL 1

model with the following parameters.

Vop =12V
CA = 1.5pF
CB = 1pF

Croap = 0.2pF

17



For all inverters,

w 7.2
— of NMOS = —=
7 CENMOS =27
W 21.6
— of PMOS =
L ° S=33
For Mcy,
w32
L 3.2
For Mcp
w_96
L 32

All dimensions are in pgm.

Some plots of Vx, Voyr versus time (in the amplification phase) are shown for

different offset voltages to illustrate the point of decreasing number of rings with Vpg.

1
70 75 80 85 90 95 100
Time (ns)

Figure 2.10: Vx, Voyr v/s time for Vg = 175 mV

0.7
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04 | | | | | | | | |
50 55 60 65 70 75 80 85 90 95 100
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Figure 2.11: Vx, Voyr v/s time for Vg =200 mV
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Figure 2.12: Vx, Voyr v/s time for Vpg =225 mV
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Figure 2.13: Vx, Voyr v/s time for Vg =250 mV

2.6.2 Variation with Coyr

100

From equation (2.28), the expression for number of rings in terms of Coyr is domi-

nated by the term in the denominator In (

(AlAQtd)z'QZ)zgm,MCNgm,MCP

2
CbUT

a complicated dependence on Coyr in the numerator of the form

In

o+

B

fY

2
CbUT

+

Cour

T0‘+

J

v

+
Cour

Cour

) . Also there is

The plot in figure (2.14) shows the variation of number of rings versus Co4p (which

is directly related to Coyr) for a LEVEL 1 model with the following parameters.

Vop =12V
Cy=15pF
Cp=1pF

Vos =0.15V
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CHAPTER 3

Design of Ring Amplifier

Before stating the procedure to design lengths and widths of transistors in a ring ampli-
fier, some preliminaries are stated. These preliminaries are useful in rationalizing the

tweaking (in lengths and widths) required for a design which settles.

3.1 Preliminaries

3.1.1 Parasitic capacitances and delays

First, an approximate model for the various parasitic capacitances is given.
Each parasitic capacitance is modelled as proportional to the width of the transistor.

For the inverter Ay,

Gate capacitance = Cy, ¢W)
Drain capacitance = Cy, pW; (3.1)

Output resistor = ——

Both Uy, ¢ and C'4, p have few components proportional to the length L, of the transis-
tor. W is the sum of widths of the NMOS and PMOS transistor making up the inverter.

2L

And b, = = Vl
MCoxy (2~ Vr)
where both NMOS and PMOS are in saturation. Also, it is observed from simulation

5» as the first stage inverter is in the “high-gain” region

that C 4, p is significantly less than C4, . That is, the drain capacitance is significantly

less than the gate capacitance.

Similarly for inverter A,,

Gate capacitance = Cy, cWs

Drain capacitance = Cy, pW5 (3.2)

b
Output resistor = 22

2



As second stage inverter is mostly in low-gain region (1 transistor in saturation and
other in triode), the output resistor is significantly less than that of first stage. That is,

b, is significantly less than b;.

For the Msy and Mo p respectively,

NMOS Gate capacitance = CyWy
(3.3)

PMOS Gate capacitance = CpWp

Now, the delays of the stages of inverters are computed. Delay of first stage is

denoted by ¢, 4, , of the second stage is denoted by t, 4,.

taa, ~ Cour,a,TouT,A,

Covr,1 = Ca, pWi 4 Cay, W
W,

td,Al ~ bchl,D + bchQ,GW
1

3.4)
ta.a, ~ Cour,a,ToUT,As
Coura = Cay,pWo + CyWy

Wn

ta,a, ~ b2C 4, p + bQCNWQ

In the case when PMOS transistor is active, the last expression of equation (3.4) be-

comes

|44
tag,a, ~ b2Ca, p + bQCPWP 3.5)
2
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3.1.2 Steady state solution

RST RST

_J | | eV

3( RST RST —— Cioap
> C

The results derived in the previous chapter about progressive reduction in overdrive

voltage are restated.

The rate at which Vpy falls during the overshoot period after the initial ramping

phase is given by

ro = nCox— +=—Vin (3.6)

W (Vop —Vrn) (Vop  Ca
L Cour 2 Cp

The set of equations for the first overshoot of Vx on the negative side of VDTD with

respect to mid-rail voltage is stated below

y ot Csg  Vos
overshoot,0 old CA n CB Al

V ~

VA = % + Alvovershoot,O

~ _ tdz,09ds,1

Al = A1(1 — € “our,a, ) (37)
V. ~

‘/QT - % + Alvovershoot,o - VOS

VDD e
VBP = f(‘/QT) = f T + Alvovershoot,o - VOS

Now, using all the above equations together, a condition for the ring-amplifier to settle
is derived. For the ring amplifier to settle, the overdrive voltages Vzp and Vgy must

lower progressively from the rail voltages. Therefore, in the above case, Vzp must
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significantly above ground. That is, the gate overdrive voltage of the M¢p transistor

must go below Vpp. The condition required for this is

VDD g

T + Alvovershoot,o - VOS < VDD - VTP

e VDD

Alvovershoot,o < T - VTP + VOS (38)
_ tdz,i9ds,1

C
Al(]- — € ouT Ay )'Uovershoot,O < VDD - VTP + VOS

The set of equations for the first overshoot of Vx on the positive side of VDTD with respect

to mid-rail voltage is stated below

vl = ryty ¢ _ Yos
overshoot,0 0 CA + CB Al
VDD T
VA = 2 - Alvovershoot,o
5 _téz,ogdsg
A = A1(1 — ¢ Cour,ay )
VDD Y
VYQB - 9 - Alvovershoot,o + VOS
Voo ) 3.9)
/
Ven = f(‘/QB) = f ( 9 - Alvovershoot,o + VOS)
VDD T
9 - Alvtl)vershoot,o + VOS > Vrn
> VDD
Alvé)vershoot,o < 9 - VTN + VOS
tz,i9ds,1

-C
Al(]- — € ouT Ay )'Uovershoot,O < VDD - VTN + VOS
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3.2 Requirements for design

RST RST

i e
] ]

VCMO

—|C1 §Ven-Vos Vour
}—TE:»— Y]

1 A i VemtVos
1( RST RST —— Cioap
(o]

e The most important requirement for designing a ring amplifier which settles, is

the progressive reduction of gate overdrive voltage of final stage transistors from
the maximum possible Vpp to a voltage when they get cut-off. This requirement

is given through equation (3.8) derived above.

_ tdz,i9ds,1

Ai(1—e “ovraryy < Vpp = Vry + Vos

overshoot,0

(3.10)

_ tdz,i9ds,1
C,
Al(]- — € oUT.A )Uovershoot,O < VDD - VTP + VOS

Next, it is observed from equation (3.7) that the overshoot voltage from mid-rail is
proportional to delay in the circuit. The smaller the overshoot voltage, the higher
the chances of settling in half clock-cycle (££). So, it is desired to minimize the
delay of the circuit. The delay of the circuit is the sum of delays of two stages
derived above in equation (3.4). Also, it was mentioned before that the output
resistance of the first stage inverter (in high gain region) is much higher than the
second stage one. The 2 output capacitances are generally of the same order.
So, the delay in first stage (¢4 4,) 1s generally significantly higher than the delay
in second stage inverter (f4 4,). So, it is important to minimize ¢4 4, in order to

minimize the circuit delay.

Also, from equation (3.7), it is noticed that the overshoot voltage is proportional

to the rate at which the output node and hence the node V fall. So, it is important
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to minimize the rate.

e The minimizations of delay and rate must be done for the first 2 overshoots. This

requires some optimization.

3.3 A qualitative design procedure

Keeping in mind the above requirements, the following design procedure to make a
ring-amp settle for a particular value of Vg, is formulated. In this discussion, lengths
and widths are chosen to make the ring amplifier settle for a fixed value of C'y, Cp,
Croap and Vpg. (The ring amplifier can be made to settle by increasing any of the

parameters mentioned above).

e Minimum % ratio means the rate of change voltage Vo is also minimum, as
seen by equation (3.6). The width of the NMOS transistor M¢ is fixed at W,,.;,,
the minimum width allowed by the process. The length is also fixed at W,,,;,, so
that % = 1. Now, the width and length of the PMOS transistor are also fixed at
(Winin). Though the rate of change of voltage when PMOS and NMOS are active
is asymmetric, smallest possible % are ensured, thus rate of change of output
voltage is as low as possible. If symmetry is desired, the length of the NMOS
can be further increased, or the width of the PMOS can be increased. The former
option of increasing length of NMOS is preferred so as to maintain similar delay

times when NMOS and PMOS are active.

e Next, the lengths and widths of the transistors in the 2 inverters are determined.
First, all transistor lengths in both stages are fixed at minimum (L,,;,,) and widths
of all NMOS transistors are fixed at W,,,;,,. Next, the PMOS width is fixed such
that the trip point of the inverter is ‘%D (For TSMC 0.18 pm process used in the
following examples, a good initial estimate would be L=180 nm for all transistors,
W=270 nm for NMOS and W=1.08 ym for PMOS.) On fixing the minimum
possible dimensions such that trip point is mid-rail voltage, the ring amplifier fails
to settle in most cases. This is because the delay (and hence, the overshoot) given
by equation (3.4) for the above dimensions, is too large to satisfy the condition

for progressive reduction in overdrive voltage (3.8).
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e The widths of transistors in first stage inverter and the length of the NMOS tran-
sistor of the final stage, i.e. My are the parameters which can be tweaked. As
seen from equation (3.4), increasing I, (width of transistors in stage 1 inverter)
leads to smaller delay for stage 1 inverter. A good initial estimate would be ~
2-3 Wi for the NMOS transistor of first stage inverter, and ~ 4 times the width
of NMOS transistor for PMOS transistor. Now, as the transistor doesn’t follow
a simple square law model, equal ratios of %Z in 2 different inverters doesn’t
ensure equal trip point for the two inverters. So after fixing the width of stage 1
transistors, the width of stage 2 transistors must also be changed so that they have
same trip point (preferably VDTD). This is a must, as many calculations were done
assuming a trip point of VDTD for all inverters. An explanation for this necessity is
that different trip point introduces an offset after the first stage inverter, which is

not cancelled by (] as seen in section 2.1 on the structure of ring amplifiers.

e Further increase in length of M-y leads to an decrease in rate and an increase
in delay, as the C'y constant in equation (3.3) is length dependent. However, the
first factor is more dominant, and hence increasing length increases the chance of

settling.

o All the tweaking must be done for a small magnitude of input. If the circuit settles
for a small input, it will certainly settle for larger inputs. Also, it must be done for
a small value of offset voltage (Vpps). If the circuit settles for a small Vg value,

it will certainly settle for larger Vg values, as illustrated in section (2.6.1).
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3.4 Some examples to illustrate these rules

RST RST

i e
] ]

VCMO

[|
RST !
. o RST
Cy LV V, V,
VX § CM [0}S) QOUT
VA
_i 1 iVCM+VOS
1( RST RST —— Cioap
o 3 VBN
I Fo B[y,
VZB

All examples are illustrated for the following case (in TSMC 0.18 pm technology, for
a clock period of 200 ns). Only the amplifying phase of the clock cycle is shown in the
graphs.

Vpp = 1.8V
Cy = 2pF

Cp = 1pF

Cr = 2pF
Vos = 100mV

‘/IN = —50mV

3.4.1 Example 1

All dimensions (in nm) were chosen keeping the first 2 points of the Design procedure.

For inverter A,

W 1080

f = W fOI' PMOS
w270

T2 for NM

L = g0 o NMOS
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For the 2 inverters A,

W 1080
2 for PM
7 180 for 0S
w270
f = @ fOI' NMOS
For final stage

W 270

f = ﬁ fOI' PMOS
w270

2 for NM

7 10 or 0S

0.95

o
©

Voltage (V)
o
(o]
a1

0.8

| | | | | | | | |
100 110 120 130 140 150 160 170 180 190 200
Time (ns)

Figure 3.1: Plot of Vx and Vo vs time for Example 1

It is observed from figure (3.1) that the circuit doesn’t settle.

3.4.2 Example 2

Now, the widths of transistors of stage 1 inverter are increased as mentioned in rule 3.

. w, -
The ratio of 7# is same as before.
n

For inverter A,

w2000

W 500

f = rzo fOr NMOS
For the 2 inverters A,

W 1080

f = W fOI' PMOS

w270

f = @ fOI' NMOS
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For final stage

w270

Y PM

L = 270 or PMOS
W 270

f = % for NMOS

0.95

©
©

0.85

Voltage (V)

0.8

1 1 1 1 1 1 1 1 1
100 110 120 130 140 150 160 170 180 190 200
Time (ns)

Figure 3.2: Plot of Vyx and Vpyr vs time for Example 2

We observe from figure (3.2) that the circuit doesn’t settle despite the Vx value
reaching 898.5 mV. The offset voltage is 100 mV. The steady state gain A; = 36. So,
the circuit must settle whenever % — V/%S < Vx < % + %. In this case, circuit
must settle whenever 897.23 mV < Vx <902.77 mV. This doesn’t happen, as the change
in width of transistors in A; has made the trip point of A; (897.93 mV) different from
that of A5 (870.21 mV). This is why it was stated that maintaining same trip point is

a must.

3.4.3 Example3

Now, the width of the PMOS transistors of stage 2 inverters is increased to push the trip

point of the stage 2 inverter towards the trip point of stage 1 inverter.

For inverter A,

W 2000
W 500
f = rzo f()r NMOS

30



For the 2 inverters A,

W 1350
— = —— for PM
T = s orPMOS
w270
— = — for NM
7 180 or OS
For final stage
W 270
f = 2—70 fOI' PMOS
w270
— = — for NMOS
L 540 O
0.95 ‘
0.9\/\
% _VOUT
2085 v, :
S
0.8- -
075 | | | | | | | | |
ioo 110 120 130 140 150 160 170 180 190 200
Time (ns)

Figure 3.3: Plot of Vx and Vi vs time for Example 3

Now, it is observed that the circuit settles in 2 rings.

3.4.4 Example 4
Now, the length of the NMOS transistor (M¢ ) is decreased. This increases the rate of
drop of Voyr, and causes asymmetry with respect to rate of voltage change.

For inverter A,

w2000

— = —— for PM

7 180 or OS

W 500

f = rzo fOI' NMOS
For the 2 inverters A,

W 1350

T = 10 for PMOS

w270

f = @ fOI' NMOS
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For final stage

W 270
— = — for PMOS
L 210 "
%% 270
— = — for NMOS
L 210 "
0.95n
0.9 -
S —v
ouT
E»o.ss— —V, |
S
0.8F i
075 | | | | | | | | | |
l00 110 120 130 140 150 160 170 180 190 200
Time (ns)

Figure 3.4: Plot of Vyx and Vpyr vs time for Example 4

Again, the circuit settles. However, the 2 rising and falling rates of Vx and Vpoyr
change with respect to previous case, which is highlighted by the difference in dead-

zone times.

3.4.5 Example 5

In example 3, it was noticed that circuit settled in just 2 rings. This means that further
reduction in width may also lead to settling of output. Such a reduction is attempted
and widths of PMOS transistors in second stage inverter are appropriately changed to

maintain same trip point for all inverters.

For inverter A,

W 1800

f = W fOI' PMOS

W 450

f = @ fOI' NMOS
For the 2 inverters A,

w1300

f = W fOI' PMOS

w270

— = — for NM

7 = 180 or OS
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For final stage

w270

— = — for PMOS
L 270
W 270
— = — for NMOS
L 540
0.95n
0.9 -
Z Y;
%o.es— :VOUT .
S X
S
0.8 i
075 | | | | | | | | | |
00 110 120 130 140 150 160 170 180 190 200
Time (ns)

Figure 3.5: Plot of Vx and Vo vs time for Example 5

Now, the circuit settles in 4 rings. This increase in number of rings is as expected.
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CHAPTER 4

Analysis of noise in ring amplifiers

4.1 Introduction

Looking at the “operating point” waveforms of different nodes in a ring amplifier based
switched capacitor circuit in figures (2.8) and (2.4), it is obvious that the transcon-
ductance values and the output resistance values of different devices are not constant
throughout the the clock-cycle like traditional OTA-based switched capacitor circuits.
Due to the continuous changes in regions of operation of the circuit, all the g,, and g4

(or rp) values vary with time. This variation is periodic as the system is a LPTV system.

It is difficult to apply traditional frequency domain techniques for noise analysis
of ring amplifier based switched capacitor circuits. Moreover, one is not interested in
noise at all time instants in circuits which perform switched amplification. The only
time point of interest is the time at which the output is sampled. In such a case, it is
convenient to use the time-domain technique given by (Pavan and Rajan, 2014). For the
specific case of ring-amplifiers, due to the complex nature of variation of the g,,, and g4
with time, a proper analysis would involve solving multiple differential equations and
involved algebra. Approximating g,, and g4, by suitable piece-wise constants simplifies
the algebra to a large extent and provides some insights on dependence of the noise on

different parameters of the ring amplifier circuit.

The concepts of inter-reciprocity and adjoint networks are extended to LPTV net-
works and used for the time-domain analysis. The fundamental reason why this is

possible is the following.

For an LPTV network with an input z(t), if the output of this network y(t) is sam-
pled at fg, an equivalent LTI filter can be found. That is, if the LTI filter is excited by
the same input z(¢) and the output is sampled at fg, the output sequence is same as the

the sequence of the LPTV network. The proof of this is provided in the appendix.

For constructing the adjoint network of an LPTV system,



e Linear elements (resistance R, capacitance C' and inductance L) of the network

N remain R, C and L in the adjoint network N.

e Periodic switches are time reversed. That is a switch which is one in a time

interval 7' in AV is on in the time interval T in \.

e All controlled sources transform in a similar way as the LTI networks but with an

additional time reversal.

Now, to find the h.,(t), impulse response of an LTI filter equivalent to the LPTV net-
work with sampled output, an impulse is applied at the output port of N at the time
instant T's — t,,, where ¢, is the time of observation of output. The output waveform is
observed at the different input ports (¢; (), v2(t), ... vyx(t)). Now, the equivalent LTI

filter impulse responses from different input ports of N to the output port are given by

hl,eq(t) =1 (t + T — to)
“4.1)

A eq(t) = Uit + T —t,)

lth

If the autocorrelation function of the noise process at the I'" input is R,, ;(7), the auto-

correlation function of the output noise is given by
Rl (T) = anl(T) * hl,eq(7-> * hl,eq<_7-> (42)

where * denotes the convolution operation. The output power spectral density is the

Fourier transform of R;(mTs), where T is the sampling period of the circuit.

If hy (1) in the above equation (4.2) is time limited to % (implying the convolution

is time-limited to Ts), and R, ;(7) is delta-correlated, R;(mTs) evaluates to

Ts
Rl [0] - Rs,n,l/ hl%eq(t)dt
0 4.3)

where R, ,,; is the strength of the correlation impulse.

Using Parseval’s theorem, the integrated mean squared noise in such a case is given
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Figure 4.1: Incremental network
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Figure 4.2: Adjoint incremental network
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4.2 Estimation of i(¢) in the stabilization region of the

circuit

The incremental equivalent of the circuit is shown in figure (4.1). Its adjoint is con-

structed and depicted in figure (4.2).

Before moving on to evaluate the impulse response h(t), few approximations and

consequent results are stated. These approximations are justified by simulation results.

e The first stage inverter A; is in the “high-gain region” (where both NMOS and
PMOS are in saturation) throughout the sampling phase RS7T" and for all of the
amplification phase RST except the initial ramping phase, where it is in the “low-
gain” region with only one of the two transistors in saturation. However, for
convenience, the autocorrelation of the noise process at the drain of the inverter is
assumed to be M%d (t), where g,,; is the transconductance in saturation region.

That is, the noise is assumed to be white.

kT
Roa, = 22L9m1 5,
’ @.5)
W 'V, W [V, )
Im1 = NnCOXf (% — VTN) =+ ,upCOXf (% — VTP)

e The upper second stage inverter A,r has an output voltage, Vg p close to 0 through-
out the clock cycle except for small time intervals during amplification phase
(RST), as seen in figure (2.8). Similarly, the lower second stage inverter A,p
has an output voltage, Vzy close to Vpp throughout the clock cycle except for
small time intervals during amplification phase (RST), as seen in figure (2.8).
For convenience, the autocorrelation of noise process at drains of A, inverters
are assumed as O throughout. Thus, there is no contribution to noise from the

transistors in second stage inverters.

e By similar argument, there is no contribution to noise from the transistors Mqp
and M¢ as they remain in cut-off region for the entire clock cycle except time
of ramping and crossing from one dead-zone to another, and hence have an auto-

correlation of 0.

All that remains to be done is to find the /() from the drain of inverter A; to the output.
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In the adjoint network, an impulse current 6(¢ + T — t,) is injected at the output
node, and the corresponding response is computed. The v, computed corresponds to
the v,(t — T's + t,) observed when an impulsive current 6(¢) is injected at the node V4
of the original incremental network. In this case, time of observation of output ¢, is 1’s,

that is, the output is sampled at the end of the clock cycle.

An impulsive current is injected into the output node of the adjoint network at time

0, that is §(¢) current is injected. Now, the corresponding step increase in v, is com-

puted.
dv, dv
(CL 4 Cp)—=2 — Cp—= = 4(t)
dvy dv, '
(Cat Culgy = Oy =0

Integrating both sides of the above equation from time ¢ = 0 to an infinitesimal ¢ = dt,

(CL + CB)AUO - C’BAvl =1

4.7
(CA + C’B)Avl — CBAUO =0
Thus,
Ca+Cp
Av, = 4.8
Y= CaCp + CaCy + CuCh (4.8)

Now, the calculation of h(t) is done piecewise. The region of transition between two
dead-zones and the region in the dead-zone are considered separately. From incremen-
tal analysis of the adjoint incremental circuit in figure (4.2), the following differential

equations are obtained,

_ T9mMcgn (TS — t>vo<t)
VBN (t) B gds,Q(Ts — t)
7 Y9m,Mcp (Ts - t)UO(t)
UBP(t) - gds,QT(Ts . t) (49)

dv
— Jm2(Ts — )N (t) — gmor(Ts — t)vpp(t) = 2C/d—7;4 + 49451 (Ts — 1)

CL + CB B CB dvo(t) _ _gml (Ts - t)vA(t) N Uogds,out(Ts - t)
Cp Ca+Cp dt Ca+Cp Cp

It can be noted above that the parasitic capacitance C' at the nodes vgp and vy have not

been considered. As stated in the previous chapter, the delay at this node is much less
1

9ds,2

than the delay at node v4. Thus, vgx can be considered as g, a1, Jop times 1,9 =
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times v,. Also, the g5 ot term is neglected compared to other terms in the last line of

equation (4.9)

The following notations are used in this chapter

Len i 1 the time at which the circuit enters the k" dead-zone.

tesx i 1 the time at which the circuit exits the k" dead-zone.

ter ks 18 the time taken in crossing from one dead-zone to another, that is, t., j to
ten k1. Thatis,

tcr,k = ten,kJrl - tem,k (410)

ldz0, 18 the time spent in the k" dead-zone, i.e., the time taken between teni tO
les,k- That s,

tdzo,k: = te:v,k: - ten,k (41 1)

It may be noted that the notation for time spent in dead-zone is a bit different from the

notation used in the previous two chapters.

After injecting an impulsive current at ¢ = 0, the time-reversed ¢,,, g4s values are
used in the adjoint network. In the “operating point” of the circuit which settles after N
rings, the circuit enters its final dead-zone at t = ¢, y+1. That is, the circuit is settled
after ¢t = tep ny1. S0, from t = te, yy1 0t = Ts, griey = 0, Gmmop = 0 as the
final stage transistors are cut-off. This means, in the adjoint network from g,,, rs., = 0,
ImMop = 0fromt = 0tot = Ts — ., ny1. From the differential equation (4.9), it can

be inferred that the node voltages do not change after t = 07 to t = Ts — tep N1

4.2.1 Calculation of i(¢) in the time-reversed transition regions

Now, h(t) (or v4(t)) is calculated in the time-reversed k' crossing/transition region,
that is, the time between T's — t., x4+1 to T's — ., using the differential equations set-
up above. The solution will involve decoupling of the 2 differential equations in v4 and
v, and result in a second order differential equation. Here, a transition region where
NMOS is active, is assumed. The other transition region where PMOS is active also has

a similar formulation (with only g,, .., being replaced by g,, 1., )-
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When either Moy or M¢p is active, its overdrive voltage increases from 0 to a max-
imum. This is not a step increase, and a small time interval elapses during this increase.
Accounting for this change in calculations makes the algebra very involved. Thus, a
constant maximum overdrive is assumed for a simple approximation. Assuming a con-
stant maximum overdrive for the entire duration of ¢, ; will obviously lead to errors.
Thus, this constant overdrive approximation is done only for a fraction of ¢., ;, the time
taken to cross from one dead-zone to another. This fraction is chosen empirically and
hence is a source of error. This approximation works to reasonable accuracy as the rate
of change of Vgy or Vzp is much lower at voltages close to maximum overdrive and
much faster at lower overdrives. One approximate way to do the constant estimation
is to assume maximum overdrive for the time taken to go from x times the maximum
overdrive to the maximum overdrive and then again come down to x times the max-
imum overdrive. Choosing the value of x is again empirical and may lead to errors.
This constant approximation is a must for simple expressions, as will be seen from the

following differential equations.

The resulting second order differential equation in v4 and v, both take the same

form
d*va O0gasi dva  AsGmiGmmoy
) Vg = 0
dt? 20" dt QCI(CA + CB) (4.12)
5d2U0 5gdsl dvo AQlegm,McN v, =0 '
2 20" dt  2C'(Cu+ Cp) °
C C C
where § = —~ e b

Cy  C,+Cgy

Solving the above differential equation using initial conditions derived from (4.8),

va(t) = e Ttenis)) (kysin(B(t — (T — tenps1)) + kocos(B(t — (T — tenps1)))
o= Gds1
el

6 _ gmlgm,MCNAQ
25(C'a + C)C"
kl — U;&(TS - ten,kJrl) + aUA<Ts - ten,kJrl)
g

k2 = UA(TS - ten,k—i—l)
(4.13)
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o (t) = et Ts—tenss)) (1sin(B(t — (Ty — toppsr)) + lacos(B(t — (Ty — tenir1)))

o — 9ds1
4C"
6 — gmlgm,McNAQ
25(Ca + C)C"
I, = UZJ(TS — ten,kJrl) + aUO<TS - ten,kJrl)
1=

B
l2 = UO(TS - ten,kJrl)
(4.14)

CrL+Cp Cp

here § = — .
Where Cp Ca+Cp

As will be seen sometime later in equation (4.17), at the beginning of every dead-
zone (time reversed), v4 decays considerably towards 0. Thus, at the beginning of
every dead-zone (time-reversed), v4 ~ 0. That is va(Ts — t.,x) ~ 0. Using this

approximation,

va(t) = e T tenir)) (Bysin(B(t — (Ty — tenps1)))

() = et Ta—tenis)) (ycos(B(t — (Ty — tonpsr)))

o — Gds1

4C"
6 _ gmlgm,McNAQ

20(Ca + C)C"
jA— U:L}(Ts - ten,kJrl) + Oé'UA(Ts B ten,kJrl) (415)
1=
5
Ang,MCNUO(Ts - ten,k-{—l)

- OZUACFS - ten,kJrl) + aUA(Ts - ten,kJrl)

B

2C"

— AngyMCNUO(TS - ten,k—l—l)
250"

l2 = U0<Ts - ten,kJrl)

Now, the integral of v% (in the k™ crossing region), which is a contributor to the output
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noise PSD, as proved in equation (4.3), is given by

TS_teac,k kQ 1 _ €_2a(tcr,k)
[ we =R (-

TS'_ten,k+1 20[

(4.16)

72&2&07‘7}C

W(ﬁsm(%tcm) — acos (2Bt 1) + a))

4.2.2 Calculation of i(¢) in the time-reversed dead-zones

Now, h(t) (or v4(t)) is calculated in the k" dead-zone region, i.e., the time between

Ts —teyr to T's —tep 1 using the differential equations set-up above in (4.9). Here, both

NMOS(M¢cpy) and PMOS(M¢p) are cut-off.

— 945 (0= (Ts —t o 1))

UA(t) = UA(TS - tex,k)e 20/
9ds,1 (t—(Tg—teg k)
A1C0A(Ts —tewr) | A1C0a(Ts — tem,k)e_%
’Uo(t) = UO(TS - te:v,k:) — 5
(Ca+CB) 5(Cy+ Cp)
Alc/UA (Ts — teg k) _ 9ds1 (= (Ts—teg 1))
o t) ~ — ’ 1 — 7
v ( ) 5(CA + CB) e 2C
4.17)

CrL+Cg Cp

h = — .
where § cn it O

The approximation made in the above equation is justified as follows

Al C/UA (Ts - te:v,k:)

(Cyr+C
(Ca+Cs) (4.18)
. AlAQ.gm,MCN/CPUO(Ts - tex,k—l—l)
n 260(Cs+ Cp)
For typical g,,, and capacitance values,
A1A2.gm MCN/CPUO(TS - tea: k—l—l)
’ ’ 7a(tcr k)
>>e R (T — tes cos(f(t., 4.19

QB(S(CA +CB) ( 7k+1) (6( 7]?) ( )

Now, the integral of v% (in the k' dead-zone region), which is a contributor to the

output noise PSD, as proved in equation (4.3)

Tsftez,k
[ e
Tsften,k
= U124<Ts - tem,k)(cl> (1 e gds,ltdzo,k)

C/
9ds,1

(4.20)
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Now, integrals over all the dead-zone regions are summed to find the integral of v ()

in the dead-zone region.

As there are N rings, the last entry to the time-reversed dead-zone is at T's — e, N41-

Thus,

VA(Ts — ten,ng1) =0
t - Oyt Oy 4.21)
N 0L Ch + CaCL + CpCL

Voo = Vo(Ts —
From equation (4.15),

Va(Ts — texn) = ke~ Nsin(Bte 1)

4.22
_ [ A2ImdonjordlCat Cr) etV sin (Bt 1) e
QC’gm1 00 cr,k

Substituting equation (4.22) in (4.17),

—2A,C"ynva(Ts — texN)
5(0,4 + CB)

Vo(Ts — ten,n) = (4.23)

where,

—9ds,1tdzo,N

w=1—eT (4.24)

Now, the expression for v4 (7 —t, ) is evaluated using the equations (4.17) and (4.15),

2A2gm M C,
Ts - tem = _A ~Oter kg tcr oner Ts - tem
va( &) 1Vk+1€ sin(3 ,k)\/ 3d(Ca 1 Cp) va( k+1)
(4.25)
—9ds,1tdzo.k
ve=1—e" 200 (4.26)

The g, 1y op in the above formula denotes g,,, of either NMOS My or PMOS Mep

depending on which is active.
Now, the integral v% in the dead-zone is given by,

1
—9ds,1tdzo.k

(1—e o) (4.27)

al C
/ U124 = Z U,24(T8 - tex,k)
tdz

=1 Gds,1
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From equations (4.3), (4.4) and (4.5), the integrated mean squared noise is given by

ART ( / WA (1)dt + / vi(t)dt) 4.28)
39m1 2 ter

It is to be noted that the contribution from v, in the initial ramping phase has been

neglected. This is very tedious to calculate as making constant g,, approximations
in this region are not feasible. However, this contribution to [ v%(¢)dt is negligible

compared to other contributions.

4.3 Simulation and analytic for variation of integrated
mean squared noise with Vg

RST RST

i & s )

VCMO

RST
. o RST
Vy € iVCM Vos \q/)OUT
1 A EVCM"'VOS
RST RST —— Cioap
3 V
1 ) ool e,
Vg

VCMX

From the equations derived in the previous section, it is observed that the mean squared

output noise mainly depends on the following factors

e As the number of times the circuit rings increases, the integrated mean squared

noise increases.

e For a particular number of rings, as the time taken for each ring of the circuit

increases, the integrated mean squared noise also increases.

e Also, it is known that as Vg increases for a given number of rings, the over-

shoot with respect to mid-rail voltage also decreases. The equation for rate when
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NMOS is active (derived in (2.11)) is given by,

A A 1 AA A 1 AA
v = ((AlAztd)Qkpkn@/)Q)z (To n Vos Aok, (1 + kytgAy 2¢)) _ VosAskn (1 + kytgAr Ast)

1 — (A1 Aot g)?kpk,? 1 — (A1 Aot )% kpkp?
(4.29)

The overshoot v;, on the negative side, with respect to mid-rail, is given by

B Cp Vos
Vovershoot,i = Titd CA n CB - Al

(4.30)

As Vpgs increases, r; decreases, since the coefficient of Vg in the above equation (4.29)
for rate is ((A; Aaty)?k,k, )" —1 and for stable circuits which settle, ((A; Aatg)?kyk,)! <
1. Also, it is noticed from (4.30) that as Vg increases, overshoot with respect to mid-

rail decreases.

Now,
V
VA = % + Alvovershoot,i
Vor = Va4 —Vos (4.31)
Vep = f(Var)

where f is the inverter characteristic transfer function. In the inverter characteristic

Vo

transfer function (of figure 4.3), gain ( pi

) of an output voltage close to rails is
much lower than that of output voltage closé to mid-rail, where gain is maximum. As
Uovershoot,i decreases, V4 and hence Vor decrease. This brings Vaor closer to mid-rail,
and hence V- p also closer to mid-rail. Thus, for lower overshoot values, Vp is closer
to mid-rail and hence A, is much higher for smaller v,yershoot.i- Thus, as Vg increases,
Ugvershoot,i decreases, hence increasing A,. Higher A, from equations (4.22) and (4.25)
implies higher noise. However, from equation (4.13), § also becomes higher with in-

crease in A,. As there is a sinusoidal dependence on 3, as seen from equation (4.22)

and (4.25), there may be some irregularities with higher 3.

In the ring amplifier circuit, a constant load capacitance C7, a constant C'4, Cp
(hence, a constant gain) and a constant input voltage (V7y) are maintained. Only the

offset voltage Vps embedded at the output of the first stage inverter is varied.

The following are the plots of integrated mean squared noise versus Vg and number
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Figure 4.3: Inverter characteristics

of rings (V) versus Vpg. In this case, For all inverters,

w 7.2
— of NMOS = —
L’ 2.4
w 21.6
— of PMOS = —
p CTPMOS =57
For MCNa
w32
L 32
For MCP
W _96
L 32
All dimensions are in gm.
CA = 1.5pF
CB == 1pF
Vin =-0.1V

Vos was varied from 180 mV to 310 mV, in steps of 5 mV. A pss and pnoise analysis
was run for each of these cases using the guidelines in (Murmann, 2012). The resulting
output noise and the number of rings are plotted against the offset voltage. The general
trend from this plot looks like the mean squared noise decreases with increase in Vg
and hence the decrease in number of rings. However, on zooming in on the region with

smaller number of rings, it is noticed that there is not a uniform decrease. For some k

46



x10°

[ee]

——Simulation
= ——Analysis
0
200 220 60

180 300 320

o

N

Mean squared noise (V 2)
N

2
os (MV)

Figure 4.4: Integrated mean squared noise v/s Vpg

0.01 \
—— Simulation
0.008+ —— Analysis
S
3 0.006(
o
c
v 0.004F
=
74
0.0021-
0 L L L L L L
180 200 220 240 260 280 300 320
VOS (mV)

Figure 4.5: Root mean squared noise v/s Vpg

number of rings in the output, the noise increases with an increase in Vig. This shows
the dependence on the time taken for each ring and on the increase in A, with V. For
the same number of rings, the time taken for each ring increases with an increase in Vpg.
Also, As increases with increase in Vps. Therefore, the integrated mean squared noise
for a given number of rings is higher when the offset voltage Vs is higher. However, as
there is a sinusoidal dependence on 3, as seen from equations (4.22) and (4.25), there

may be some irregularities in trends with higher .
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4.4 Simulation and analytic for variation of integrated
mean squared noise with C; o 4p
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As in the previous section, it is observed that the mean squared noise mainly depends

on the following factors

e As the number of times the circuit rings increases, the integrated mean squared

noise increases.

e For a particular number of rings, as the time taken for each ring of the circuit

increases, the integrated mean squared noise also increases.

e Also, it is seen that as C'pp increases for a given number of rings, the over-

shoot with respect to mid-rail voltage also decreases. The differential equations
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(derived in (2.10)) governing the rate are given by,

Cp Vos
=t — A Ak
r; (Tz—l dCA+CB Al ) 1412/vn

(4.32)

The overshoot, on the negative side, with respect to mid-rail v; is given by

Csg  Vos
Ca+Cp A

Vovershoot,i — rilq (433)
As Croap increases, it is seen from the above set of equations that, k,,, k, also decrease,
therefore, r; decreases. Now, as r; decreases, from equation (4.33), it is noticed that

Uovershoot,i alS0O decreases.

Now,
V
VA = % + Al’Ui
Vor = Va4 — Vos
Ver = f(Var)

where f is the inverter characteristic transfer function. Now, in the inverter charac-

dvo

T ) of an output voltage close to rails is much lower

teristic transfer function, gain (
than that of output voltage close to mid-rail, where gain is maximum. AS Vgyershoot,i de-
creases, V4 and hence V5 decreases. This brings Vor closer to mid-rail, and hence Vi p
also closer to mid-rail. Thus, for lower overshoot values, Vo p is closer to mid-rail and
hence Aj; is much higher for smaller Voyershoot,i- Thus, as Croap INCreases, Voyershoot,i
decreases, hence increasing A;. Higher Ay from equations (4.22) and (4.25) implies

higher noise. The variation of inverter gain is illustrated by the inverter characteristics

plotted in the figure (4.3).

However, from equation (4.13), 3; also becomes higher with increase in A;. As

there is a sinusoidal dependence on f3;, as seen from equation (4.22) and (4.25), there
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may be some irregularities with higher [;.

In the ring amplifier circuit, a constant offset voltage Vygs, a constant C'y, C'p (hence,
a constant gain) and a constant input voltage (V;y) are maintained. Only the load ca-

pacitance Crpap is varied.

The following are the plots of integrated mean squared noise versus Croap and

number of rings (V) versus C'rp4p. In this case, For all inverters,

w 7.2
— of NMOS = —
p CINMOS =57
%4 21.6
— of PMOS = —
p oPMOS =57
For MCNa
W_32
L 32
For MCP
w96
L 32
All dimensions are in pm.
CA = 1.5pF
CB = 1pF
Vos = 0.15V
Vin =-0.1V

Also, C'roap was varied from 300 fF to 3 pF, in appropriate steps. A pss and pnoise
analysis was run for each of these cases using the guidelines in (Murmann, 2012). The
resulting output noise and the number of rings are plotted against the load capacitance.

The general trend from this plot looks like the mean squared noise decreases with in-
crease in C',o op and the consequent decrease in number of rings. However, on zooming
in on the region with smaller number of rings, it is noticed that there is not a uniform

decrease. This shows the dependence on the following factors:

e The time taken for each ring. For a given number of rings, this time increases with

increase in C'rp4p. Increased ringing time leads to increase in noise. However,
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Figure 4.8: Integrated mean squared noise v/s C'rp4p, zoomed in

this is offset by a decrease in noise due to increase in C'pp4p itself. Increased
Croap means decreased initial rise in voltage vy as given by equation (4.21).

Decreased vy leads to decreased noise as given by (4.22).
e Also, the increase in A, as explained at the start of the section.

e Similarly, as the overshoot Usyershoot,i OF U, decreases with increase in

overshoot,i
CrLoap, there is a consequent decrease in the maximum gate overdrive voltage at

the final stage. The incremental change in overdrive voltage is given by

vpn = A1 Asv;
(4.34)
UBp = A1A2,UZ{

Decrease in overdrive voltage leads to decrease in gy, vy 1f the final stage

transistors are in saturation.

These are the reasons an increase followed by a decrease in noise for a given number of

rings [V, is observed.
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Figure 4.10: Root mean squared noise v/s Coap, zoomed in

However, as there is a sinusoidal dependence on (3;, as seen from equations (4.22)

and (4.25), there may be some irregularities in trends with higher [;.

4.5 Possible sources of deviation

e Asthere is a sinusoidal dependence on 3;, as seen from equation (4.22) and (4.25),
any small error in the estimation of (3; may lead to more significant errors in the
estimation of h(t). Also, if this error comes up in the estimation of the last (N'")
time-reversed ring, there will be an accumulation of error as we estimate the time-

reversed rings N — 1, ...., 1.

e Assuming constant (maximum) gate overdrive for the last stage NMOS/PMOS

means estimated noise is higher than actual noise.

e Also, the approximation that v (7s—t., 1) ~ 0 while simplifying the expressions

to a certain extent, may lead to deviation from simulation.
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CHAPTER 5

Analysis of noise in traditional OTA based switched

capacitor circuits

In this chapter, the noise in traditional OTA based switched capacitor circuits is anal-
ysed. The g,, g4s values are constant in this circuit, as opposed to the ring amplifier
circuit. Thus, noise analysis by traditional frequency method is much simpler in this
case. This point is illustrated in this chapter and some similarities and differences be-
tween the noise in 2 circuits are noted. The traditional OTA-based switched capacitor

amplifier is shown in figure (5.1)

Figure 5.1: OTA based switched capacitor circuit



5.1 Noise calculation in OTA based switched capacitor

circuits

The values used for simulation in this circuit are:

CA = 3pF
CB = 1pF

(5.1)
Cy = 10fF

M =T = OO

dml1 = dm2 = 100,&8
The noise transfer functions from the 2 transconductance and from the zero-cancelling
resistor to the output node are computed. The two output resistance values are assumed

to be oo during our calculations. The transfer function from g,,; is Hi(s), from g, is

H,(s) and from the zero-cancelling resistor is H3(s).

5.1.1 Simulation and analytic noise due to g,,; for variation of inte-

grated mean squared noise with C'

ngSC ngSC gmch
_dm2 ) =7
) v <9m2 +sC * Cy+ CB) (s)

SC' G SC Gma )
o $(Cal|Cp + Cp) 4 —9m2 ) (2592 ) g
v <s( Al|CB + L)+SC+gm2) vy <sC’+gm2 Im2

Solving the above equations,

Hy(s) =
972712
2
SCCIH(CL + CallCB) + 52 (gm2C1(Cr + CallCB + C) + gmaC(Cr + Cal|C)) + sg2,,C + LatmiCn
5.2)
The output noise spectral density is given by
8kT G,
So(f) = [H(f) 1 (5.3)
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Capacitance C (pF) | Simulated mean squared noise (V?) | Analytic mean squared noise (/%)
0.01 1.23 x 107 1.26 x 107
0.02 5.95 x 107 6.02 x 1077
0.05 2.29 x 1077 2.31 x 1077
0.1 1.13 x 107" 1.13 x 107"
0.25 4.45 x 1078 4.45 x 1078
0.5 2.22 x 1078 2.22 x 1078
0.75 1.48 x 107® 1.48 x 107®
1 1.11 x 1078 1.11 x 1078
5 2.23 x 107 2.21 x 1079
10 1.36 x 107 1.11 x 1077

Table 5.1: Noise due to first stage transconductance

Using appropriate contour integration and evaluating mean squared noise using the

above transfer function, the output noise comes to be

3

C

2T gpmo (CC1 + (O + C4l|CB)(C + Cl))

_ O
Cy+Cp

(gm2<001 1 (Cu + CllC)(C + )

C(Cp + CA||CB))
(5.4)

O
Imy e O

Table (5.1) shows analytic noise and simulated noise values (due to the first stage
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Figure 5.2: Mean squared noise v/s C

transconductance) as the Miller capacitance C' is varied. As will be seen later, the first

stage contributes the maximum noise to the circuit (till C' becomes very large). Equation

(5.4) gives the exact expression for the noise only in cases where the circuit settles to its

steady state within the half the sampling period % In cases where this doesn’t happen,

there is a deviation of analytic noise from simulated noise. (This is noticed in the case

where C'=10 pF. In this case, circuit doesn’t settle to steady state within half the time

period.) In such cases, the “time-domain” approach of computing noise (which was

used in the previous chapter) can be used. However, when the circuit doesn’t settle to




its desired steady state, there is an error in the output. So, it is sufficient to calculate

noise for cases where there is settling within the half time period.

5.1.2 Simulation and analytic noise due to g,,, for variation of inte-

grated mean squared noise with ('

ngSC ngSC gmch
Cy+ —Im2T ) oy, =0
o (S 1+gm2+80) Y (gm2+SC+CA+CB)

SCsz chmQ
T _ - - - — [
Vo (S(CAHCB +C) + ol ng) vy ( ng) (s)

(5.5)

Solving the above equations,

Hj(s) =
s(C + C1)gma + s2CCy

2
s3CC(CL + CallCB) + 82 (gm2C1(CL + Cal|Cp + C) + gm2C(CL + CallCB)) + 5975C + %
(5.6)

The output noise spectral density is

SkTng
3

Swo(f) = [H(f)? x (5.7)

Using appropriate contour integration and evaluating mean squared noise using the

above transfer function, the output noise comes to be

2/{5Tgm2 (C -+ 01)2
3 C

Cp
ma(CC C ChllCe)(C+CY)) — g1 =———
Gma( 1+ (CL+ C4||C)(C+Ch)) —g 1CA+CB

2kT972n2 001
3 C.l|Cp+Ch
Cb

ma(CC C ChllCe)(C+CY) — gi————
Gma( 1+ (CL+ C4||C)(C+Ch)) —g 1CA+CB

C1(CrL + C4||CB)

_|_

(5.8)
C1(CL + C4||CB)

3 C
gm2(CC1 + (Cp + C4||Cp)(C + CY))

~
~

Cp

— g1 ——————C1(C CAllC
ImE— - 1(CL + Cal|Cp)

Table (5.2) shows analytic noise and simulated noise values (due to the second stage

transconductance) as the Miller capacitance C' is varied.
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Capacitance C (pF) | Simulated mean squared noise (V?) | Analytic mean squared noise (/%)
0.01 6.44 x 1077 6.60 x 10~
0.02 4.61 x 1077 4.72 x 1077
0.05 3.56 x 107 3.63 x 107
0.1 3.21 x 1079 3.27 x 1079
0.25 3.00 x 107 3.08 x 1079
0.5 2.93 x 1079 2.98 x 1079
0.75 2.91 x 1077 2.97 x 107
1 2.89 x 1077 2.95 x 107
5 2.87 x 1079 2.91 x 107
10 2.85 x 1077 2.91 x 107°

Table 5.2: Noise due to second stage transconductance

5.1.3 Simulation and analytic noise due to the zero-cancelling resis-

tor for variation of integrated mean squared noise with ('

By proceeding along similar lines, the noise transfer function from the zero-cancelling

resistor (Hs(s)) is,

Hj(s) =
5C gma + s2CCY

2
s3CC1(CL + Cal|CB) + 52(9m2C1(CL + CallCB + C) + gm2C(CL + Cal|Cp)) + 597,,C + %
5.9

The output noise spectral density is
Suo(f) = [H(f)I* x AkT gy (5.10)

Using appropriate contour integration and evaluating mean squared noise using the

above transfer function, the output noise comes to be

kTgm2C
ng(CCl + (CL + CAHCB)(C + Cl)) — Jm1

ele)
kT2, — 2L
Imre Ty + O
Cp

ng(CC1 + (CL + CAHCB)(C + Cl)) — gmliCl(CL + CAHCB)
Ca+Cp
kTngC
Cg

ng(CCl + (CL + CAHCB)(C + Cl)) — gmliCl(CL + CAHCB)
Ca+Cp

Cg

—4(C C4llC
it Cn (CL + C4l|CB)

n 5.11)

~
~
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Capacitance C (pF) | Simulated mean squared noise (V?) | Analytic mean squared noise (/%)
0.01 2.41 x 1079 2.51 x 1077
0.02 3.08 x 1079 3.18 x 107
0.05 3.71 x 107 3.80 x 107
0.1 3.97 x 1079 4.06 x 1077
0.25 4.16 x 1077 4.27 x 1077
0.5 4.22 x 1077 4.30 x 1077
0.75 4.24 x 1077 4.33 x 1077
1 4.26 x 1077 4.33 x 107
5 4.28 x 1077 4.33 x 107
10 4.28 x 107° 4.33 x 107Y

Table 5.3: Noise due to zero-cancelling resistor

Table (5.3) shows analytic noise and simulated noise values (due to the second stage

transconductance) as the Miller capacitance C' is varied.

5.2 Comparison with noise of ring amplifier

As the Miller capacitance C' increases in the OTA based switched capacitor circuit of
figure (5.1), the quality factor reduces. That is, there is less ringing in the circuit. For
less ringing, the noise contribution due to the first stage OTA g¢,,; goes down. In the
OTA based circuit, there is an additional noise contribution from the zero-cancelling

resistor and the second stage OTA g,2.

The number of rings in the ring amplifier based switched capacitor circuits can
roughly be treated as an equivalent of the quality factor. The general trend of the in-
tegrated mean squared noise decreases with decrease in number of rings. Thus, the
general trend of the integrated mean squared noise decreases with increasing Vs and
Croap- In case of ring-amp based switched capacitor circuits, only the first inverter
contributes to noise, other transistors don’t. Also, as stated in the previous chapter,
decrease in integrated mean squared noise is not uniform as in the case of traditional
OTA based switched capacitor circuits. Also, the steady state solution or the “operating
point” depends on the input in the ring-amp circuit. Therefore, noise also varies with

input in the ring-amp based switched capacitor circuits.
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CHAPTER 6

Conclusion and Future Scope

In this work, an existing model for the steady state solution of a ring amplifier was
studied in detail and was extended to include the effects of slewing and parasitic ca-
pacitances. The effect of different parameters like offset voltage and capacitances on
the number of rings (during settling) was studied and the trends were verified by sim-
ulation. Based on the model developed and some constraints mentioned in (Hershberg
et al., 2012), a design procedure was formulated to help fix the transistor dimensions

for a ring amplifier circuit which settles.

“Time-domain” techniques mentioned in (Pavan and Rajan, 2014) were used to
analyse the noise in ring amplifier circuits. Various simplifying assumptions were made
to explain the trends in noise variation with offset voltage and capacitances. The result-
ing model, though matches with simulation as far as the trends are concerned, gives only
a rough (few 10s of percent error) point by point match for the integrated mean squared
noise values. The model can be further improved and better approximations may be
used to develop more accurate expressions without loss of intuition. An improvement

may lead to prediction of the exact parameter values which minimize noise.



APPENDIX A

LPTYV Networks with Sampled Outputs

The results of the (Pavan and Rajan, 2014) were used for the time-domain method of
noise analysis in the ring-amplifier circuit. The proofs and other details of the (Pavan

and Rajan, 2014) are explained in this appendix.

A linear periodic time varying (LPTV) network, with an input z(t) is considered. It
is shown that if the output of this network y(¢) is sampled at fs, an equivalent LTI filter
can be found. That is, if the LTI filter is excited by the same input z(¢) and the output is
sampled at fg, the output sequence is same as the the sequence of the LPTV network.
Also, inter-reciprocity is extended to LPTV systems and used to find equivalent LTI

filters from multiple inputs.

A impulse is applied at the input of a system at time ¢ — 7 and the output is observed
at time ¢, where 7 is the time difference between the observation of output and appli-
cation of the input impulse. The impulse response of such a system is A (¢, 7). When a

complex exponential (t) = e/*! is applied to such a system,

y(t) = /OO o(t — 7)h(t, 7)dT = ?“'h(t, T)dT
o (A.1)

= H(jw,t)e’"

In a LPTV system with period Ts, h(t) = h(t + Ts) and H (jw,t) = H(jw,t + Ts).

Thus, the “transfer function” can be written as a Fourier series

k=00
H(jw,t)= Y Hy(jw)es" (A.2)

k=—o00

2
where wg = %

S

The sequence obtained by exciting an LPTV system with e/“! and sampling the



output at T's with an offset of ¢, (< Ts), is considered

ylm, to] = y(mTs + 1)

k=00
[ > HAjw)e“’““”] gielmTs o) (A3)

k=—o00

= He, (jw)ejw(MTS o)

Thus, the output samples of an LPTV system are same as the output samples of an
LTI system with transfer function H.,(jw) excited by the exponential e/“*. As any
arbitrary signal x(¢) can be written as a sum of complex exponentials through Fourier

Transforms, by virtue of linearity the above property must hold for any input signal.

If an input is applied to a LPTV system at ¢ = ¢; and output is sampled at offset of
t,, resulting sequence is h(mTs +t,, mTs +t, —t;), and the equivalent LTI sequence is
heg(mTs +t, —t;). To find h,(t) , an impulse is applied to the system at t; = ¢, — At,
and output sequence is recorded. This yields h.,(mTs + At). At is swept from O to
Ts in sufficiently fine steps, and h.,(mTs + At) is obtained for all values of At. Thus,
heg(t) is found.

Inter-reciprocity can be extended to LPTV systems. Inter-reciprocity in LPTV net-
works implies the following. The sequence obtained by periodically sampling the out-
put at the output port of A/ at a timing offset ¢,, in response to a input impulse (¢ — ¢;)
applied to input port is identical to the sequence that would be obtained by applying the
input impulse to the output port of N at time Ty — t,, and sampling the output (at the
input port of N)ata timing offset T's — ¢;. This result is proved using Zak transforms

in the (Pavan and Rajan, 2014). The adjoint network is then constructed as follows:

e Linear elements (resistance R, capacitance C' and inductance L) of the network

N remain R, C and L in the adjoint network N.

e Periodic switches are time reversed. That is a switch which is one in a time

interval T in AV is on in the time interval T in \V.

e All controlled sources transform in a similar way as the LTI networks but with an

additional time reversal.

Now, the adjoint network is used to compute h.,(t) in a more efficient manner. A
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network N whose output is sampled at offset ¢, and its adjoint N are considered.
heq(mTs + At) from input to output port of AV, is the sequence obtained by sampling
the output at an offset of ¢, when an impulse is applied at ¢, — At. By LPTV inter-
reciprocity stated above, it is noted that exactly the same sequence is obtained when an
impulse is applied at time T — ¢, at the output port of the adjoint N and sampling is
done at the input port of the adjoint N at timing offset of T's — ¢, + At. Sweeping the
time of input impulse application at input port of A/ for a constant output observation
offset of ¢, at the output port of N\ is equivalent to keeping the input application at the
output port of N constant at T, —t, and sweeping the timing offset of output observation
at input port of A". Hence, hey(t — (T — t,)) is obtained. /., (t) is only a time-shifted

version of the same.
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