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ABSTRACT

De Sitter spacetime is a cosmological solution to field equations of general relativity and has
been studied extensively as it is a maximally symmetric solution. It models the universe by
neglecting ordinary matter considering the contribution only due to positive cosmological
constant in describing the dynamics of the universe. This report is aimed at studying certain
aspects of quantum field theory in de Sitter spacetime. After getting familiar with the es-
sential classical aspects of the de Sitter spacetime, we investigate the behaviour of a massive
quantum scalar field to understand some of the important phenomena associated with the

de Sitter spacetime.
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Chapter 1

Introduction

Study of maximally symmetric solutions of Einstein’s equation have assumed great impor-
tance in the recent past. A few important ones among them are the Minkowski (flat) space-
time, de Sitter spacetime (driven by positive cosmological constant) and Anti de Sitter space-
time (sourced by negative cosmological constant). From the view point of physics, de Sitter
spacetime is different from Minkowski spacetime due to the fact that it is the solution for
Einstein’s equations with positive cosmological constant and no matter sources in contrast
to Minkowski spacetime which is the solution with no cosmological constant and also no
matter sources. However, the maximally symmetric nature of both of these spacetimes im-
plies that they both have the same number of independent components of Riemann tensor.

De Sitter spacetime is the maximally symmetric, vacuum solution of Einstein’s equations
with a positive cosmological constant A (corresponding to a positive vacuum energy density
and negative pressure). De Sitter spacetime has been studied vastly as it highly symmetric
curved space which makes it easier to quantize fields and obtain simple exact solutions. It is
also used to describe the phase of accelerated expansion referred to as inflation that occurs
in the early universe. De Sitter model is widely used for pedagogical purpose as it assumes
the matter contribution to be zero which is a close approximate although not completely
true in the real universe we live in.

This report is aimed at studying certain aspects of quantum field theory in de Sitter
spacetime. The report has been divided into four main chapters. In the second chapter,
we review the classical properties of de Sitter spacetime. This includes study of various use-
ful coordinate systems that exploit the symmetry properties of the spacetime. We also study

the transformations among these various coordinate systems as not all are equally conve-



nient at all times. In the process, we establish the expansion rate of the universe, H in terms
of the cosmological constant and discuss the implications of it. In the classical properties,
we also study the causal structure of the de Sitter spacetime in various coordinate systems
using the Penrose diagrams.

In the next chapter, we study the quantum field theory in flat spacetime as a preface to
more rigorous study of quantum field theory in curved spacetime. This includes the canon-
ical quantization of the field in the Heisenberg picture. We present the quantization in two
different basis, one being the plane wave basis and the other is the spherical basis. We
use different coordinate systems in the process, viz the conventional Cartesian coordinate
systems for the plane wave basis and the spherical polar coordinates for the spherical har-
monics. Following this, we introduce Green functions in the last section of this chapter and
present a detailed picture of them in flat spacetime.

After understanding the essential aspects of de Sitter spacetime and the quantum field
theory, we proceed to discuss the quantum field theory in curved spacetime, more specif-
ically in de Sitter spacetime. We try to understand the ambiguity in the choice of vacuum
in the curved spacetime and in the process, present a brief description of the Bogoliubov
transformations. Further, we describe the de Sitter invariant vacua for massive scalar fields.
We show that a unique vacuum is not selected only by requiring that it be de Sitter invari-
ant as all the invariant states form a one parameter family. We show how the entire family
of states can be generated from a single vacuum state called Euclidean vacuum by trivial
frequency independent Bogoliubov transformations. In the later parts of the chapter, we
present a proof of how a massless scalar field has no de Sitter invariant vacuum state.

In the penultimate chapter, we discuss an exotic phenomenon that is a characteristic of
curved spacetimes, viz particle production. We derive the equations for Green functions
in a de Sitter invariant form, both in closed as well as flat coordinates. We solve the wave
equations to obtain the non-trivial Bogoliubov transformations for the mode expansions
at past and future infinity. We establish quantitatively, the probability amplitudes for pair
production and also compute the decay rate. This informally marks the end of this report.

The report is formally concluded by presenting an overall picture with all the results

summarised in the last chapter and a brief discussion about their implications.



Chapter 2

Classical Aspects of de Sitter spacetime

In this chapter, we study the classical geometry of de Sitter spacetime in arbitrary dimension.
Two methods are employed for this. One is directly by solving the Einstein equation for the
metric ansatz and the second is by using various useful coordinate systems with different
transformations among them. The metric signature that we are going to use in this report is

(-1,1,1,...)

2.1 Solution by Einstein equation

In d-spacetime dimensions, the Einstein- Hilbert action coupled to matter is given by

1

S[gwj] = m /ddl’\/ —g(R — 2A) + Sm,

where S, is the matter action of interest, which vanishes for the limit of pure gravity. The
cosmological constant A is positive for de Sitter spacetime (dS;) . The above actions yields

the Einstein equations
Guv + Aguv = T (21)

The energy-momentum tensor is T, is given by
2 085,
/_g 5guv ’

For pure dS; , the energy- momentum tensor vanishes so that the Einstein equations become

Tuv -

Guv - _Aguv .



2.2. COORDINATE SYSTEMS

For an empty spacetime with a positive constant vacuum energy (A > 0) we get

A
pracuum _ "7 - 22

The only non-trivial component of the Einstein equations is Ricci Scalar, R . From (2.1), we

get
Guv - _Aguva
uv 1 uv
g (Ruv - §guvR> = —Ag""Guo.

Since the spacetime we are working with is d dimensional, ¢,,9"* = d which gives

2Ad
_—— 3
=0 23)

Ricci scalar being positive implies that de Sitter spacetime is maximally symmetric, of which

the local structure is characterized by a positive constant curvature scalar alone such as

1
R/wpa = m(gupgva - g,uagvp)R . (24)

Computing the Kretschmann scalar

VPO R 2 Vo g v
R;wpgR'u Pe = (m) (gupgvo - guagvp)(g'upg - 9" p)

“(ats)

Scalar curvature being constant everywhere implies the fact that dS; is free from physical
singularities which is confirmed by calculating the Kretschmann scalar which also turns out

to be constant.

2.2 Coordinate systems

In this section, we shall discuss various coordinate systems that can be constructed to under-
stand the properties of de Sitter spacetime. Four different coordinate systems are employed

and various transformations among them are studied.



2.2. COORDINATE SYSTEMS

2.2.1 Global coordinates (7, 6;)

De Sitter spacetime can be viewed as an embedding of the dS; into flat (d + 1) dimensional
Minkowski spacetime. We know, that for a Minkowski spacetime, the Einstein equation is

trivially satisfied. For a Minkowski spacetime of (d + 1) dimensions, we have

0=""R,
= g*P Ry,

= R+‘R.

The capital indices A, B run from 0 to d representing the (d + 1) Minkowski spacetime.
Setting “R = —2Ad/d — 2 , we recover the Einstein equation of dS,. This implies a positive
constant curvature of the embedding space. Topology of such embedding can be visualised

as an algebraic constraint of a hyperboloid given by

napXAXB =12 (2.5)
—XOXO 4+ XX 4 XX =2 (2.6)

nap is the metric for (d+1) dimensional Minkowski spacetime and so is diag. (—1,1,1...1).

The metric for the (d + 1) Minkowski is
ds? = napdX4dX5E. (2.7)

This metric constrained by (2.5) represents the dS;. Using (2.6) to eliminate the last spatial
coordinate X? from the metric (2.7) we get

Ny X Hd X"

dx¢ = .
+ \/l2 — ﬁaﬁXaXﬁ

The Greek indices ji, v, @, 5 run from 0 to d — 1 . From this we get the induced metric g,,, of

the curved de Sitter spacetime due to the embedding as

NN, . ¢
Joo = Mo T XX
g;w _ nlﬂl B XHXV

l2
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From this metric, the induced connection, the Riemann tensor and the Ricci tensor can be

obtained to be

1 XrX X
T = — (g, X" ot 2.
vp l2 (nvp + 12 - naﬁXaXﬁ> ) ( 8)
d—1 X, X, (d-1
R;w = l—2 <77;w + 22— naﬁXaX’B) - (Z—Q) Guvs (29)
d(d—1
R=Rug" = (d-1) (2.10)

12
Using and (2.10), the cosmological constant A can be written in terms of length [ as

(d—1)(d—2)
[? ‘

From the constraint of the de Sitter spacetime as the hyperboloid embedding in the flat

A= (2.11)

Minkowski spacetime, it can be seen that the relation between X° and the spatial sections
(X1, X?2... X% is hyperbolic of the form X? — Y2 = C? . It can also be seen that spatial
sections of constant X° form a sphere of the radius /12 + (X°)2 . A convenient choice of

coordinate system satisfying the constraint would be

X = [sinh (%),

X =[w*cosh <§>, (=1,2,.....d).

where —0o < 7 < 0o and w®'s satisfy the relation 3¢ w® = 1. Hence, the spatial coordinates

can be expressed in terms of (d — 1) angle variables as

w! = cos b,

w? = sin By cos by,

w? = sin @, sin bs..... sin Gq_o sin O4_1,

where 0 < 0149 < mand 0 < 6;_; < 27. Using the above coordinates system we can

rewrite the metric given by (2.7) as
ds? = —cosh? (%) dr + sinh? (%) <Z w2a> dr + 1%cosh? (%) [(—sin 0,d6;)*
+ (cos f1cos Oydf; — sin O;sin Od6,)* + .. ]
= —d7? + [*cosh® (%) oz,



2.2. COORDINATE SYSTEMS

where dQ3_, = Z?;} (TEZ{sin¢;) d62. The singularities in the above metric are not the phys-
ical singularities but just the singularities associated with this specific choice of coordinate
system. This is confirmed by Ricci scalar as well as Kretschmann curvatures being positive.
A Killing vector easily seen from this form of the metric is 9/06,_; as the metric is invariant
under the rotation of the coordinate 6,_, . The spatial hypersurfaces in this coordinate sys-
tem are (d — 1) spheres of radius lcosh (7/l) . Another way to obtain the above form of the

metric is by assuming the metric with an unknown functionf (7/1) as

T

ds? = —dr? + 12f? ( z> oz,

From this, we calculate the Ricci scalar and equate it to the form given by (2.3). Refer to

Appendix A.1 for more detailed calculation of the intermediate steps. The Ricci scalar is

(d—2)(1+ f2) +2ff
l2f2 ’

where a single over-dot represents a single derivative and a double dot represents a double

R=(d—1) (2.12)

derivative with respect to 7. Equating this form of the Ricci scalar to the form obtained by

computing it from the hyperboloid constraint, we obtain that

2ff = =1 =d(-f*+f 1)

A solution for the above second order differential equation will be in terms of d. However
for the solution to be independent of d, the following couple of equations have to be solved,

e
ff=f-1=0
—fP4+f2-1=0.
A non trivial solution to the above set of simultaneous equation is
1 (5) s () e

It has to be noted that this is equivalent to the metric obtained by a specific choice of coordi-

nates mentioned previously, which cover the entire de Sitter spacetime.



2.2. COORDINATE SYSTEMS

2.2.2 Conformal coordinates (7', 0;)

An interesting property of the dS; can be observed by evaluating the Weyl (conformal) ten-

sor, which is given by

1
C;wpa = Rm;pa + m(guaRvp + gUpRuU - gMpRUO' - gvaRup>

1
+m (g,upgva - guagvp)R.

Using the argument that the d5; is a maximally symmetric spacetime, its Ricci tensor R,

can be written as

1
R;wpa = m(gupgvo - g/wgvp)R' (214)

A straight forward computation of Ricci tensor 2, from above yields

d—1
R;w = (l—2) Guv,

d(d—1)
k===

A look at (2.10) shows that this has been already obtained by solving for the hyperboloid

constraint in the previous section. Using the above results, we get

1 (d—1)
C;wpa = m(gupgva - guagvp)R + m(guagvp + Gvp9uoe — GupGvo — gvagup)

+ m(gupgva - guagvp)R,

1 2 1
N {d(d —1) a d(d—2) * (d—1)(d—2) } (GupGvo — GuoGup) R = 0.

Hence, maximally symmetric nature of dS; has led to the fact that the conformal tensor
vanishes for dS; .

Using this result, dS,; can also be studied in terms of conformal coordiante system. Let
the conformal time be 7" . The metric can be expressed as

2 2 T 2 2 2
ds*=F (7) (=dT™ 4 17dQg_ ).

Again, a single over dot represents a single derivative and double dot represents a double
derivative with respect to 7". Upon a little computation, we get the Ricci scalar as

(d—4)F? 4+ (d —2)F? 4+ 2FF
2F4 '

R=(d-1)



2.2. COORDINATE SYSTEMS

Equating this form of the Ricci scalar to the form obtained by computing it from the hyper-

boloid constraint we get
UFE — F? —2F?) = d(F* — F? — F?).

The solution to the above equation, irrespective of d , is obtained by solving the simultaneous

equations

FF—F?—2[? =,
F'—F?2_F?2=q.

With the condition that F'(0) = 1, the solution to the above is F/(7'/l) = sec(T/l) . Another
way to obtain the solution for F(T'/l) is comparing the conformal line element to the one
that is dealt with in the global coordinates case. The coordinate transformation between the

two coordinate systems can be captured in

F2(T/1) = cosh?(7/1),
dT' = +d7/cosh(7/1),

diT(lnF) =+VF?2—1.

Upon solving the above, we get F(T'/l) = sec(T'/l). As can be seen from the above transfor-
mation, there exists a one-to-one correspondence between the two coordinate systems. Since
the global coordinates cover the entire d.S; , one-to-one correspondence between these two
coordinates suggests that the conformal coordinate systems is a good coordinate systems
which covers the entire dS;. The metric is isometric under the rotation of 6,_; and hence
0/004_, is a Killing vector. Thus, there is axial symmetry.

Penrose diagrams are good tools to study the causal behaviour of the spacetimes. The
distances are highly distorted and infinity points are mapped on to finite points and the
whole information about the causal structure is studied. Penrose diagrams will be discussed
in detail at the end of this chapter. From the conformal metric, it should be noted that the
topology of the dS; is cylindrical. So, the process to make the Penrose diagram is to change

the hyperboloid into a d dimensional cylinder of finite height.



2.2. COORDINATE SYSTEMS

2.2.3 Planar coordinates

We use this coordinate system exploiting the property of maximally symmetric nature of

dS,. The line element in planar coordinates is of the form
ds* = —dt* + a®(t/1)v;;dr'da’

where a(t/1) is the cosmic scale factor. Since d.S; is maximally symmetric, the (d — 1) dimen-
sional spatial hypersurface should also be maximally symmetric and hence the Ricci tensor

for the this spatial hypersurface will be of the form
N Rijw = k(v — Yavie)s

where k is a constant. The metric for the spatial hypersurface is a*y;; which give the value
of k as
k=""Ra"/(d—1)(d —2).

We try to solve for a(t/1) by calculating the Ricci scalar. The Ricci scalar is

2ai + (d — 2)(a® + k)
a

R=(d—1)

In the above equation, a single over-dot and a double over-dot represent single and double
derivatives with respect to ¢ respectively. The pure de Sitter spacetime we are studying can
be interpreted as solutions to the Friedmann equations driven by a perfect fluid. A perfect

fluid has the stress-energy tensor as

Ty = (p+ p)uatty, + Do, (2.15)

where v, is the velocity of the fluid as measured by a comoving observer (in other terms,
as measured in a local rest frame of the fluid, so has the form (1,0,0...0)) , p is the energy
density and p is the pressure of the fluid. The equation of state for the cosmological perfect
fluid is characterised by a dimensionless number w given by w = p/p. The equation of state
can be used in FLRW equations to describe the evolution of an isotropic universe fill with a
perfect fluid. The equation of state for cosmological constant is w = p/p = —1 . With this
relation, we get T* = diag. (—p,p,p...p). Equating the expression for stress-energy tensor
in (2.2), we get

A

B 2.1
p P=g7 (2.16)

10
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The spatial part of the metric ~,; can be written in terms of Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric with (d — 1) dimensional spherical coordinates [(r,6;), i = 1,2, ...d — 2]

due to its isotropy and homogeneity. The line element becomes

dr?
2 2 2 202 | 2.17
ds dt” +a*(t) {1—k(r/l)2+rd d_Q} (2.17)
For this form of the metric with spatial part replaced by the FLRW metric, k can take values
—1 (open), 1 (closed), 0 (flat) . This form of the metric can be solved for a(¢/l) using the

Einstein equations. The Friedmann equations obtained by using (2.1) are

AN G —
(g) - ;l— 2 <d%d1p —d= 4)p> B 2(dd —21)A’ 218)
a p o d—2
P —4rG (m +p> = Q(d——l)A' (2.19)

From the above equations, it can be seen that for acceleration parameter determined by a
is always positive. The quantity @ being positive implies that the universe is expanding

(eternally) and is true for £k = 0 and k = 1. However, for £ = —1 the universe decelerates,

reaches a stage of critical a,, such that @ = 0 which gives a,, = Ay/2(d — 1)/(d — 2 and starts
eternally expanding. The solution for a(t) depends on the value of k and is given by

Isinh(t/l),  fork = —1,

a= < aexp(xt/l) fork=0.

lcosh(t/l)  for k=41,
where « is an arbitrary proportionality constant. This is a very remarkable results which
shows the expansion of universe for a pure cosmological constant with contributions from
other matter considered to be zero.

The constraint of the hyperboloid dealt with in section 2.2.1 corresponding to the de Sitter

embedding in the flat Minkowski coordinates can be decomposed into two constraints. Us-
ing these two constraints, we will construct a coordinate system in which the line elements

resemble the one in (2.17)). The constraints can be decomposed as

0\ 2 dy 2 i\ 2
- (XT) + (XT> =1- (%) et/ (2.20)

This is a hyperbola of radius
i\ 2
\/ 1 (”“"7) e@/1),

11
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The second constraint turns out to be sphere of radius (/1) ¢!/!. It follows from (2.20) and

(2.6) that
2 2 d— 2 i\ 2
CF) () e () - ()

A good coordinate system that can be constructed from the above constraints is

X0 L,

7= sinh (2%) + §(xl/l)26t/l, (2.21)
X4 t 1, .

7 = —cosh (Z) + §(xz/l)26t/l, (2.22)
X _Tan 19 d-1), (2.23)

[ l

where range of 2’ is —oo < 2 < 0o and that of ¢ is —oo < ¢ < co. This follows in a straight
forward manner from the range of X*. Constructing the line element for the above choice of

coordinate system, we obtain that
ds® = —dt? + e*/1(dz")?.

However, —X° + X4 = —[¢!/! < 0. This implies that the above choice of coordinates cover
only one half of the de Sitter spacetime. A slightly modified coordinate system is used to

cover the other half of the de Sitter spacetime. We can rewrite the constraint of the hyper-
boloid in (2.6) as
XO\? X1\ 2\
= -~ -1 (= —2t/1
()« (o) == (5)

x1 2 X2 2 xd-1 2 o 2 oy
T + T + ...+ ;i = T e .

A good choice of coordinate system to implement the above constraints is

X0 L,

— =sinh AN —(z*/1)%e !, (2.24)
l l 2

Xz' %

o= """Te—t/l, i=1,2,...d—1], (2.25)
d t 1,

XT = cosh (Z) - é(x’/l)ze_t/l. (2.26)

12



2.2. COORDINATE SYSTEMS

We proceed further and calculate the line element as done above for upper half of the de

Sitter spacetime and we have
ds? = —dt* + e 2/ (da")?. (2.27)

This choice of coordinates cover the lower half of the de Sitter spacetime governed by the
equation —X° + X4 > 0. It can be observed that both the forms of the line elements are
identical to the flat solutions obtained by solving and (2.19).The metric is invariant
under spatial translations since it is independent of any of the spatial coordinates z’. Hence

d/0x's are the Killing vectors and there exists translational as well as rotational symmetries.

2.2.4 Static coordinates (¢, 7, 06;)

Instead of the choice of pair of constraints used in planar coordinates, the hyperboloid con-

straint of (2.6) can be written as below by introducing an additional parameter r. By doing

) )
(XT) +...+(Xl ) - (5"

One of the these constraints is a sphere and the other is a hyperbola as was in the case of

so, we have

planar coordinates. Now we develop a coordinate system that satisfies the above constraints

and obtain the line element in the corresponding coordinate system. The coordinates are

()

X
ngwl i=1,2,...d—1],

X 1= (5) ot (j)

w! = cos b,

where w's are defined as

w? = sin By cos by,

wl = sin 6, sinfy. .. sinfy_ssinb,_o.

13
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Hence Y| w' = 1 and it follows that w'dw’ = 0. Correspondingly,

2 d 2
as? — — <1 _ %) a+ a0z, (2.28)
(1-%)
where
d—1 b—1
d0? = Z H sin26,d0,.
b=1 a=1

This form of the metric can also be obtained by solving the Einstein equations as it is done in
the case of the other three coordinate systems in the previous sections. A static observer may
introduce a static coordinate system where the metric involves two independent functions
of the radial coordinate » which are Q(r) and A(r). Such a metric will be of the form

2

ds? = —e*M M A(r)dt? + dr

2402 .
Ay T

We proceed in the usual way of evaluating the components of Ricci tensor. As before, we

would refer to appendix A .4 for the exact calculations.The Ricci scalar is

oy [d=2)1-A4) 2 (0A AN ! 0°Q 0A 00
R=(d-2) 2 r 8T+A8r 8r2+2A8r2+2A +38T or

or '

92A 92Q) <09)2 OA 0

The Einstein equations of (2.6) can be summarised as

d=200 _ 0, (2.29)
r or
i d—3(1 _ _aa(d-1
d7“ [T (1 A)] =r Z2 ) (230)

for which the solutions are 2 = constant and A = 1 —r2/1> — 2GM /r®~3 . The constant of
can be absorbed by a scale transformation and setting M = 0 gives back the metric given by
(2.28).

2.3 Penrose diagrams

Penrose diagrams are the two dimensional figures that capture the causal relations between
different points in spacetime. These two dimensional figures are finite in size in contrast
to the actual spacetimes which can extend to infinity in space and time. The metric on the

Penrose diagrams is conformally equivalent to the actual metric of the spacetime. If we

14
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consider a spacetime with a physical metric g, we can introduce another metric g, so that

this is related to the actual physical metric by the relation
g/w = Q2g;w7 (231)

where (1 is called the conformal factor. This relation points out the fact that the distances are
highly distorted since the whole spacetime is shrunk to a finite region. Through such con-
formal compactification, all the information on the causal structure of the spacetime is easily
visualised in these finite diagrams. It can be proven that null geodesics (obtained by setting
line element to zero) are conformally invariant since the conformal factor does not play any
role in null geodesics. Infinities of actual physical metric or spacetime are represented by a
finite hypersurface I which is obtained by setting (2 = 0. This implies that the metric at I is
stretched by an infinite factor. Since I represents the infinities of the actual metric, it forms
the boundary for the Penrose diagrams. Accounting for the time direction, this hypersurface
I canbe splitinto /™ and I~ corresponding to future and pass null infinities respectively. All
the null geodesics originate on /~ and terminate on /". Penrose diagrams are analogous to
the Minkowski diagram, a graphic depiction of Minkowski spacetime, in which the vertical
dimension represents time and horizontal direction represents space and the slanted lines
represent the null geodesics in general. Penrose diagrams are drawn as two-dimensional
squares. For a positive cosmological constant, the hypersurface I is spacelike.

A very useful coordinate system that can be used to draw Penrose diagrams is the
Kruskal coordinate system obtained by transformations from static coordinates and Penrose
diagrams for any other system can be easily visualised by obtaining the transformations
among them with this Kruskal system.

We will understand the Penrose diagrams in different coordinate systems starting with
conformal coordinate systems as it is convenient for study. We further proceed to under-

stand the diagrams in other coordinates as well.

2.3.1 Conformal coordinates

The conformal line element describing de Sitter spacetime reads as

T
ds? = F*? (7) (—dT? 4 12dQ3 ).

15
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(Tl = +7/2)

T=constant

Jueisuod="y
(£ = 1g) 3104 yinosg

North Pole (¢, = 0)

[~(T/l = —/2)

Figure 2.1: Penrose diagram in conformal coordinates

From the previous section, it can be noted that {2 = cos(7'/l) and equating it to zero gives
the hypersurfaces I* and I~ as the surfaces T/l = +n/2 and T/l = —7/2 respectively. The
hypersurfaces 6, = 0 and ¢, = 7 are called the north and south poles respectively and form
the boundaries of the Penrose diagrams to the left and right respectively whereas the hyper-
surfaces 7'/l = —m/2 and T/l = /2 form the boundaries on bottom and top respectively.
Since the Penrose diagram is a two dimensional figure, each point on the Penrose diagram
corresponds to a (d — 2) dimensional sphere. Since, the line element in the conformal system

is (excluding the conformal factor) is given by
ds® = —dT? + 1?dQ7_,, (2.32)

the cylindrical topology is manifest in this line element. Cutting this cylinder along constant
T surfaces described above and unwrapping it to form a 2-d diagram gives the Penrose di-
agram with top and bottom boundaries as 7" = £ /2 surfaces and left and right boundaries
as §; = 0 and # = 7. The null geodesics are obtained by setting ds* = 0 which gives lines
at 45°. The timelike surfaces are more vertical than the null geodesics and the spacelike sur-
faces are more horizontal. Every horizontal slice corresponds to 7' = constant surface and
every vertical slice corresponds to a ¢, = constant.

Although the conformal coordinates cover the entire de Sitter spacetime, not any single

observer can observe the whole spacetime. The de Sitter spacetime has both particle horizon

16
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]+

North pole
arod ynog
North pole
arod yinog

Figure 2.2: Causal future of an Figure 2.3: Causal past of an ob-
observer at North pole server at North pole

and event horizon because both I~ and /™" are spacelike. An event horizon is a boundary in
spacetime beyond which events cannot affect an observer. Particle horizon is the maximum
distance from which the particles could have travelled to the observer in the age of universe.
This restricts the accessible region for any observer. An observer at north pole cannot receive
anything from the south pole, or in other words, anything beyond his past null cone due
to the presence of his particle horizon. In the same way, he cannot send anything to any
region beyond his future null cone or to an observer at south pole due to his future event
horizon. Hence, the information that is totally accessible to an observer is the intersection
of these two regions which is only one fourth of the entire spacetime. All this is depicted
diagrammatically in Figure (2.I). The dashed lines are the null geodesics which form the
horizons and the shaded part is the causal region accessible to the observer at the north
pole. Let us now try to understand the Penrose diagrams in another coordinate system, viz.

static coordinates.

2.3.2 Static coordinates

In this section we introduce a couple of important coordinate systems which are useful in the
study of Penrose diagrams. The first among them is the Eddington-Finkelstein coordinates
parametrized by (z*, 27, 6,). In terms of the static coordinates, these are given by

l 147/l
:t— -
x _tiQID(l—T/Z). (2.33)
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2.3. PENROSE DIAGRAMS

Here the range of ¥ = (—oo, +00). From the static coordinates, it can be noted that for the
coordinates to be real, the range of r is (0, ). However, rewriting the static line element in

terms of the Eddington-Finkelstein coordinates, we get

+ +_
u) dztdz~ + [tanh’ (%) d02_,. (2.34)

ds? = —sech?
21

This line element is real for the whole range of  and covers the entire de Sitter spacetime
as r ranges from 0 to co. We shall introduce another coordinate system called the Kruskal
system parametrized by U and V' which can be conveniently written in terms z* and 2~ as

U=—e" /' V =e*"/. The metric takes the form

l2
ds? = m[_z;dUdv +(1+UV)2d03,). (2.35)

From this form of the metric, it can be easily seen that the conformal factor €2 for the Penrose
diagrams is (1 — UV /I). Setting this to zero defines the gives UV = 1 which defines the hy-
persurfaces /™ and I~ respectively. Rewriting the static coordinates in terms of the Kruskal

coordinates, we get

r 1+U0V

I 1-UV’

(2.36)

Setting UV = 1 gives r = +oo which form the boundaries at top and bottom. The left and
right boundaries correspond to the /I = 0. The left and right boundaries correspond to
r/l = 0 which gives UV = —1. The static time ¢ can also be written in terms of these as
~UJV = €', So, t = oo is equivalent to V = 0 and t = —oco to U = 0. These lines of
t = £oo form the null geodesics. This can be seen from the mathematical expression UV = 0
which gives r/l = 1. This is the horizon in the static coordinates and results in the form of
a compact equation in UV = 0 in these coordinates. The Penrose diagram in the Kruskal
coordinates ( equivalently in static coordinates) is shown in Figure(2.4). The arguments of
the horizon and the information causality holds equally good in these coordinates as was in
conformal coordinates. Any observer has only one fourth of the entire space for information
exchange or is causally connected. Coordinate transformation between Kruskal coordinates

and the conformal coordinates can be found easily by comparing the two metrics which

18
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UV=1 (r/l=00)

3 S
= 1
o \
~— —
i =
I ™~
> Il
- =

UV=1 (r/l=00)

Figure 2.4: Penrose diagram in the Kruskal and the static coordinates

gives

(1+UV)*  sin?
(1—-UV)2  cos?(T/1)’

412 1
————dUdV = ————(dT? — [?d6}).
(1-UV)? vdv COS(T/Z)( )
Solving these equation gives
1 /T
U = tan {5 (7 o, - g)} , (2.37)
1 /T

The one-to-one correspondence between the Kruskal and the conformal coordinates implies

that the Kruskal coordinates cover the entire de Sitter space.

2.3.3 Planar coordinates

By comparing the metrics in the Kruskal and the planar coordinates we get the coordinate

transformations as

U= %(r/l —e /Y, (2.39)
2
-~ 2.4
v et +r/l (2.40)
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Figure 2.5: Penrose diagram in the spatially flat planar coordinates

Reversing the transformations, we get r/l = U +1/V and t/l = —In(1/V — U). From these
relations, it can be seen that V' > 0. The expressions r/l = 0 and r/l = oo correspond to
UV = —1 and hence the left and right boundaries which correspond to UV = —1 are the
same as in the case of static coordinates. However, ¢ = —oo corresponds to V' = 0 and
hence is the diagonal line as opposed to the bottom boundary in static coordinate case. But
t = oo remains the boundary at the top in the Penrose diagram with UV = 1. Since V' > 0
always, the planar coordinates cover only one half of the de Sitter spacetime as was also
highlighted in the discussion of section 2.2.3. To cover the other half, the coordinate system
has to be tinkered a little which gives new relations with the Kruskal coordinates to cover
the lower triangular part of the Penrose diagram. The vertical lines does not correspond
to r/l = constant surfaces. Also, the horizontal slices are not the ¢t = constant hypersur-
faces which is in contrast with the Penrose diagrams in the other coordinate systems. The
Penrose diagrams in planar coordinates is shown in figure above. This discussion of planar

coordinates is relevant only for spatially flat sections and not for open or closed systems.
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Chapter 3

Quantum field theory in flat spacetime

Quantum field theory is the framework for the modern theoretical physics. This is a frame-
work in which quantum mechanics and special relativity are successfully reconciled. In an
informal way, it is an extension of quantum mechanics (dealing with particles ) to fields, with
infinite degrees of freedom. Quantum field theory has become an interesting and important
mathematical and conceptual framework for contemporary elementary particle physics. In
this chapter, we learn the basic ingredients of quantum field theory to use it in the case of

fields with background de Sitter spacetime.

3.1 Brief introduction

Before starting to learn quantum field theory, we should understand the need for the quan-
tization of the fields rather than just quantization of the particles. In order to understand
the process that occur at small scales and at high energies it is simply not enough to quan-
tize the relativistic particles just the way it was done for non-relativistic particles. The latter
method leads to a number of inconsistencies. A fairly simple example to assert this point
would be to consider the amplitude for a free particle to propagate from x, to = given by
U(t) = (z|e""|z,) . In non-relativistic quantum mechanics, for a free particle £ = p?/2m,
so that
U(t) = (x|e 7™ |,).

Using one particle identity relation | %| p)(p| = I we get,

U(t) = / ((217:)73 (z|e” "> p) (pl,),
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1 3 _ipt
:W d’p e "2m (z|p) (p|xo),
_ (£)3/ 2 im(@—20)?/2

2mit

Since the above expression shows that the amplitude to propagate from one point to the
other is non-zero for any « and ¢, it implies that the particle can propagate between any
two points in arbitrarily short time violating the principle of causality. Using the relativistic

expression for the energy £ = /p? + m? we get the amplitude as
U(t) ~ e"mVe" =t

Y

which is still non-zero outside the light cone implying that particle can travel faster than the
speed of light.

Let us begin our formal study of quantum field theory with the simplest type of field:
the real Klein-Gordon field. We start by considering a classical field theory and proceed to

quantize this classical field. Let us consider the simple case of a real field with Lagrangian

density given by
L= 2(0,0°0) ~ g’ (1)
The Euler-Lagrangian equations for the field are
which leads to the equation
9,0"d +m*p = 0. (3.3)

This is the well known Klein-Gordon equation for a simple real field ¢(xz). The operator 90,
is called the D’ Alembertian operator and is often denoted as [J . Lagrangian formulation of
field theory is well suited to relativistic dynamics because all the expressions are manifestly
Lorentz invariant. Conjugate momentum density is defined as 7(z) = 9L/d) . For the

Lagrangian density considered above, it gives, 7(z) = ¢(z). The dot here represents the first

derivative with respect to z, component of z,, vector. The Hamiltonian density is given by

Mo mii— L 64
= 2 (@) + (V6 + ) (35)
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The above formulae for the Hamiltonian density and conjugate momentum density can be
derived as the components of the Noether charge which involves a rigorous derivation by
exploiting the relationship between symmetries and conservation laws. Let us try to solve

the equations of motion for the real Klein-Gordon field given by
0,0"¢ +m*p = 0.

Since the Klein-Gordon field is real, ¢*(p) = ¢(—p) where ¢(p) is the Fourier transformation

of ¢(x). The Fourier decomposition of ¢(t, x) is

ott.) = [ ST emot.p) (36)
Under Fourier transformation, the equation of motion given by becomes
82
(55 — ) .9 =0 67)

This is a familiar equation corresponding to simple harmonic oscillator with frequency given
by w, = +/|p|%> + m?2 . In case of the simple harmonic oscillator, the Fock space is constructed
by raising and lowering operators given by a and a' with commutation relations given by
[a,a'] = 1. In the same way, we can determine the spectrum of the Klein-Gordon Hamil-
tonian using the raising and lowering operators. It is to be noted that in case of simple
harmonic oscillator there was only one mode. However, here we have infinite number of
modes with each corresponding to the frequency given as above. Hence, we have raising
and lowering operators a, and @}, corresponding to each of the modes. The Klein-Gordon
field can be thought of as being composed of infinite number of oscillators which are inde-

pendent of each other. Hence, we can write the expansion for the field ¢ as

. d3ﬁ 1 ip-x —ip-x

o(x) = / 2n)? \/m (ape + a;r,e ) ; (3.8)
d3 g . .

m(x) = / (27?2))3(—2') % (ape™® — ape™™"). (3.9)

Upto now, we have been treating the field in view of classical field theory. We now

impose the commutation relations for the fields as

[o(x), 7(2)] = i6°(x — ). (3.10)
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From this commutation relation, we can obtain the commutation relations of annihilation
and creation operators and proceed to find the expansions for Hamiltonian and momentum
operators. This is called the Schrodinger picture in which the operators are constant in time
but the basis states are not. However, it is very advantageous to work in the Heisenberg
picture in which the operators are varying in time with the basis fixed. Nevertheless, a few
important remarks can be made. The operator af, can be interpreted as the one creating
states with energy w, and momentum p. Any general state alal ... |0) is an eigenstate of H
with eigenvalue(energy) given by w, +wq+. . . and is also an eigenstate of P with eigenvalue
p+ g+ .... We also have the relation w,, = \/W . Hence, we can consider these states
as states containing particles since these are discrete entities with proper relativistic energy-
momentum relation. We can now look at the statistics of these particles. Since any general
state is formed as ajal ...[0) and that all a'’s commute with each other, their order can be
interchanged which implies that the particles can be interchanged. Also, we can also have
a state as (al,)"|0) which has the interpretation of a single mode p with n particles. Thus,
Klein-Gordon particles obey the Bose-Einstein statistics and are bosons. But, the quantiza-
tion of Dirac fields force us to impose anti-commutation relations rather than commutation
relations and hence their a'’s cannot be interchanged. Such particles follow Fermi-Dirac
statistics and are called Fermions. However, we would not be discussing the quantization

of the Dirac fields in this report.

3.2 Heisenberg representation

The above discussion was done in Schrodinger representation in which the state are evolv-
ing in time and the operators remain independent of time. But, it is more convenient to work
in the Heisenberg picture in which the operators are varying in time with the basis fixed, i.e

the states do not vary with time. The time dependent Schrodinger equation reads

o d A
ih W (b)) = H|¢(t)).
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3.2. HEISENBERG REPRESENTATION

In the Schrodinger the representation the operators being independent of time implies that
|4b(t)) = e~*1/1|4(0)). For any operator 3, we have

(B): = ()| Blw:(1))
= ((0)e /M| Ble= /M (0))

= (¥(0)| B(1)|¥(0)),
where B(t) = ¢/ Be=iH1/h Time evolution of B(t) is given by
—B(t) = = th/fLHB —iHt/h _ © th/hBH —iHt/h _ ° H, B(t)]. 11
SB(t) = e TN Be i LB fremi B - Ly, B(t) 11)
If B itself was dependent on time, we would have
d - _ T iHt/h 8B —iHt/h
dtB(t) = h[H’ B(t)]+e 5 | ¢ . (3.12)

The commutation relations of d,(t) and a/(¢) would become

ay(t), af(0)] = e fay, afe 0,

) p
_ eth/he—th/h -1

Hence the commutation relations remain unchanged for the raising and lowering operators.
The Heisenberg picture is convenient as it will be easier to discuss time-dependent quantities

and questions of causality. In this picture we have

o(x) = d(t, @) = eM(a)e T,

#z) = #(t,x) = e (z)e 1,

As derived above, the equation describing the time evolution of B is called the Heisenberg

equation of motion. Using it , we can compute

~

Zaﬁb(t, )

/\

[b()
{ d3:1:’ (ﬁQ(t, ') + (VO(t, &) +m2d3(t, w))}
/d3w(—i53(az — )7 (t, ')

25



3.2. HEISENBERG REPRESENTATION

and also

i%fr(t,m) = [#(x), H],
= |7(t, ), % /d3w’ (ﬁz(t, x') + (Vo(t, @) + m2 (¢, w'))}
1

= §/d3:1:’ (—iv53(w — 2 \Vo(t, x') — m?io*(x — =)ot w’))

— [ @2 (i@ - &) it.2!) - mtic*(a - )1,

= (V2 —m?)o.
In the above derivation we have used the distributional derivative property of Dirac delta
function which is written mathematically as

/mﬁuﬁ@Mx:—/m&@f@Mm

—00

The above two Heisenberg equations of motion for ¢ and # can be combined into one by
differentiating any one of them and using the relation for the other which leads to
0 2 2
S0 = (vF — ), (3.13)
which is the familiar Klein-Gordon equation. Let us construct the formal solution for the
above Klein-Gordon equation with ¢ being dependent on time. Let the space part of the
solution be u,(xz) = Npe®* and let ¢(t,x) = [ d®p N,ePa,(t). Substituting this into the

above Klein-Gordon equation, we obtain that
Gp(t) = —(p? + mAap(1),

In the above equation, the double dot is the second derivative with respect to ¢t which is
same as the one in (3.13)

ap(t) = dg)e_i“’pt + &éz)eiw”t.
The condition of real field implies ¢* = ¢ which translates to (ﬁ* =& leading to

(dél)efiwpt + dg)eiwpt> eip.:c — (d;[J(l)eiwpt + &T(Q)efiwpt) efip.m7

T (2
ap( = af[p.
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The field operator now becomes
A, x) = / PN, (ape’P*rt) 4 af e~ P ==t (3.14)

We define the four-vector inner product as p - © = (wpt — p - ). Also redefine u,(z) =
up(t, @) = Npe P® with N, = /1/2w,(27)? . We will soon notice that this specific choice of

N,, will give us back the original commutation relations for ¢ and #. Calculating the equal

time commutation relation [¢(¢, x), 7 (¢, ')], we get

[o(t ), 7t y)) = / / d*p d*q NpNg(—itwg){ —[ép, af e~ 7Ty
+ ap, agle™ Y — [af, afle™ Y + [a], agle™ )
= / d’p Np(iwg) {777 4 =0}
=i6*(x — y).

Let us define the operation of scalar product of two functions as

(6.x) =i / &z (1, 2) T x (¢, )

. Jdx 0¢*
_ 3 AT
_Z/dw<¢ ot atX)
With this definition, we have

. . " a’u, 8u*/
(Upr, up) = z/dsa: (up,a—tp - 8: u,,)
8 (p —p),
—8(p - p),

(upr>up) =0, (upr, up-) = 0.

(g, 1)

The expansion of ¢ can be written compactly as

~

¢ = / &Pp (apup(t, ) + ahus(t, ) (3.15)
Let us look at the scalar product of (u,, ¢)

(Up, ngS) = i/dgm u;<8—0>¢
= / P d*p ap (u)iv, — puy)

- [ @i, - p) =iy
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Similarly —(us, $) = d;f,. From these, we can calculate the commutation relationships for a,

and af. These are given by

[dm &p’] = [(upa ¢)7 _(up/a ¢)] = _(UIN u;/) =0, (3.16)
[dL’ &L/] = [(u;)u ¢)7 _(u:n ¢>] = _(u;’ up’) =0, (3.17)
[apv a;r)’] = [(UP? ¢)7 —(u;,, ¢)] = (up<t7 113), Up/ (t’ .’13)) = 53(]) - p,)- (3.18)

We are now ready to compute the Hamiltonian. We have

~

o(t,x) = /dgp Np(apuy(t, ) + dLu;‘,(t, x)), (3.19)
#(t,x) = —i / d*p Npwp (apup(t, ) — alul (¢, @)). (3.20)
The Hamiltonian becomes

H= % / P (72t x) + (Vo(t, ) + m2P*(t, z))

(27T)3 ~ ~—2iw ~ ~ o)
=5 EPpN2{[a_pape 2Pt + al ale?r!)(—w? + |p|* +m?)

+ (apa, + Gl ap) (wpwp + p - P +m?)}
1
_ / pup(afip + 5°(0)).

We again get the §°(0) which diverges upon integration. Hence we introduce a normal or-

dering operation defined as follows

Lapal, + ala, = 2ala,. (3.21)

The normal ordering operation moves all the annihilation operators () to the right of all
creation operators (al). This is, in a way, equivalent to subtracting the diverging Dirac-delta
term. Similarly, we can calculate the momentum operator P as follows (we do symmetrizing
due to non-commutativity of 7 and q%)

P _% / P (#(t, 2) V(. @) + VL, @)7(t, 3))

]. A A — 2w AT A~ )
T2 / @p &°p NNy {(aptiyyre ™" + il €#") (w, P’ + wpr p)° (P + )

- (dpdia/ + &L&p')(wp p + Wp' p)53(p - p/)}

1 N At A
b /d?’pp(apa; + al ).
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Normal ordering can again be imposed above and we can rewrite it as
P = / d*pp(afay). (3.22)

Detailed calculations of the above and also the derivations of angular momentum oper-

ators in different basis can be found in [8].

3.3 Decomposition in terms of spherical harmonics

For all the derivations we have done upto now, we have used a particular choice of solutions
(basis), namely the plane wave basis e~*** and ¢*** and constructed the expansions in terms
of this basis. However, it is sometimes helpful to consider a suitable choice of basis according
to the ease of solving and hence we shall discuss another choice of basis, spherical basis,
Ry(r)Yi, (). Here, Y,,,(2) = Yi,u(6,¢) where 6 and ¢ are the polar and azimuthal angle
respectively which one encounters when working in the spherical polar coordinates. We
shall redo all the calculations again in this basis. The field mode in spherical basis is written
as Gpum = NpRpYim(2). The index m is not be confused with the mass term. In spherical

coordinates, V2 = A = A, + Aq. The radial functions R, (r) satisfy the radial equation

I(l+1
(AT — ( = ) +p2> R, (r) =0, (3.23)
2 2d 1(l+1)
(@ + ;& - 2 +p ) Rpl(r) = 0. (3.24)

The solution for the above equation for radial part is R,(r) = (1/2/7)pji(pr) where j, is the

spherical Bessel function. These functions satisfy the property

& ) L, w1
/ drr5i(pr)ji(p'r) = 7,200 =), (3.25)
Similarly, the angular part of the solutions satisfy the equation

(AQ + l(l; 1)) Yin(Q) = 0. (3.26)

It can be recognised that Y},,(Q2) are the eigenfunctions of the L? operator where L is the

angular momentum operator. The basis functions satisfy the following orthogonality and
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completeness relations
/ B Dy = / r25in0 dr 40 dp Ny Ny Roe () Ry (1) Yy () Yo ()

= Nprl /7’2(17” Rpl(T)Rp’l’ (’f’) /sin@ drdé d¢ YE;(Q)n/m/(Q)
= N;(S(p - p/)éll’émm’-

The orthogonality relation for the modes is

/ dp ) Z Ry (r)Y;: () Ry (1) Yin () = 0% (1 — 7). (3.27)
=0 m=-I
Hence the field ¢ in this basis can be written as
) oo+l
ot x) = / Ap N, > > Ry(r)Yin () apum (t). (3.28)
=0 m=-1

Since the field ¢(t, x) satisfies the equation ngS = (A — m?), we have

$: (AT + ANq — /de Z Z Rpl aplm(t)

1=0 m=-1
- /dp (0* +m*)9,
a=—(p*+m?a.
Defining w, = \/p? + m?, we get the solutions as
pim = Apye P + @, e™r',
The condition of real scalar field implies ¢ = ¢! which translates to the following equation

Yim(Q)(dm_e_int + dp_eiwpt) _ Y;n(Q) (&L+eiwpt + d;r,,e_iwpt),

Since e~*r' and ¢™*" are two independent solutions, upon rearraging the above terms we

have a,_ = (Y,",/ Ylm)&}) + . Using this relation, we have

o= [arm, Y S B0 (Y Qe+ Y (™), (3.29)
=0 m=-I
= _i/ sz Z Ry (1) (Yot (@) pime ™" 7" — Y;;m(Q)A;lmeiwpt)' (3.30)
=0 m=—1
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From the above relations, we can solve for a,,,, and d;lm by using the orthogonality condi-
tions for spherical basis as was done for plane wave basis. This method is simply that of
finding the inverse Fourier transforms. Instead, we can choose to impose the commutation

relations for [¢, 7] . Imposing the commutation relations

[&plmv&p’l'm/] 0= [plm’ ;'1' /] (3.31)
[ptm @Yym] = (D = @)010Grr (3.32)

we get
[6(t, ), 7(t, y)] = 2iN26%(r — ")w,. (3.33)

If we choose N} = 1/2w,, we get equal time commutation relation as [¢(t, z), 7(t,y)] =
i0%(r — r’), required. We can also find the relation between the creation operators in differ-
ent basis by equating the field expansions. Since, the field does not depend on the particular

choice of coordinates chosen for representation, we have

¢spherical = (bplanea

/dp\/mz Z Rpl plm aplme Tt = / 2dp /dQ a ip-zfiwpt

=0 m=

and also e”” =4 > i jy(pr)Y;r, () Vi ().
Im

So we have

I

oo+l
m () apim 2d dQ)——
Z; Z Yo 4 / b V/(2m) 32wp
X (Z iljl(PT)m@(Qp)YZm(QrO ,

Im
Qpim = /depilYl;kn(Qp)&p
We can now proceed to calculate the hamiltonian in this basis and see if its form changes as

the one compared to the plane wave basis.

H = %/d%(ﬁQ(t,m) + (Vo(t, ®)? + m2P?(t, x)),

_ %/d%(ﬁ?(t,w) +m2Q%(t, x)) + (%é(t,w)vé(taw))
- %/dgw(ﬁQ(i, ) + o(t, ) (m* — V?)d(t, ).

_ / %d%&(t, 2)V2(t, z),

limits
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But, the Klein-Gordon equation for ¢ reads as ¢ = (V2 —m?)$. Hence the Hamiltonian

becomes

A

i = % / Pa (72 — do) (3.34)

For an operator A which can be written in terms of plane wave basis, we can define the
positive and negative modes as AT and A~ as the ones with terms containing e~** and ¢**

respectively. Using this notation, we can write

A(t) = 7+ 7 = 3 Ny Ru(r) (=) Vi (D ime™ P = Vi ()i, 6,

plm plm
plm
= Z NpRpl(T) (iwp)}/;;m(g)&;lmeiwpt’
plm
A= Ny Ry (r) (=) Yo () atpime ™",
plm

Similar notation can be used for ¢ to write it as sum of ¢ and ¢~ and ¢ as ¢ and ¢. The

expansions for ¢ and ¢ are as follows

Ot @) = 6+ 07 = NyRyu(r) (Youm (Qéagime ™" + Y1, (Q)ihy, ™),

plm

Ot ) = 6F 467 = =D W N, Rt (r) Vot (Dt ™" 4 Y (it 7).

plm
We use the normal ordering operation to ease the simplification of the steps involved. In
general, for an operator A, A~ term corresponds to the one with term e*»' and will have the
creation operator in its expansion and A* to the one with e~*»* and will have annihilation

operator in its expansion. Hence

AiAy = AT Ay + ATAS + AT AS + AT A,
P AJAy =t AT A + ATAS + AT AT + ATAS
= AT A; + AT AT + AT AT + A A

Applying normal ordering to Hamiltonian, we get,
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Radial functions have the orthogonal property that

/ PRy (r) Ry (') = 6(p — ).

Hence, in the Hamiltonian, upon integrating with d*z we get 6*(p — p’) terms for all the
terms and it can be easily seen that this delta functions can be removed by integrating with
one of d3p or d3p’. Hence, the terms 7~#~ and qB—(Z— have same terms with opposite signs
and cancel away. Same is the case with g5+(2+ and 777 ~. The terms remaining the Hamilto-

nian are

N 1 ) I N
H = 5 /d‘g.:l:(er_frJr — ¢ Pt — gb_q§+).

We also have the orthogonality relation for ¢,, as
/ dgwgb;lmgbp’l’m’ - Ngé(p - p/)dll’émm"

Unlike the terms #~ 7, ¢~¢~ and ¢T¢+, 77—, the remaining terms in the Hamiltonian add

up giving the result
H= / dp > wpl iy (3.35)
Im

The result is of great importance as it shows the form invariance of the Hamiltonian in any

basis we chose to work with.

3.4 Green functions in flat spacetime

At the beginning of the study of the quantum field theory, we examined the amplitude of a
relativistic particle to go from z to y and found an inconsistency that mere quantization of
particles lead to problems arising with causality as the amplitude to propogate is non-zero
outside light cone. Now, let us try to look at the problem in the formalism of quantum field
theory we have understood. The amplitude for a particle to propogate from y to x is given
by (0|¢(x)¢(y)|0). Before calculating the amplitude we have to work on the renormalization
of the particle states. The vaccuum is defined as state which is annihilated by all annihilation
operators i.e a,|0) = 0. We choose this vaccuum such that (0|0) = 1. The one particle state is
obtained by using the creation operator i.e [p) = a}|0). The simplest normalization that we

can think of is (p|q) = (27)36*(p — q).
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3.4. GREEN FUNCTIONS IN FLAT SPACETIME

But this normalization is not Lorentz invariant, as we can demonstrate by considering a
Lorentz boosted frame. For a four-momentum p,,, considering a Lorentz boost in p; we have

ps = (ps + BE), E' = y(E + Bp3). For the delta function, we have the identity
1

0(f(x) — f(xg)) = o0(x — xq).
(f( ) f( 0)) f/(l'[)) ( 0)
Hence, using the relation E? = p - p + m?
dp’
53 _ — 53 r 3
(p—q)=0"(p' —4q) s
dE

=0'(p' — g )1+ —)

dps
3y n Y
=0"(p —q)E(E+6p3)
El
_ 830 N
=0"(p q)E~

From this it can be seen that, it is not §* quantities which are Lorentz invariant but £4° which
are invariant. Hence we use the renormalization (p|q) = (27)*2E,6(p — ¢) and hence the
one-particle states become |p) = |/2E,a}|0). This can be also be understood from the fact
that it is d*z which is Lorentz invariant and not d3z.

Let us study the quantity G(z,y) which is the solution of the Klein-Gordon equation
(Op +m?)G(x,y) = —0*(x —y). (3.36)

The solution for this equation G(x — y) is called the Green function. For any other source

p(x) such that
(O + m?)é(x) = —p(),

we can obtain the solution for ¢ in terms of G(x, y) as follows
$(x) = /d4y G(z,y)p(y).

However, G(z,y) is not unique and any function satisfying the property (0, + m?) f(z) = 0
can be added to G(z, ) to get a new G such that G’ = G + f. Uniqueness of the Green func-
tions follows only if impose suitable boundary conditions. If the spacetime is translationally
invariant, then G(z,y) = G(z — y). We can solve the equation by converting it into
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3.4. GREEN FUNCTIONS IN FLAT SPACETIME

Fourier space. Converting into Fourier space, we have

d*z k(e
=)= [ e

4 ~
Gz —y) = / d e}

(2m)
We get
(—k* + m?)G(k) = -1,
G =
and hence

The £? term in the denominator is the square of the four momentum %, and not the three
vector ki.e. k* = k k" = w? — |k|%. Hence k* — m? = w? — wi where wi = |k|*+m?. Rewriting

this way, we can perform the integration over the dk, by identifying the singularities. So,

'k, 1
) — —ik-(z—y) ___~ 3.37
This integral has two singularities at w = wy, and w = —wy. Since w = ky integral runs

from —oo to oo, these integration can be performed by slightly deforming the contour at the
singularties, or equivalently shifting the singularities. This is mathematically expressed as,

for € > 0 and arbitrarily small,

d3k —zk: —y) e—ik-(ac—y)
/dw/ — 0.
W — wy 1€ W+t wy £ 1€

We now have four possibilities for performing the dw integration. These four are

1. Shifting both the singularities in Upper half complex (UHP) plane (adding —ie to
both),

2. Shifting both the singularities in Lower half complex (LHP) plane (adding +ie to both),

3. Shifting the singularity at —w;, in UHP (adding —i¢) and w;, to LHP (adding ie),

4. Shifting the singularity at —wj, in LHP (adding i€) and w;, to UHP (adding —ze).

Consider w = |w|e? and it follows that

) o . g e
e iw(t—t) _ e t|w|(t t)cos9€|w|(t t)51n0.
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3.4. GREEN FUNCTIONS IN FLAT SPACETIME

For the integral not to diverge we should have the condition that el“/=*)5% does not blow
up upon integration. Hence, if ¢ > ¢’ then sinf < 0 implying that we need to close the
contour in the lower half plane and vice-versa. Summarising,

1. If t > t' close the contour in LHP

2. If t' > t close the contour in UHP

Depending on how the singularities are moved, we have different types of Green func-
tions. If both the singularities are moved into the UHP, the corresponding Green function
is called advanced Green function G4, and if the singularities are moved into the LHP, it is

called retarded Green function G,.;. For G4, we have
Gago =0 if t >,

#0ift<t.
Similarly
Grat =0 if t <t
£0 ift >t
Using the Cauchy residue theorem, we can compute the dk integral to get the expression
for G4, and G,;. The above conditions for G, and G4, Will be imposed by appropriately
multiplying it with Heavyside function ©(¢ — t’) or ©(¢' — t) which gives

3

Goav(x —y) = —O(t' — t) / msinwk(t — t')etk@y), (3.38)
/ d*k : N ik (z—y)
Gret(x - y) = @(t —1 ) msmwk(t —1 )6 . (339)

The retarded Green function takes causality into account. G,.;(x —y) vanishing outside light
cone implies that only p(y) that lie in the past light cone will contribute to the determination
of ¢(z). The sign of ¢ — ¢’ uniquely fixes whether the point y lies in the past or future light
cone of x. This is the condition that we imposed above. Similarly , G4, has support in
the future light cone. There is also another Green function called the Feynman propagator
denoted by G r(z — y) which has one singularity in UHP and one in LHP. We will discuss
this in the case of Klein-Gordon field. We will now address the problems of causality due to

propagation amplitude that was discussed at the beginning of this chapter.
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3.4. GREEN FUNCTIONS IN FLAT SPACETIME

The amplitude is given by (0|¢(z)b(y)|0). This is the amplitude for the particle to propa-
gate from spacetime point y to z. Let us denote this amplitude as D(x —y). The field operator
¢(z) has both annihilation operators and creation operators. The only contributing term will
involve the product of a from o(x) and a! from ¢(y). Hence,

A d3p diq 1
0 0) =
OB = [ 55 s T
3 3
_ / d°p d’q 1 ¢~ PTHIY (2353 (p — ),

(2n)? (20)° \/AE, By

dEp 1
Dz —u) = | -2 _— c-ir(e—y)
(r=9) / (2n)3 2E,"

e~ PEHaY (0] apal|0)

Consider the case when = — y is timelike. If the interval is timelike, we can always find a
frame in which  —y = 0. Let 2y — yo = t. Using the relation, £ = /p? + m?, we can convert
the integral in terms of £ which will be
1 > ,
Dz —vy) = p/ dEVE? — m2e !,
™ m

—imt
~Nt—s00€

Now, let us look at the case when the interval  — y is spacelike. If the interval is spacelike,

we can always find a frame in which ¢ — yy = 7. Let * — y = r. The propagation amplitude

then becomes

Dla—)= [ e

2m)3 9 P2+ m?

! /d pPPsingdd do e

= S1n
(2m)3 | PP °E,

1T iprcos
= d %sinf d6

1 eip’r _ e—ipr '
=23 dp—Er p- letp=—ip

p
1 > pe—pr mr

= — d —_— 6_
We find that in both the cases when the interval is timelike as well as spacelike, the propa-
gation amplitude is non-zero but exponentially decaying outside light cone. To understand
causality, it is more relevant to ask if the measurements at one point can affect the ones at an-

other rather than the propagation amplitudes. For this we could compute the commutator
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[6(2), ¢(y)] and check if it vanishes outside light cone or not. The commutator becomes

~ ~ d3p d3 1 ~ A —ip-r—ig-
6030 = [ [ G55 Gz ke

+wp,A“““”+[*Aw”Z”+m iy,
5p
= / d_i(e—ip-(w—y) — eipw(—y)).
(2m)3 2E,

=D(z—y) - D(y —x)

Outside the light cone, the interval (x—y) is spacelike and hence we can find a frame in which
z9 —yo = 0 and let & — y = r. The term [ d*pe ?" = [ d*pe™”. Hence the commutator
vanishes if the interval (z — y) is spacelike. Interpreting in another way, when the interval is
spacelike, we can perform a Lorentz transformation from (z — y) to —(z — y) and the terms
become equal with opposite signs and so cancel away. The commutator has the form of the
Green functions and by imposing the conditions on time components of z and y, we can

construct the retarded and advanced Green function

Dyer(x — ) = 6(x0 — 40) (O][3(x), ()] 0). (3.40)

Let us do the computation (0% + m?)D,«(x — y). We have,
p

(0% + m*) Dyt (x — y) = *O (0 — 10)((0][d(2), d(1)]|0)) + (9% +m?)(0][d(x), (y)]|0)
+20,0(x0 — 0)0"(0[[6(2), H(y)]|0)
= —8(x0 — y0){0[7 (), d(y)]]0) + 26(z0 — 1) {0|[7 (), B(y)]|0) + 0
= —id*(x —y),

which corroborates our statement that the above expression is indeed Green function.
Previously, in the discussion of Green functions, we have understood G, and G4, by
shifting the poles either into the UHP or into LHP. However, there is another Green func-
tion called the Feynman propagator which is obtained by moving one pole into UHP and
another into LHP. Whether the contour is closed in UHP or LHP, only one pole is inside the
contour and this determines the expression for the Green function. The mathematical form

of Feynman propagator is

d*z : —ip-(z—y)
DF(I - y) - (277)4]72 —m2 + iEe ) (341)
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D(x — y)if z¢ > yo,
D(y — x)if yo < zo

Dp(z —y) = {

Dr(x —y) = O(x0 — yo) D(w — y) + Olyo — w0) D(y — ) = (0|T(6(x)e(y)|0). (3.42)

The symbol 7' is called the time ordering operator and is frequently encountered in calculat-
ing the scattering matrix elements. The time ordering arranges the operators in order with
the latest to the left. Having understood quantum field theory in Minkowski spacetime and
Green functions, we are now set to combine our understanding of de Sitter spacetime and

quantization to understand quantum field theory in a curved spacetime.
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Chapter 4

Quantum field theory in curved spacetime

We have comprehensively studied the Klein-Gordon field in flat spacetime. It would be
interesting to look at the same in curved spacetime. So, now we proceed to understand the
quantization in curved spacetime and the interesting phenomena associated with it. The flat

spacetime Klein-Gordon equation can be written as
Pl +m*¢ = 0.

In the presence of gravity, the normal derivative becomes the covariant derivative and hence

the equation becomes,
gl +m¢p =0 (4.1)

Using the expansion for the covariant derivative and the property that
1
v—9

where I is the christoffel connection symbol, we get

8#(\/__ggad)a

pvToe
g F,u,v_

b
V=9

This form of the Klein-Gordon equation is very useful compared to the one with the covari-

9,(V=99""0,¢) +m*¢ = 0. (4.2)

ant derivatives when solving for field ¢.
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4.1. BOGOLIUBOV TRANSFORMATIONS

4.1 Bogoliubov transformations

As we have seen in the quantization of the scalar field in the flat spacetime, the field operator
was expressed in terms of modes u(p) and u!(p). Mathematically, it is
o) =Y aui(w) + alul(2).

However, in curved spacetime, no natural mode of decomposition based on the separation
of wave equation is possible. General relativity is based on the principle of general co-
variance.Although, coordinate systems are useful a lot of times in understand the various
important properties of the spacetime, it might not be unique. There can exist various coor-
dinate systems which can be used to describe the same coordinate system. Hence, there can
exist a second complete set of orthonormal modes 7;(z) for the expansion of field operator.

The expansion of ¢ in these modes is expressed as
Ba) = 3 Gm(r) + 4w (@)

The new vaccuum state is defined by @;|0) = 0, Vj. The new modes 7, can be expressed in

terms of the old ones u; as follows
uj = Z ajiug + B, (4.3)
u; = Z agui + B (4.4)

These transformations are called the Bogoliubov transformations. It is straightforward to

find out the inverse relations to express u; in terms of @; as
. * o= _ * =X
i

We have used the relation ), Qi@ — BikBj), = 0ij in deriving the above. It is useful to take

note of a few important results from the above which are
(i, uj) = aug, (wi,uy) = 0g5, (ugui) =0, — (Ui, uj) = By

Using all of these results derived above, it is not difficult to determine the relations between

the annihilation and creation operators corresponding to the two modes. Since, the field
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4.2. DE SITTER INVARIANT VACUA FOR A MASSIVE SCALAR FIELD

operator can be expanded in more than one set of basis, but describes the same dynamics, it
must be same expressed in any basis. Hence equating the expansion of the field operator in

the two modes, we have
Z (@ﬂz(x) + 3:@1(@) = Z <diui(x) + &Iuj(a:)) :

Using the expressions for new modes in terms of old modes, we get
i

It would be now interesting to see the action of old annihilation operator on the new vac-

cuum state defined by @,;. With |0) as the new vacuum, we get

N = -~ 2T\ A
a;|0) = Z(Ofijaj + B5:a;)[0),

= Zﬁjﬁﬂ # 0.

This shows that the two vacua defined with respect two different modes are not equivalent
unless the coefficient 3;; = 0 Vj. This leads to the ambiguity in defining a vacuum state
in curved spacetime. On account of this, it would be very captivating to study the various
vacuum states in the de Sitter space. For instance, this choice of vacuum state is important
in the construction of a realistic inflation model. It is important to understand the meaning

of a vacuum state and to select a meaningful vacuum state in a general curved spacetime.

4.2 De Sitter invariant vacua for a massive scalar field

In de Sitter spacetime, we have two kinds of vacuum states. The ones which are de Sitter
invariant and the ones which are not. The de Sitter invariant states are the ones which look
the same to any freely falling observer, anywhere in de Sitter space. The symmetry group
for de Sitter space O(1,4) is connected of four disconnected components. One of the four
components is the group G containing the identity element. This is analogous to the proper
orthochronous Poincare group in flat space which consists of continuous Lorentz transfor-
mations. Similarly the other three components are also similar to the three components of
the full Lorentz group in the flat spacetime. Hence the other three components are (1 + 4)

dimensions.
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Time reversal (T) =diag. (-1,1,1,1,1)

Space reflection or Parity (S)=diag. (1,-1,1,1,1)

Time+ space reflection(TS)=diag. (-1,-1,1,1,1) The de Sitter invariant state is one which
is invariant under the action of all four components of O(1,4). There can also be states
which are invariant under the action of connected part of the de Sitter group G, but which
are invariant under the action of the other components. The antipodal transformation is
defined as A=diag. (-1,-1,-1,-1,-1). This operation sends the point, z, to its antipodal point, ©
such that if the five vector corresponding to point x is X (x) then its antipodal point has the
five vector X (7) = — X (z).

As we have already seen in the section corresponding to the classical properties of the
de Sitter space that it can be visualised as an embedding in the flat spacetime. If the flat
spacetime metric is given by n,, = diag. (—1,1,1,1,1) for (1 + 4) dimensions, we have the

embedding given by the mathematical expression
XX g = H2.
The geodesic distance between the two points x and y is given by
d(x,y) = H *cos ' Z, (4.6)
where the function Z is defined as
Z(x,y) = H X" () X"(y). (4.7)
From this definition of Z it can be seen that
Z(x,y) = =24(T,y) = —Z(2,7). (4.8)

It is important to use a convenient coordinate system that covers the de Sitter space. There
are several well-known systems. As we have seen in the discussion of the classical properties
of de Sitter space, we can use two spatially flat coordinate patches. The metric in such a patch
is written as

ds? = H2t72(—dt? + dz?).

A notable feature of this coordinate system is that if a point has coordinates (¢, z) then its

antipodal point has the coordinates (—t, z). If the coordinates of two points x and y are (¢, z)
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and (', z’), then

2 + P2 _ (CL’ . x/)z

Z(x,y) = 57 (4.9)

Now let us examine the de Sitter invariant states for a real scalar field. Consider the

symmetric two-point function
G (@,9) = (A B(2)B(y) + () 2(2)1), (4.10)

in a de Sitter invariant state |\). There will be more than one such invariant states. Since,
|A) is invariant under the full disconnected group O(1, 4), it implies that the symmetric two
point function above can only depend on the separation between the spacetime points =
and y via the geodesic distance d(z,y). Since the geodesic distance d(z, y) depends only on
Z(z,y), the two-point function GV (z,y) = F(Z). This two point function obeys the Klein-

Gordon equation for a massive scalar field
(O, +m*)G(z,y) = 0.

This can be expressed as an equation in Z, (the derivation for which will be discussed later)

2
(7% - 1)% + 4ZdiZ +m?*H 2| F(Z)=0 (4.11)

This second order equation has two solutions. Let the first solution be f(Z). The above equa-
tion being invariant under the change of Z — —Z, the second solution would be f(—Z2). The
fundamental real solution for the above differential equation is given by the hypergeometric

function

F(Z2) = oFi(e,3— .2, %(1 + 7)), 4.12)

where c is given by the solutions for the equation
c(c—3)+m*H?=0.

For a massive field, the solutions f(Z) and f(—Z) are linearly independent and hence the
general solutions can be written as F'(Z) = af(Z) 4+ bf(—Z). The form of the solutions in

terms of hypergeometric functions suggest that the general solution has two poles at Z = —1

44



4.2. DE SITTER INVARIANT VACUA FOR A MASSIVE SCALAR FIELD

and Z = 1. These singular points physically correspond to = being either on the light cone
of y or y. The Euclidean vacuum is defined as the one with the coefficient b = 0 implying
only one singular point when z is on the light cone of y. The constant a is determined by the

canonical commutation relations between ® and ® and is given by

a= (87) *H*(m*H ? — 2)sec [ (Z - m2H—2) %] :

Now, let us look at the other de Sitter invariant states. There must be a particular set of
modes ¢, (z) which are orthonormal and which serve to define the above derived Euclidean
vacuum. Using Bogoliubov transofrmation, we obtain new modes which, via canonical
quantization, serve to define new vacuum and we understand the de Sitter invariance of

such vacua. Let the new modes defined by the Bogoliubov transformations be defined as

On(@) = Ag(x) + Bo"(2).

Bogoliubov transformations are orthonormality preserving. This means that, though they
mix the positive and negative frequency modes, they still satisfy the property of orthonor-

mality in the new modes. Mathematically,

(G ) = (A" = [BI*) (b, b)),
= (|A* = |B*)mn-

Since the constants A and B are frequency or mode independent, with the condition that
|A|? — |B|? = 1, the general solution would be written as A = e"cosha, B = ¢/0+sinha.
However, since the overall phase ¢” is irrelevant as it vanishes in the calculation of expecta-

tion values. Inserting the solution for A and B we get
¢,, = cosha ¢(x) + ePsinha ¢* ().

This is a two parameter family in a and 3. The ranges of « and § are [0, o] and [—, 7]
respectively. The Euclidean vacuum corresponding to A = 1 and B = 0 corresponds to
a = 0. We now study the de Sitter invariance of states with o # 0. We will use a small trick
to make our computations easier. Let ¢,,(T) = ¢} () where T corresponds to the antipodal

point of z. The set of modes used to describe Euclidean can be written in the spherical modes
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as Vi () = Y (t)Yium (2). The antipodal transformation changes (¢,2) — (—t,{)) manifests
as yp(—t) = yi(t) and Yy, () = (—1)*Y}5_, (Q) and so the transformation law for the modes

become ¢y, (T) = 5;,_,,(x). Defining the new modes by Bogoliubov transformations
szr/Q
V2

As we have seen above, the general form of bogoliubov transformation is

Prim () = (€™ i () + €7 gy (2)].

This transformation mixes the positive and negative frequency modes. The transformation
is called non-trivial if and only if atleast one of £, is non-zero. In the above definition of
Grim the transformation is trivial as the expansion just corresponds to two non-zero s which
are ayy, and ay_p,. All the Bogoliubov transformation which are trivial define a physically
equivalent vacuum state. The symmetric and antisymmetric two-point functions in (o, ()

state is given by

GUl(x,y) = (a, B|O(2)D(y) + T(y)B(x) |, ).
iDas(x,y) = (a, B|O(2)(y) — B(y)D(2)|a, B).

Expanding the above in the transformed basis, ¢,, we get

G, y) = Zcb ¢ ()8, (y),

D s(@,y) Z(b — 0 ()0 (v)-

Writing the Bogoliubov transformation between Euclidean vacuum modes and these modes,

we get

G\), = cosh2a (Z On(2) 05, (y) + O (x )cz»n(y)) + sinh2a cos3 (Z ()0 (y) + 0} ()0, (y >>
+ isinh2a sin 3 (Z ¢ (2)¢" (y) — ¢<x>¢<y>> .

It can be recognised that the first term ) ¢, (x)¢:(y) + o5 (x)pn(y) is G[()l)(x,y), the two

point function corresponding to the Euclidean vacuum. The second and third terms can
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be appropriately written as G(()l) and D, by choosing the Euclidean modes to obey ¢,(Z) =

¢;(x). Using these properties, one obtains

Gal,)g = cosh2«a G(()l)(:v, y) + sinh2 « cosf3 G(()l)(f, y) — sinh2a:sinf Dy(T, y), (4.13)

iDg 5(x,y) = iDo(z,y). (4.14)

Since G(z,y) = G(Z) and G(Z,y) = G(—Z), the above equation is de Sitter invariant if
and only if 5 = 0 which makes the RHS of only a function of Z. Dy(z,y) cannot
be a function of only Z as D(z,y) = —D(y,x) but Z(z,y) = Z(y,x). Hence D(z,y) is not
O(1,4) invariant and non vanishing sinf term leaves the two-point symmetric function non-
invariant under the disconnected de Sitter group O(1,4).

It is also insightful to look at the time reversal property of two point symmetric functions
Gy (Tz, Ty) = G (7,9) = Gy (x,y), (4.15)

since Z(Tx,Ty) = Z(x,y). Similarly, from the definition of the anti-commutator two point

function D(x, y) it can be seen that

Using these one can see that GS}B(Tx, Ty) = GSL 5(z,y). In fact, the time-reversal state of
(o, B) = (o, —f3). Only the states with 5 = 0 are time-reversal invariant. Starting from the
Euclidean, we have constructed two parameter (¢, 3) states that are invariant under the de
Sitter group G. There is a one-real parameter («,0) family of time symmetric states that are

invariant under the full disconnected group O(1,4).

4.3 Massless scalar field case

Till now, we have only considered the case of massive fields. We will also understand the

treatment for m? = 0. For the case of m = 0 we will get the ¢ = 0 as one solution. Hence

f(Z) =5 F, {0,3;2; %(1 + z)} =1

The other solution f(—Z2) is also the same and hence is not an independent solution. The

constant is a trivial solution to JG = 0. Hence the hypergeometric functions are not the
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4.3. MASSLESS SCALAR FIELD CASE

general solutions for the equation JG = 0. Though one of the solutions is a constant term,

the second fundamental real solution is given by

PZ2)=1+2)"'-1-2)"+In

Z—1
Z+1
and hence the general solution becomes «P(Z) + /3. The solution P(Z) has the property that
P(—Z) = —P(Z) which leads to the property

GY(Z)+ GV (-2) =28. (4.17)

We now proceed to show that in the massless case there is no de Sitter invariant Fock vac-
uum state. In the process of establishing this result, we will prove some important results.

Let us start with a few definitions

1. The inner product of two scalar functions ¢;(z) and ¢»(x) in de Sitter space is defined
as

(91, ¢2) = i/((,bikvu% — $3Vu1)do”

where o is any Cauchy surface ’

2. Let ¢, () be a set of complex scalar functions satisfying ((J, — m?)¢,(z) = 0 for real m.

These functions are orthonormal implying (¢,,, ¢ ) = 0 and (¢, ¢m) = dpmn

3. GW(w,y) = 32, 6n(2)87,(y) + 61 () 0n(y)
We now establish a few important results which eventually lead to the proof of non-

existence of de Sitter invariant Fock vacuum.

1. GU(z,y) + GV (2,7) # 0 everywhere
Let us prove this by contradiction. Assume G (x,y) + GY(z,7) = 0 everywhere. Ex-

panding it in terms of the mode functions, we get
2 @) (G4) + 61(3)) + 61 (2)(6n(y) + (7)) = 0.
Taking inner product with ¢,, we get

() + & (y) = 0.

for each m. Defining ¢,, = (9/dt)¢,,(z). Combining the conditions ¢*,(y) + ¢%,(7) = 0 and

¢k, (x) = ¢ (T) we get ¢, () = —¢,,,(T). Since 7 is the antipodal point of z, we now have

Om(T) = b (),
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4.3. MASSLESS SCALAR FIELD CASE

and hence
G5 ()i (1) = =65, (T) P (T).

With the inner product defined above we have

(G2, Iu(a)) = i / (6 (2)m () — b ()5 (2))AV

s3
This integral has equal and opposite values on a pair of point antipodal to each other and
since the summation is over the entire sphere, this integral vanishes contradicting our defi-
nition of inner product (¢,,(x), ¢m(x)) = dpmy. Hence we have proved by contradiction that

our original assumption is wrong which implies
G (z,y) + GY(z,7) # 0 everywhere.

2. G (z,y) — GV (x,7) # 0 everywhere.
The proof for this is exactly the same as above except that the intermediate terms differ

in a sign. Following the same procedure as above, we would have

With the above results, the property ¢, (2)ém () = —¢7,(T) b (Z) still holds good and hence
the integral vanishes again and leads to a contradiction.
3. If m? > 0 and C is a real constant, then GV)(z,y) + GV (x,7) # C everywhere

We again follow the method of proof by contradiction. Let us assume that
GV (z,y) + GV(2,5) = C.

Since C'is a constant [JC = 0. C being a solution to the wave equation can be expanded in

the orthonormal basis, ¢, as
C=> can(z) + 05,

where ¢, = (¢,, C). By our assumption G (z,y) + GV (z,7) — C = 0 we have

> 6u(@)(D4(y) + G5(T) — cn) + () (bn(y) + 6u(T) — €) =0,
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4.3. MASSLESS SCALAR FIELD CASE

which leads to ¢, (y) + ¢.(y) = ¢, for each mode. None of ¢,, should vanish since if ¢, = 0
then ¢,(y) + ¢,(y) = 0 and we can use the results of first part to prove that (¢,, ¢,) = 0.
Defining ¢, (z) = ¢,(z) — ¢ /2. Then ¢,,(T) = —¢,(x) and it follows ¢,,(Z) = ¢, (z). Hence

Taking n # m, we have

(60(2), 6m(2)) = 5 {(C5 6m) + (0,50} + (6 5) =0

The first and the last term in the above equation are equal to zero. The equation can be

conveniently rewritten as

Cn cr B
cnC, B
o 0.

This need atleast one of ¢, to be equal to zero which contradicts our previous result. Hence

our assumption GV (z,y) + GV (z,7) = C is wrong. We know
GW(z,y) = (0](2)2(y) + 2(y)(2)|0),

where |0) is defined as the vacuum annihilated by all annihilation operators i.e. a,|0) = 0.

Expanding ¢ we get
GO (z,y) =D {a(2)85(y) + G5 (x)on(y)} = GV (2).

From results of (1) and (2) we can infer there exists no Fock vacuum state for which
G (Z) + GW(~Z) = 0 everywhere. Result from theorem (3) contradicts and hence
it can be understood that there exists no Fock vacuum state which is de Sitter invariant in
the massless case. The massless case of m = 0 having no Fock vacuum has nothing to do
with the fact that wave equation has a constant solution, often called “"zero mode”. It has
been argued and showed that a small perturbation to the Euclidean vacuum for m? > 0
decays exponentially and the properties of the state approach those of Euclidean vacuum.
However, it has been shown that this is not the case for m = 0 and a small spatially homo-

geneous perturbation grows linearly at first and then approaches a constant non-zero value
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4.3. MASSLESS SCALAR FIELD CASE

causing spontaneous breaking of de Sitter invariance. More discussion on this can be found
in [3]. Having understood a good deal of physics about the de Sitter invariant states, we
now analyze the canonical quantization in de Sitter space which eventually lead to some of

the interesting phenomena like particle production.
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Chapter 5

Particle production in de Sitter spacetime

5.1 Canonical quantization in de Sitter Space

For a non-interacting scalar field, the field could be expanded in a Fock-space representation

as follows:
6= drpa) + aloac) (5.1)
A

where ¢,(4) and ¢,y are the positive and negative frequency modes respectively. The vac-
uum state is then uniquely specified by a,|0) = 0. If there were interaction, the positive and
negative frequency modes are not uniquely defined, but depends on the choice of time slic-
ing. In case of an adiabatic switching of a background Klein-Gordon field, a preferred time
slicing would be defined and the asymptotic non-interacting in and out states are found.
Schwinger proposed an alternative method of defining positive and negative frequency
modes separately at t = —oo and ¢t = oo. This discussion can be found in [2]. Once these
in and out states are defined, we could calculate the Bogoliubov mixing coefficients. The

positive and negative modes are defined according to whether the inner product

—

(f.9)0 = / doif (3. - 5%

is positive or negative with o being a spacelike surface. The corresponding operators dy, il

satisfy the commutation relations

[ax,al,] = 6N = \). (5.2)
0= [a},al,]. (5.3)
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5.1. CANONICAL QUANTIZATION IN DE SITTER SPACE

and the |in) vacuum is defined as a@,|in) = 0. The outgoing modes and the corresponding
operators can also be defined in the same way and the modes are gb&i) are the ones which
can be analytically continued into the lower half m? plane and are regular at future infinity.
The corresponding modes for the outgoing operators are by,b! satisfy the same commutation
relations as the operators for incoming modes. The vacuum |out) is defined as one which
satisfies by|out) = 0.

Since the wave equation for ¢ is only second order and the incoming and the outgoing
modes are just the asymptotic solutions at past and future infinity, there exists a linear trans-
formation between them which is the same as the Bogoliubov transformations discussed

earlier. Hence the modes can be related as

Oair) = bl + Ao, (5.4)
a0 = Bra\” +azel”. (5.5)

For a real scalar field d)(;) = (¢(;))* and ¢4 = (@(,))* and hence equating the field
operator expansion in both the basis, we get the relationship between the annihilation and

creation operators as

iy = aiby — B, (5.6)
CALI\ = Oé/\lA); — ﬁ)\i))\. (57)

The commutation relations between annihilation and creation operators gives the relation-
ship |a|* — [8> = 1.

Let us now try to compute these transformation quantities and corresponding modes
in the de Sitter spacetime. We will calculate them in both spatially flat as well as spatially
closed coordinates. We shall restrict ourselves to (1+3) spacetime dimensions in this chapter.

The metric in spatially closed coordinates is
ds? = —dt* + H 2cosh®(Ht)(dx? + sin®ydQ?)

where dQ? is the metric corresponding to two sphere. The wave equation

1
\/—_—gau(\/—_!]g“”@véb) +m?¢ =0,
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5.2. GREEN FUNCTION INVARIANCE IN DE SITTER SPACETIME

translates as

1 0 0 H?/
————————|cosh®Ht— | — ——— 4+ m?| $=0 5.8
Losh?’(m) ot ( cos at) cost?(m) " } #=0, )

A—L g Sin23 +— L 0 sm@a —l——l 8—2
> sin?y | Ox XE)X sinf 90 00 sin?f 0w? |

5.2 Green function invariance in de Sitter spacetime

where

The above wave equation can be cast in terms of the more evident de Sitter invariant form

with the equation being dependent only on the de Sitter invariant quantity
2= Honup X (2)Y"(y).

Here X and Y are the vectors corresponding to the spacetime points z and y.

5.2.1 Spatially closed coordinates

In the case of the closed coordinates in (1 + 3) dimensions, using the coordinate systems

introduced in the second chapter, this becomes
X(x) = (H 'sinh(Ht), H cosh(Ht)cosy, H *cosh(Ht); siny cosd,
H™'cosh(Ht) siny sinf cosw, H 'cosh(Ht) siny sinf sinw),
YP(y) = (H 'sinh(Ht'), H 'cosh(Ht) cosy’, H *cosh(Ht) siny’ cost/,
H™'cosh(Ht) siny’ sinf’ cosw’, H 'cosh(Ht) siny’sinf’ sinw’),
z = —sinh(H¢t) sinh(Ht') + cosh(Ht) cosh(Ht) cos,

where cos 2 = cosy cosx’+siny siny’(cosf cost’ +sinf siné’ cos(w—w’)). All the partial derivates

involving ¢, x, 0, w can be written in terms of the full derivatives of z. Hence,

(?3{ lef gj = f" (—cosh(Ht) sinh(Ht") + sinh(Ht) cosh(Ht) cosQ),
V4
g){ ZJ; g; = f'(cosh(Ht) cosh(Ht)'(—sinx cosx’ + cosy sinx’ cosp3)),
% ZJ; g; = f'(cosh(Ht) cosh(Ht) siny siny’ (—sinf cosf’ 4 cosf sinf’ cos (w — w'))),
g{fz ;ZJ; gj} = f'(cosh(Ht) cosh(Ht)" siny siny’ sinf sinf’ (—sin(w — w’))),
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5.2. GREEN FUNCTION INVARIANCE IN DE SITTER SPACETIME

where cosf3 = cosfl cos#’ + sinf sind’ cos(w — w’). Also, we have

an aaf !z "2
o2 mar T

where the over prime denotes the derivative with respect to z and overdot represents the
derivative with respect to ¢. The same double derivative can be extended to the other vari-
ables with overdot representing the derivatives with respect to the corresponding coordi-

nates. The equation for the Green function is the wave equation already seen above
1 0 0 H?/\
_—— W (Ht)— | — ———— + 2}0 ,y) = 0.
Losh?’(Ht) ot (COS ( )815) cosh®(Ht) m| Glay)
De Sitter invariance of the Green function implies that G(z,y) = G(z(x,y)) = G(z) and using

the above relations for partial derivatives, the above equation can be written in the form

d? d
2 2
<(z - 1)@ + 4z& +m ) G(z) = 0. 5.9)
In general for an arbitrary de Sitter space of 1 + d dimension the above equation can be
generalised to be

((z2 - 1);—; + (d+ 1)2% + m2) G(z) =0. (5.10)

5.2.2 Spatially flat coordinates

It is to be noted that the above calculation was performed in spatially closed coordinates of
de Sitter spacetime. An interesting thing would be to perform the same calculation in other
coordinates and interpret the result. As it turns out, this is equally true in case of spatially

flat de Sitter space. For de Sitter spacetime of (1 + 1) dimensions

a -1 (g pxet Ht pr—1 px%eM
X%z)=|H " (sinh(Ht)+ H 5 ,xe' H " | —cosh(Ht) + H 5

x2eflt 2o H
Y(y) = (Hl (sinh(Ht) + H? 5 > , wet H1 (—cosh(Ht) + H? 5 ))
Hence z = H 2coshH (t —t') — 1ef®+) (z — 2/)2. The wave equation in the flat coordinates is

0? 0 0?
. 2H— _ —2tH 7 = 0.
{aﬁ LT 83:2} $=0
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5.3. PARTICLE PRODUCTION

In general for an arbitrary dimensional de Sitter spacetime of (1 + d) dimensions, we would

have

(5.11)

62 —QtH
@ + 2H— — Z

5.3 Particle production

Now, let us try to solve the wave equation and find the transformation coefficients between

the modes at early and late times. Solving the wave equation in spherical harmonics basis
(b(t? X5 67 w) = Yk (t)Yklm(X7 97 W) we get
A3Yyim = —k(k + 2)Yium,
1 0 0 H%k(k +2)
————— | cosh®(Ht ——5——+m’| y(t) =0
[coshg(Ht) ot ( cosh™( )at> T osh(my " ] yet)
We define the quantity

the solutions for y(t) can be written as

ye(t) = c1(tanh?(Ht) — 1)%Pi7 1)(tanh(Ht)) + cy(tanh?(Ht) — 1) Q" | (tanh(Ht)),

(k+1 (k+1 )(
where P and () are the associated Legendre polynomials. Rewriting the associated Legendre
polynomials in terms of hypergeometric functions using the relations
1 1+ 2\"* 11—z
Pl(z) = Fil =\ A+11 =y 5.12
A(’Z) F(l—,u) (1_2) 2 1( s A+ L M3 9 >7 ( )

VITA+p+1) 1 9\ 1/2 Adp+1 A+p+2 31
PHT(A + ) (L= 2)5 R 5 g Atgia), (13

Q5(2) =

and using the relations

2F1(a, Biy;2) = (1 — 2) %21 (ow—@;v;zi )

1
FilaBi732) = St REZ S (a0 = a5 1)
(1—2)"T(9)C(a = B) i B—tl 2
F(Oé)F(")/—ﬁ) 2F1 (67’7 aﬂ +1’1—Z>,
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5.3. PARTICLE PRODUCTION

we can rewrite the solutions for y;(¢) asymptotically as

[ 3 | 3 3
y,(gi)(t) ~i oo cOsh®(Ht)exp |(—k — 5T iv)Ht| o Fy (k: + 3 k+ 3 + iy, 1 £ 0y; —6_2Ht> :
' ' (5.14)

Yr(a) (t) ~is 400 cosh® (Ht)exp |(—k — g Fiy)Ht| o Fy (k + g, k+ g Fiy; 1 F oy —eZHt) .
) ) (5.15)
Refer to [9] for the asymptotic forms of hypergeometric functions and various other trans-
formations among them. From the above form of the solutions it can be noted that
y,g_)(t) = | ,(f)(t)]*, Uk(—)(t) = [y ()] and yra)(t) = y,ii)(—t). Using the transformation

laws for hypergeometric functions

(=2) " T(YI(B - a)

oF1(a, By 2) = T(AI (7 —a) 2 F (067044‘1—’7;04—54‘1;%)
_\B _
0 1),

the transformation coefficients can be found to be
['(1 —iy)['(—i7)
T(k+ 32 —iy)D(—k -1 —iv)’

5 TO=m) (-1
" D(k+2)T(—k—3) sinhmy

(5.16)

ap =

(5.17)

These transformation coefficients satisfy the relation |«|? — |3]*> = 1 and hence can be written
parametrically as aj = e~2¥cosh20, 8;, = i(—1)*sinh20 and sinh26 = cosechry.
These results can also be derived for a spatially flat metric. The spatially flat metric is
given by
ds? = —dt* 4 ¢*"'da’.

Let ¢y = 9, (t)e"**7 i.e the temporal and the spatial parts of the solution are separated. The
wave equation for 1/, (t) for this metric can be written by comparing the metric g, from the

above line element and using is given by
U + Hipy + (m? + k2exp(—2Ht))y, = 0. (5.18)

This form of the wave equation in terms of the cosmological time ¢ is useful in finding the

modes at future infinity. Recasting the equation in terms of ¢, (t) = exp(—Ht/2)y(t) we
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5.3. PARTICLE PRODUCTION

obtain that ) )
- H* K
2
Ok + (m —T+?)¢k=
Considering the limit m > H, t;, is defined as the time when physical wavelength a(t)k™!

is equal to the Compton wavelength m, i.e ke % = m. For ¢t >> ¢, the equation will have

approximate solutions of the form
wk — a71/2(ck67iwt + dkeiwt>

where w = (m? — H?/ 4)1/ ?. These are the solutions in de Sitter space of (1 + 1) dimensions.

This can be generalised to (1 + d) dimensions by replacing with

w = (M2 - @m) .

. 4 _ )
Hence, the outgoing modes are ¢5) oc a= /2%,

In terms of the conformal time n = —H ~le~#" and with ¢ = v (n)e™* the wave equation
can be written as , ,
0Py, 2 m
o + (k + o Y =0
The solutions for this equation are given by the general solution
_ (M2 ) (1)
vem) = (g ) [Af” (kn) + Bifl,” (kn)] (5.19)

where v = ((d — 1)2/4 — m2/H?) for a d dimensional de Sitter space and HS" , H” are the
Hankel functions of the first and second kind. We take the ”in” vacuum as the Bunch-Davies

vacuum which is given by A, = 1 and By, = 0 and hence

i = (1) HO ().

This vacuum state is same as the one used in [5]. Using the asymptotic expression for Hankel

function, we have

vz i [ k) e (k"
W$H) (k) = — (g) - [<|Tn|> D1 - v)e™ % - <%> (1 —i—u)e2} . (5.20)

vm

The ”in” mode be expressed as the linear combination of “out” modes as given by

Ui = ot + Bl
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5.3. PARTICLE PRODUCTION

Using the relations for Gamma function I'(1 + 2)I'(1 — z) = 7z/sin(n2z) we can find the

transformation coefficients as

1

18]* = (exp(2rwH ") — 1) ", (5.21)
a]* = exp(2rwH ")/ (exp(2rwH ") — 1) . (5.22)

If the decomposition of the solution space into positive and negative subspaces at t = oo
and t = —oo is inequivalent, i.e if the linear transformation relating the two modes has off-
diagonal elements, then particle creation occurs. We can now calculate the creation proba-
bilities and decay rates as we have the transformation coefficients between the “in” and the
“out” states. The relative amplitude for creation of a pair of particles in the final states (kim)

and (kI — m) if none were present in the initial state is

_ <0Ut|bklmbkl_m’in>

(out|in) ’
i (out|brim (arr—m + 5Eblz_m)|m>
o (out|in) ’
B (out|Smm + bl brim|in)
o (out|in) ’
_ B
ap’

The square of this amplitude is wy, = |Bx/ax|*. This gives the relative amplitude of creating
a pair in the given mode. Let the absolute probability of (out|in) in a given mode be denoted
by Niim. Then the absolute probabilities are obtained by imposing the condition that the sum
of all the probabilities must equal one i.e the total sum of probabilities of creating n,nVZ

pairs be unity. Mathematically, we have

Nklm(l + Wrim + wilm + ) = 1,

Nitm = 1 — Wi,

=1—|B/axl”.

Let us work in the closed coordinates, which gives Ny, = 1 — sech27w. The term 1 —

Wyim is also the probability of creating no particles in a given mode. Hence the probability
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of creating no particles in any mode is just the product of the probabilities of no particle

production in all the available modes

[{out|in)|* = Tyt Nutm
= exp (Z ln(tanh2W7)>
klm
However, since the summation in the exponential is independent of £, it is divergent and
hence a cutoff has to be imposed. Let the sum be cutoff at 1 = N. We will consider a

differential change in the sum in the exponential.

On the other hand, the decay rate is given by the expression

]<out]z'n>]2 — exp(—I'V}),

1
[ = —lim,, 0 —In|{out|in)|? (5.23)
Vi

To equate the exponentials from the two expressions, we need to consider the differential
change in the four volume element AV,. The two changes can be equated by calculating the
term AN and AV using the following considerations. The physical momentum of the state

with quantum number N is given by

N
kphys = ———— :
phys cosh(Ht) as N = o0

For a fixed k,s, as NV and ¢t becomes very large, we can write
AN A(cosh(Ht))

N cosh(Ht)
This can be also seen as InN — Ht. The three volume corresponding to the spatial part is

— HALt.

h?(Ht
Vy — / %g)sinzxsirﬁ dy df dg,

3
_,_pcosh”(Ht)
=
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5.3. PARTICLE PRODUCTION

Hence the differential four volume for some time slicing would be AV, = V3At. Equating
both, we get

AN
—TAV, = e3lann(tanh27w)T,

8H?
r= ?ln(co‘chwy). (5.24)

We can carry out the same calculation in the spatially flat coordinates of de Sitter spacetime
of (1 + 3) dimensions. We have already calculated the transformation coefficients. Con-
sidering the limit of m > H we get the result of decay rate similar to (5.24). The above

few results are quite remarkable which gives a quantitative understanding of an important

phenomenon characteristic of a curved spacetime.
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Chapter 6

Conclusion

This brings us to the end of this report. The introduction of cosmological constant by Ein-
stein led to some of the very important advancements in cosmology. The cosmological con-
stant is a strong contender for the explanation of dark energy that accounts for most of the
energy density of the universe today. This study of de Sitter spacetime with positive cosmo-
logical constant brings to the fore some of the important theoretical observations. Hence, de
Sitter spacetime has been a good candidate for pedagogical study.

To summarise, we have understood the important aspects of de Sitter spacetime and em-
ployed various coordinate systems for the same. As can be seen from the results, global
coordinates is a special case of planar coordinates which provides a good system to un-
derstand the expansion of the universe quantitatively. Each of the coordinate system has its
own importance in presenting the important features of de Sitter spacetime. One of the most
remarkable result was the expansion of universe whose dynamics are dominated by the cos-
mological term. A possible theoretic understanding of the structure of the universe which is
observable today is based on de Sitter geometry. In the process, we have understood an im-
portant mathematical tool used for describing the causal structures of spacetimes. Although,
only the case of spatially flat sections of de Sitter spacetime is presented in the section of Pen-
rose diagrams, it would be instructive to study them in spatially closed as well as spatially
open planar coordinates and understand the horizons.

Continuing further, we studied the theoretic framework of quantum field theory in flat
spacetime. We explored canonical quantization in different basis and various Green func-
tions. This formed the basis for the review of quantum field theory in a curved spacetime.

We analyzed the symmetry properties of de Sitter spacetime in detail and arrived at an im-

62



portant result of non existence of de Sitter invariant vacuum for a massless scalar field. For
more elaborate discussion on de Sitter invariant states, the reader can refer to [3].

In the final chapter, we explored couple of interesting aspects which are Green function
invariance and particle production of a massive scalar field in de Sitter spacetime. The Green
function invariance is proved in spatially closed as well as spatially flat coordinates systems.
This suggests that the amplitude of propagation between any two spacetime points only
depends on the de Sitter invariant distance between them. Another important phenomenon
characteristic of a curved spacetime is particle production. We have derived the probability
amplitude for producing particles in any state and also the decay rate. An interested reader
can explore more about the recent developments and about various interesting phenomenon

characteristic of a curved spacetime.
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Appendix A
A

A.1 Global coordinates

The line element is
-

ds? = —dr? + 12f (z) a0,

The covariant components of the metric above line element are
i—1
grr = -1, Gii = l2f2 HSiHQHj'
j=1

Its inverse g"* has the components

1
2 1.2} sin0;

Jj=

TT i1

g =-1,9

Calculating the Christoffel symbols from the above metric, we get

i—1
1 =
Il =g (~gua) =f [ Hsm29j.

2 .
7j=1
‘ L fo 1, cosl;
| = iT:_Fl“:_zd ) = i
Ti 29 (gd , ) fa ij 29 (gd 7]) sjnej
1 i—l
I = 59“1(—9];7@) = —sinf;cosb; H sin6),.
k=i+1

From these non-zero components of Christoffel symbols, non-zero components of Riemann

curvature tensor can be evaluated
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1—1
RT, = T7, — Tr%, = Rokf [ s,
j=1
. . . o?
R:'i’r = _F:'iﬂ' - F:'dri' - = Tf

7

R, = (1 + 12 (2_92) I1{~'sin®0y,

R., = —(d—1)0%f,

Ry = {PfO2f + (d — 2)[1 + I*(0,.)*]} ﬁ sin®0y,
k=1

R = guvRum

3 (d—2)1+ f2) +2ff
—(d—1) i .

A.2 Conformal coordinates
The line element in the conformal coordinates is given by
2 o (T 2 | 12102
ds* = F (7) (—dT= + 12dQ;_4).

The metric components for this line element are

i1
grr = —F?% and g;; = I*F? Hsinzej,
j=1

i1

¢ = —F2and ¢" =172F2 Hsin’ZGj,
j=1

og d—1i—1
g=— (”;) H Hsin29k.

j=1k=1

As was done in the case of global coordinate system assuming metric being dependent on
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the function f(7/l) , the non-vanishing components of the Christoffel symbols are

1 orF
FT = - T - —_—
TT 29 grr,T F s
i1 OrF
T: — 29 guT F s
1 =
Il = 597(1(—9@,(1) =Pff HsinQQj,
j=1
1 i1
I = Egzd<_gjj,d) = —sin#;cosb; H sin?0;,
k=i+1
; 1, cosf.,;
o= Zg% gy ) = J
0= Y (94:) sinf;

Again, performing the same calculations as was done in the case of global coordinates case

will yield
Riri = Thip + Tal'5 — Thal,
i—1
ﬁ{Fﬁ%F — (07 F)%} H sin6;,

Reir = _Fng T ld + deFva

E S [FORF — (0rFY)
Rj; = ;2 F? (‘3_5)2 i 1sin?0),
forr == (dF21) [FOAF — (0rF)?,
Fi = pralforF +(d = 2)F+ (d = 3)(0rF)’] ﬁ sin26;,
R=(d- 1)(d_4)F2+(d_2)F2+2FF b=l

2F1
A.3 Planar coordinates

The non-vanishing components of the d dimensional Riemann curvature R,,,, can be ex-
pressed by the (d — 1) dimensional metric ;; as below. We proceed by calculating the non-

vanishing components of the Christoffel symbols followed by Riemann curvature tensor and
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A.3. PLANAR COORDINATES

finally arrive at the Ricci scalar. The metric for the line element written in planar coordinates
is
ds? = —dt* + a®(t/1)7;;dx'da’.

The metric becomes

g = —1 and g;; = az%ja
¢ = —1 and ¢ = a"24Y,

_ 421

9= -

Now, we evaluate the Christoffel symbols as below

1

ng = §gtt(_gij,t) = aayj,
i L i Qg
Ft]’ = 59 9djt = 553"
i L i 7"
gk = 59 (9aj =+ Garj — Gik.a) = 7(%11@4 + Vajk — Vikd)-

The components of Ricci tensor are

t 1t t mk o
Ritj = Fij,t — I = adyg,
) ) ) a .
T i i k _ 7
Rtjt - _th,t - Ftkrit - _Edﬂ"

i i i d i d
i = Ui = Uiy + Thal's — Dl

The d index in the calculation of R}, is the summation over all the coordinates i.e t, all §'s.

Just separating the ¢ component in the summation allows us to write
. . , . - , ,
Ry =Tl = Ty + Diol — TiplG + T 1% — T,
el o
—d-1 Ry, + a(S,Zaafyjl — aél’aafyjk,
= (" + k) (G — 0 )-

Upon contracting the two indices in the above non-vanishing components of R*  we get

vpo

d—1
Rtt:_< )CL,
a

Rij = [ad + (d — 2)a* + (d — 2)k]vyij,
2ai + (d — 2)(a® + k)
a2

R=(d—1)
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A.4 Static coordinates

The line element in static coordinates is

ds? = —e* M A(r)dt? + 2402,

,
A(r)
The metric components are

a—1

1
gu = —A(r)e**"), g, = . Goa0, =17 | | sin®6,,
A(r) bl_[l
1
J— _—A(T)e_m(r)’ g =A(r), g% =1/ <T2 Hsm ) ,
d—2b—1
g = —eXp H H sin’6
b=1a=1

The non-vanishing christoffel symbols that follow from above are

1 1 /dA ds?
¢ Lo _ A
Lo 99 Jitr = 54 (dr 2 alr)7

1 1 dA ds?
I, = ———=q¢"(—gu,) = A — +2A—
it 2g ( Gt ) 2 (dr + dr>

bl 1 (dA
e = 9 I = Toa gy )

1 1
0(1 JR— 0(1904 JR—
Lo, = 597" (= 90a00r) = p
a—1

Fr _ 1 rr _ /4 : 29

0aba — _59 90400, = —T SOy,

w0e — 59 " 90a00.0, = 5

6o~ 9 *  sind,’

b—1
1

00 _ 040 o )

Fezﬁb = —ig % G9,0,.0, = —sinbf,cosd, | | sin“0,
k=a+1

It is to be noted that the partial derivatives of A and (2 with respect to r are the same as the

full derivatives as both are just functions of only one variable . Non-vanishing components
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A.4. STATIC COORDINATES

of Riemann tensor R, are

R:Tt - P:t,r + F:krft - F;krfrv
= Ae*? (07 A+ 2A07Q + 30, A0, + 2A(9,0)?)
Rt

rtr

B t t Tk t Tk
- _Frt,r + Fthrr - Frkrtr’

30,A0,Q + 2A(8,0)* + 02A + 2407Q] ,
a—1

r .
Rf,10, = TirT6,0, = 3 [0,A+2A0,9) H sin’6y,

b=1
Ae [OA 0
Rls = {— +24 (a—)} ,

:ﬂ[

2r | Or or
Dore = —g (?Tf) CﬁSiﬂ29k7
R = —ﬁ (g—f) ,
Ry g0, = (1= A) [ [ sin6a.

From these, the nonvanishing components of Ricci tensor are

= o o (3]
AL () () raa () + 52 vaa (22)] )
R, — —i{(d—m (%) +rl3 (%) (%) 24 (%>2+(§%+2A (8;7?)
Ry,0, = dr_22 {i;;% (3 (1-A)] - A (d;2> Z—S}(ﬁsm?eb.
;

Contracting further, we arrive at the Ricci scalar which is given in section 2.2.4.

b
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