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ABSTRACT

KEYWORDS: Kaldor’s model; economic cycles; time-delay; stability

switches; Hopf bifurcation.

Feedback in real systems is rarely instantaneous. In this paper, our focus
is on the dynamical characteristics of a time-delayed nonlinear model of

the trade cycle.

Kaldor’s model of the trade cycle is formulated as a feedback control
system. We establish a necessary and sufficient condition for local stability.
This, along with a study of the system’s rate of convergence, allows us to
understand the relationships between system parameters and local stabil-
ity. Rather surprisingly, we find that the presence of delays in the system
can produce multiple stability switches. Variation in time-delay is shown
to induce a Hopf bifurcation leading to the emergence of limit cycles. In
essence, the system can switch between a stable state and a Hopf induced
limit cycle a finite number of times. Further, using the theory of normal
forms and the center manifold analysis, we show that the Hopf bifurcation
is supercritical. Based on our analysis, some guidelines for the control of

business cycles are outlined.
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CHAPTER 1

INTRODUCTION

At a suitable level of abstraction, models of economic phenomena should
have both nonlinear elements and time-delays. Business cycles form an in-
tegral part of economic dynamics. Early work on business cycle models
recognized the need for nonlinear behavioral functional forms; for exam-
ple, see (2), (5), (7), and (17), and time-delays; for example, see (8). The
purpose of the present paper is to investigate the impact of both nonlin-
ear elements and time-delays on a model of business cycle dynamics. As

feedback is rarely instantaneous, delays make the model more realistic.

In the class of business cycle models, the one inspired by Kaldor (7)
continues to generate interest. This early and elegant model considered
nonlinear investment and savings functions which shift over time in re-
sponse to capital accumulation (7). Numerous aspects of this model have
been examined over the years. For analytical treatment of some dynami-
cal characteristics of Kaldor’s model, see (1), (9), (10), (14), and references
therein. The fact that feedback is often time-delayed has not received ad-
equate consideration. This innocuous looking, but realistic assumption
can lead to unexpected and sophisticated dynamical behavior (3), (4). In
this paper, we extend the simplifying assumption by Kaldor that there are
no gestation lags in capital accumulation. This leads us to study a model

which combines the essential arguments by Kaldor (7) and Kalecki (8).

The importance of feedback delays has been recognized in (11), (12).

We build on the model given in (11), (12) by assuming non instantaneous



dependence of the level of economic activity on the capital stock. Ad-
ditionally, we also propose functional forms for investments and savings
and show that they adhere to the guidelines suggested by Kaldor. By an-
alyzing the stability and bifurcation properties of these functional forms,
we have quantified the impact of various model parameters on the dy-

namics of the trade cycle.

We first frame the model as a time-delayed nonlinear control system.
Using simulations, we justify the functional forms of the savings and in-
vestment functions. Using time domain analysis, we provide an explicit
characterization of the necessary and sufficient condition for local stability.
This condition does depend on the delay which highlights the importance
of this parameter. We show that the system can undergo multiple stabil-
ity switches. In essence, the system can lose and regain local stability as
the delay in the system varies. This is established analytically and verified
numerically. We also investigate the local rate of convergence. Finally, we
show that loss of local stability occurs via a Hopf bifurcation which leads
to the emergence of limit cycles. The theory of normal forms and center
manifold analysis is used to establish the stability of limit cycles. Stabil-
ity charts and bifurcation diagrams accompany our analysis. Although
we restrict ourselves to a discussion on business cycles, the accompanying
mathematical treatment is quite general. Systems governed by second or-
der delay differential equations occur frequently in various areas, and our

analysis could be easily adapted for such systems.



CHAPTER 2

MODELING THE TRADE CYCLE

In this section, we represent the trade cycle as a time-delayed, nonlinear
feedback control system. Such a representation is shown in Figure 2.1. The
investment (/) and savings (5) are represented by nonlinear functions of
the present level of economic activity (x) and the capital (/). The level of
economic activity (z) is the state variable of interest and is determined by
the I and S functions. Thus, I and S are modeled as feedback loops in the
system. There is also a dependence of capital stock on investment and the

same is shown in Figure 2.1.

The parameter « captures the proportional dependence of rate of change
of the present level of economic activity on the difference between invest-
ment and savings. The parameter 3 represents the proportional depen-
dence of rate of change of capital stock on investment. To account for the
noninstantaneous dependence of / and S on both z and K, we have in-
corporated a time-delay parameter (7') into the feedback, as well as the
feedforward, paths of this system. It is important to note that variation of
this parameter (7') causes the system to exhibit a wide range of sophisti-

cated behavior.
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Figure 2.1: A control theoretic representation of a trade cycle. The accu-
mulation of capital (K) determines the level of savings (S) and
investment (/) (which leads to cycling (7)).

2.1 The Model

We work with the equations (2.1) and (2.2) for the system represented in
Figure 2.1. which have been suggested in (11)

b= Al K- - sea-TRe-T)] e
dd—l; = BI(z(t—T),K({t—T)) —6K({t—-T), (2.2)

where [ is the investment function, S represents the savings function,
denotes the level of economic activity and K represents the capital stock.
Note that «, 3, and § are the system parameters as described earlier.

We propose functional forms for I and S, which adhere to the sugges-

tions made by Kaldor (7)



a a

B br(t—T)+1

The parameters in this model are

1. n describes the influence of the past value of capital stock on the
present investment.

2. 7 determines the propensity to save.

3. a and b represent the value of the slope of the I and S curves in the
normal region as defined by Kaldor (7).

4. K captures the shift in the curves (7) due to accumulation of capital
stock.

Differentiating (2.3), (2.4) with respect to = and using the condition

4~ 45 (7), we obtain a condition on a and b as ¢ > 2b. We numeri-

cally validate this model in MATLAB. For the purpose of simulation, the
, kd = 0.02

W=

parameter values are chosenasa =1, v =1,a =4, b =
(kd captures the effect of 7). The dependence on K in these curves is cap-
tured by shifting the / and S curves. The numerical results obtained using
simulations are shown in Figure 2.2. It can be readily seen that for these
parameter values, this model predicts a cycle, i.e. the economy goes from
a state of high activity to a state of low activity and back.

We now proceed to analyze various dynamical aspects of this model.
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Figure 2.2: Numerical verification of model (2.3), (2.4). The dot indicates
the current level of economic activity and the curves corre-
spond to the savings and investment functions (7). The occur-
rence of cycles can be seen in the plots I to VI.



CHAPTER 3

STABILITY ANALYSIS

In this section, we establish the necessary and sufficient condition for sta-
bility of the system described by (2.1) and (2.2) using time domain analy-
sis. For this, the linearization of (2.1) and (2.2) is carried out for the func-

tional forms of I and S as given in (2.3) and (2.4).

dx ax ax bx(t —T)+1

-~ = - Kit—T)—~valn| ————— 3.1
G T 1w g rnekt=T)—sal <1 ~ba(t— 1) )( :
dK af ap
- = " Kt-—T)—-0K(t). 3.2

We now prove the existence and uniqueness of an equilibrium point £* of

the (2.1) and (2.2). We follow the style of analysis done in (6).

The conditions for existence of a unique equilibrium point are

1. there exists a constant L > 0 such that |I(x)| < L for all x € R;

2. 1(0) > 0;
Then there exists a unique equilibrium point £* = (z*, K*) where z* is
br* + 1
I(z) =71
and K* is determined by

. B br(t —T)+1
K —FIH(T@—T)) :

the solution of




Proof. Let the equilibrium point be (z*, K*). At this equilibrium point, the

values of % and %X are zero.

dr  dK
dt— dt
that is
0 = al(z) —vyaln (%) (3.3)
0 = Bl(z)—dK(t). (3.4)

Let us assume that 2 > 0 and K > 0 satisfy (3.3) and (3.4). Then

N@zvm(@ﬁlﬂjj)7

1—bx(t—T)

and

By br(t—T)+1
K—Tm(:Eﬁiﬁ)'

which is a unique equilibrium point of (2.1) and (2.2).

To linearize about the equilibrium point, we write z(t —7) = y(t— 1) +
z* and K (t) = k(t) + K* where y(t) and k(t) are small perturbations about

the equilibrium point. (3.1) and (3.2) linearize to
dy

= Ay(t=T)+nak(t - T) (3.5)
dk
o = By(t=T)+nk(t —T) - ok(t), (3.6)



where A - ace”™  2bya
(1—e=")2 1-—0p2z*

B - _ aﬁe_l’i

(1 —e27)2

Using (3.5) and (3.6), we get a second order delay differential equation

which has the characteristic equation
MNaar+be ™ +e+de™M = 0. (3.7)

Here the values of a, b, ¢, d and T are constants, which can be calcu-

lated in terms of system parameters.

3.1 Local Stability Analysis

The critical points of the system are obtained by constraining the roots of

the characteristic equation to be purely imaginary.

It is clear that there is no need to analyze the system for the cases where
both a and b are simultaneously zero, as this can only lead to unstable

solutions.

For the case where b = 0 (which corresponds to a delay in the feed-
back path), a purely imaginary solution of the characteristic equation is

computed. Let this solution be iv, where v is given by

) 2¢ — a?® +Va* — 4a%c + 4d?
v = .
2

10



At the critical point, the system satisfies

Hence, the necessary and sufficient condition for stability is given by

T < lsin—l(@). (3.8)
) d

It can be seen that for a valid solution to exist for v, the term a* — 4a%c+ 4d>
must be positive. This can be rewritten as

c < %2—1— (5)2. (3.9)
If the condition given in (3.9) is satisfied, we can always find a critical point
of the system and so a stability switch will exist. This is the case of delay
dependent stability.

The parameter c represents the feedback term in the system without
delay. If (3.9) is not satisfied, the system does not experience stability
switches and is always stable. This is the case of delay independent sta-
bility. This behavior can be intuitively explained by focusing on the fact
that when c is large enough, the instantaneous feedback term dominates

the delayed feedback term and hence the effect of time-delay vanishes.

For the case where a # 0, b # 0, ¢ # 0 and d # 0, a similar analysis,
as the done previously for the case b = 0, is carried out which leads to the

following necessary and sufficient condition for stability

2 _
T < tan_l(%v) —i—tan_l(v C), (3.10)
a

11



where v is given by

b Prk-ax /P +22c —@P A - &) (3.11)

The local stability analysis is carried out numerically for (3.7) and sta-

bility charts are prepared.

0 1 2 3 4 5 6 0 1 2 3 4
T T

Figure 3.1: The variation of stability with parameters a, b, ¢, d and delay
T for the system (3.7) (white regions represent stable solutions
whereas black regions represent unstable ones). When « is var-
ied, b = 10, ¢ = 10and d = 1. When b is varied, a = 1, ¢ = 50
and d = 0.1. When c is varied, a = 0.5, b = 10 and d = 1. When
dis varied,a = 1,b = 10 and ¢ = 10.

12



3.2 Stability Switches

In this section, we provide an explicit characterization of the conditions
for (3.7) to undergo multiple stability switches. A plot demonstrating the

presence of stability switches in (3.7) is shown in Figure 3.2.

0.2

—a=1.2}

i ---a=14
-0.7¢ a=1.6
' --a=1.8

0 2 4 6 8 10 12 14 16

8
Figure 3.2: Stability switches in (3.7) with varying T when (3.9) is satisfied.
Here,b=0,c=1,d=1.

It is worth noting that for the choice of parameter values in Figure 3.2,
the condition on c as specified in (3.9) is satisfied. If c does not satisfy (3.9),

stability switches do not occur. This is demonstrated in Figure 3.3.

0.2

0.1r
0

-0.11

-0.2F

_O_G'L', —a=1.2}
i ---a=14

-0.7¢ a=1.6
3 - -a=18

0 é 4‘1 é é 16 1é 14 16
T
Figure 3.3: The absence of stability switches in (3.7) with varying T when
(3.9) is not satisfied. Here, b =0,c=5,d = 1.

For an analytic characterization of stability switches, consider the value

13



of v as given by (3.11) which can be rewritten as

s U +2c — a® £ /(b2 — a?)? + 4c(b? — a?) + 4d? .
2

(3.12)

We establish conditions on a, b, ¢, and d for one or more positive roots

v to exist.

Table 3.1: Conditions on parameters of the system (3.7) that give rise to
different behavior in terms of stability.

S. Conditions on Number of positive
No. parameters roots of v
1 < d? 1
2 b < a®—2c 0
d? < c?
3 a’? —2c<b? <a? 2
(a? = b%)(c— T(a® = b%)) < d* < ¢
4 a’? —2c<b? <a? 0
d? < (a® = b?)(c — 1(a® — b?))
5 a? < b? 2
d* < c?

Case 1) As can be seen from (3.11), if condition given in case 1 is sat-

isfied, then the value of /(b2 + 2¢ — a2)? — 4(c2 — d?) will be greater than

b? + 2¢ — a®. In this case, v? has one solution. Hence, v has just one posi-
tive root and the system will have only one bifurcation point where it will
switch from a stable to an unstable state.

Case 2) From (3.11), we realize that if the conditions given in case 2 are
satisfied, then v? does not have a solution. Hence, v has no solution and
the system always remains stable i.e. the system does not undergo Hopf

bifurcation. This is an instance of delay independent stability.

14



Case 3) If the conditions given in case 3 are satisfied, from (3.12) we
can say that v? has two positive roots and thus there are two positive roots
for v. Hence, the system undergoes two stability switches i.e. the system
transitions from being stable to being unstable twice.

Case 4) From (3.11), we can see that if the conditions given in case 4 are
satisfied, then v? does not have a solution. Hence v has no solution and
the system always remains stable i.e. the system does not undergo Hopf
bifurcation. This is another instance of delay independent stability.

Case 5) If the conditions given in case 5 are satisfied, then v? has two
positive roots, as can be seen from (3.12). Hence v has two positive roots

and the system undergoes stability switches twice.

15



CHAPTER 4

RATE OF CONVERGENCE

We vary the parameters c and d to analyze their effect on the rate of con-
vergence of (3.7) and plot the same. The rate of convergence is estimated
by calculating the eigenvalue of the system with the lowest magnitude of
its real part. This eigenvalue represents the most slowly decaying expo-
nential in the time evolution of the system and serves as a measure of its

rate of convergence.

4_| T T T T T T T T T T T T T T T T T T T T
3|

d?2

0 1 2 3 4

Figure 4.1: The variation of the rate of convergence of (3.7) with parame-
ters cand d. Herea = 1, b = 0 and 7" = 1.5. Darker regions
represent faster convergence.

Referring to (3.7), the system will be overdamped if the imaginary part

of the eigenvalue is zero and the real part is negative. To investigate this,



we substitute A = u in (3.7), which gives

Wt au+bue T +c+de ™t = 0

—u?+au+c _ T
bu +d N
U 1 d c—%(a—%) T
w, o _@a Y D VA 41
b+b<a b)+ bu+d ¢ (1)

We solve (4.1) graphically to find a solution for a particular choice of

parameters.
401
C/
I I I I - __7_ i L I T T S S
-4 -2 T 2 4
7 L
)/ 20
, [
/
/ L
, —40
/
/
! —-60
!

Figure 4.2: Solving (4.1) graphically for the overdamped system (3.7).
Herea=1,0=02,c=1and d = 1.

By looking at Figure 4.2, we can see that the shape of the two graphs
always leads to a solution. This implies that the system is always over-
damped. This conclusion is highly counter intuitive and hence makes us
question the possibility of having both real and complex roots at the same
time, and rate of convergence being decided by the root whose real part
has the least magnitude. This possibility has not been investigated further

in this paper.
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CHAPTER 5

BIFURCATION ANALYSIS

In nonlinear systems, transition from stability to instability is generally
accompanied by a Hopf Bifurcation (3), (15). In this section, we prove
that our model undergoes a Hopf bifurcation as the value of time-delay is
increased, as long as the conditions for delay dependent stability as given
in Table 1 are satisfied. In an economy, there are a number of economic
agents acting at different time scales. These agents may have a stabilizing
or destabilizing effect on the economy based on the delay in the response

to their actions. Hence we choose T for bifurcation analysis.

5.1 Transversality Condition

To demonstrate that the loss of stability occurs via a Hopf bifurcation,
we prove the transversality condition. To that end, we differentiate (3.7)

with respect to 7" which leads to

NEA+a+be ™ —bre™ —dTe ) —bNe ™ —dre™ = 0,

/o dA fpr
where \' = 9%. Rewriting,

B A(bA +d)
(23 +a)eM + (b— AT —dT) G1)

/




From (3.7),
b\ +d
M= 5.2
‘ Nt ahte (5-2)

Substituting (5.2) in (5.1),

A

(22X ta) b :
A2t+ad+te + bA\+d T

No=

Considering each term in the denominator separately and substituting

A = v, the first term can be written as

20+ a av® + ac + i(QCU — 203 — a2v)
—24iav+c A ’
where A = (¢—v?)?+a*v?, is always positive. Similarly the second term
can be written as
b _ bd— i(b*)
ibv+d B ’

where B = b*v? + d?, is always positive. To simplify (3.12), we multiply
both numerator and denominator with AB. It is seen that since both A
and B are positive, we need not consider the AB term appearing in the

numerator. The denominator can be written as

Denominator = (bdA — aBv? — acB — TAB)

—3 (QBCU —2Bv® — a’Bv + Ab%) )

To simplify, we make the denominator a real number by multiplying
both the numerator and the denominator with the conjugate of the denom-
inator. In the modified equation obtained, it is not necessary to consider

the denominator any longer, as it is a sum of squares of two real numbers

19



and so is always positive. As we are interested in the real part of A’ and
as the numerator of (5.1) is purely imaginary for A = iv, we consider the
term obtained by multiplying iv with the imaginary part of the conjugate

of the denominator. This gives us the real part of the numerator as

%(Numemtor) = —2Bv?>+2Bc—a’B + Ab? .

Substituting the values of A and B

%(Numemtor) = —b*? — 2d*0? + 2cd® — a*d* + b*c? . (5.3)

If we equate (5.3) to zero and solve for v, we get a value of v which does
not satisfy the (3.7). So we can say that the real part of £ is always non
zero and so there exists a T}, at which the system undergoes a Hopf

bifurcation.

5.2 Stability of Limit Cycles

In this section, we address the question of stability of the emerging limit

cycles. We do a Taylor expansion of (2.1) and (2.2) about the equilibrium

point.
W= Ryt —T)+ Byt~ T) + nak(t — T) (5.4)
O = Gt —T)+ Gt —T) + bkl —T) k(1) . (55)

20



where

d 1
A = g ()

dFy
F, = it
2 0.5 y
a - d In by(t —T)+1
dy 1—by(t—1T)
dG,
Gy = 0.5@ .

We introduce an exogenous non-dimensional parameter x = . + pu to
establish the stability of the limit cycle (4), where x, = 1 and the Hopf

bifurcation takes place at ;1 = 0.

% = kFyt—T)+ cFyw?*(t — T) + knak(t —T) (5.6)
O = Gt —T)+ Gt —T) +nfh(t —T) k(1) . (5)

We perform calculations that enable us to address questions about the
form of the bifurcating solutions of (5.6) and (5.7) as it transits from sta-
bility to instability via a Hopf bifurcation. For our analysis, we follow the
style given in (4). Consider the following autonomous delay differential

equation.
d

a’u,(t) = Lou+ Flug, i), (5.8)

wheret > 0, u € R, where for T" > 0

w(0) = u(t+46) w: [-T,0] = R?, 0 e [-T,0].

21



L, is a one-parameter family of continuous (bounded) linear operators.
The operator F(u,, ;) contains the nonlinear terms. We assume that F is
analytic and that 7 and £, depend analytically on the bifurcation param-
eter u for small |u|. Note that (5.6) is of the form (5.8), where u = [y, k]7.

The objective now is to cast (5.8) into the form

d
%ut == A(,U)’U;t -+ Rut R (59)

which has u, rather than both v and u;. We transform the linear problem
du(t)/dt = L,u,. By Riesz representation theorem, there exists an n x n
matrix function 7(-, 1) : [T, 0] — R™, such that the components of 7 have

bounded variation and for all ¢ € C[—T, 0]

Lod = / a6, 1)p(6)

-T

In particular,

Lo — / " 06 pult +6) (5.10)

We observe that

kF10(0+T)df knad (0 +T)df

(0, p) =
0.1 G50+ T)d0  (nBs(0+T) — 5(6))do

satisfies (5.10). For ¢ € C[-T, 0], we define

206, 0el[-T,0)
A(p)é(0) = . (5.11)
ffT dn(s, u)@(s) = L9, 0=0

22



and

0, 0 e [-T,0)
Rop(0) = . (5.12)

F(p,p), 0=0
As du;/df = du,/dt, (5.8) becomes (5.9) as desired.
The bifurcating periodic solutions u(t, ,u(e)) of (5.8) have amplitude

O(e), period P(¢) and non-zero Floquet exponent 53(e), where the expres-

sions for y, P and B are given by

po= poe® + paet -

The sign of j; determines the direction of bifurcation: p, > 0 implies a
supercritical bifurcation and iy < 0 implies a subcritical bifurcation. The
sign of B, determines the stability of bifurcation: asymptotic orbital stabil-

ity if By < 0 and instability if B, > 0.

We only need to compute the expressions at i = 0, hence we set ;1 = 0.

Let g(#) be the eigenfunction for .A(0) corresponding to A(0), namely

A(0)g(0) = iwoq(0). (5.13)

To find wy and q(0), let g(0) = qoe™°?, where q, = [1, qp2]” . Substituting
this in (5.13) and using the expression for A as in (5.11) we get
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kI 0(0+ T)df knod (8 + T)do elwol B iwpl
G160 +T)d  (nB8(6+T) — 6(6))d6 N

/,

Solving, we get

—iwoT —iwoT .
Fie7" + nagee ™" = idwy

Gre T + 77590267WOT — Qo2 = 1Woqo2 -
Solving for o we get,
na(iwg + 1)(]32 + Fi (1 +iwy — twonB)qoe — iwoG1 = 0.

From this quadratic equation, we find the value of ¢y, which is used to find

the value of wy.

We define the adjoint operator .4*(0) as

dals), s€0,7)
A (0)a(s) = 0
[ordn™(t,0)a(—t),  s=0.

Note that the domains of A and A* are C' [T, 0] and C'[0, T] respectively.
As
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for some non-zero vector g*. For ¢ € C[-T,0] and ¢ € C|0,T], we define

an inner product

0 7]
W, ¢) = B (0)(0) - / / T (- O dyO)p(r)dr . (5.14)

=—T71=0
Then, (¢, Ap) = A*(1), ¢) for ¢ € Dom(.A) and v» € Dom(.A).

Let g*(s) = De™* be an eigenvector of A* corresponding to eigenvalue
—iwy. Wenow find D such that the eigenvectors g and g* satisfy conditions
(g*,q) = 1 and (q*,q) = 0. These two equations are solved for variables
D and Dy, where D = [Dy, D5]". Using the expression (5.14) for the inner

product, we get

1 = Di+ Dyqoy + DikTFie” ™" + Dy Tnogee " + Dok TGye™ ™07
+ DyrcTnBgee "

0 = i2wyD; +i2woDaqos + (™" — e7**") (D1 Fy + Dinagqos + DoGi + Danf3qos) -

(5.15)

From (5.15), we solve for D, and D,. For u;, a solution of (5.9) at u = 0, we

define
Z(t) = <q*,Ut>

w(t,0) = w(0) — 2RE(:(1)q(0)).
Then, on the manifold, Cy, w(t, §) = w(z(t),=z(t),0), where

22 =2

w(z,?, (9) = wQO(e)E + wn(@)zE + wog(e)% e (516)

In effect, z and % are local coordinates for Cj in C' in the directions of g*

and q", respectively. Note that w is real if u, is real and we deal only with
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real solutions. The existence of the center manifold enables the reduction
of (5.9) to an ordinary differential equation for a single complex variable

on Cy. At u =0, this is
Z(t) = (q", Au; + Ruy)

= dwpz(t) +q,(0) - ]-"(w(z,?, 0) + 2RE (zq(@))) (5.17)

= iwoz(t) +q.(0) - Fi(2,2),
which is abbreviated to

’

z2(t) = iwoz(t) + g(z2). (5.18)

The next objective is to expand g in powers of z and z. However, we
also have to determine the coefficients w;;(#) in (5.16). Once the w;; have
been determined, (5.17) would be explicit (as abbreviated in (5.17)). Ex-

panding ¢(z, Z) in powers of z and Z, we have

g(Z,E) - G*(O)FO(%E)

22 n -4 z2 n 2%z
= —_— yA e —_ e e
920 B 911 Go2 5 g21 5
Following (4), we write
w = u; — z'q - E/ﬁ

and using (5.9) and (5.18), we obtain

Aw — 2RE (q*(0) - Foq(h)) , e [-T,0]

Aw — 2RE (G*(0) - Foq(0)) + Fo, 60=0
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which is rewritten as
w = Aw+h(z,%,0) (5.19)

using (5.16), where

h(z,7.0) = hQO(Q)% +hu(0)F +ho(O) 5+ (5:20)

Now on Cy, near the origin

! ’

/ p—
w = W,z +wsz.

Use (5.16) and (5.18) to replace w., 2’ (and their conjugates by their power

series expansion) and equating this with (5.19), we get

(2in — A)’U)Qo(ig) = hgo(ig)
—Aw11(9) = h11(9) (521)
—(27;(4]0 + A)w02 (9) = h02 (9)

We start by observing

w(f) = w(z,7%,60)+q0)z+q0)z

= wQO(Q)E + wn(@)zE + wOQ(Q)E + qoeiwoez -+ aoeiiw()az + -

from which we obtain u;(0) and u.(—7"). We have actually looked ahead
and we require only the coefficients of 22, 2z, z? and 2%z. Hence we keep

only the relevant terms in the expansions that follow. We see that we have
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only one nonlinear term, y?(t — T'), in (5.6).

y2(t—T) = [ut(—T)utT(—T)} 11
— 6—2iw0TZ2 _‘_e2iw0T§2 +222

+ (wgm(—T)ei‘*’OT + 2w111(—T)e_i‘*’°T) 225 + .-

where [wijl, wijg]T = Wjj. Recall that,
g(Z,E) = a*(O) . ]:0(2,5) = 51]:01(2,2) + EQFOQ(Z,E) (522)

where []:01, FOQ]T = ]:0, and

22 2 2%z
9(275) = 9205%—9112?%—9025%—9217---. (5.23)

Comparing (5.22) and (5.23), we get

goo = QﬁlﬁFgeimon + 2E2G2672iw0T (524:)
g1 = 2D kF; +2DyGy (5.25)
Goo = 2D1kFye? 0T 4+ 9D,Goe? 0T (5.26)

go1 = (2E1HF2 + QEQGQ) (wgm(—T)ei“’*TT + 2w111(—T)6_iw0T) . (527)

For the expression of g»;, we still need to evaluate w11 (0), w11 (—1"), wa(0)

and wso(—T1'). Now for 6 € [-T,0)

h(z,7,0) = —2RE(g'(0) - Foq(0))
= —2RE(g9(2,%2)q(0))
= —g(2,2)q(0) —g(z2)q(0)

22 72 22 72
= (9205 + g112Z + 9025) Q(Q) - (?205 + 91127 + ?025) 6(9)
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which when compared to (5.20), yields

hy(0) = —g20q(0) — 902q(0)
hi1(0) = —g119(0) — g11q(0).

From (5.11) and (5.21), we get

wyo(0) = 2iwewan(0) + g20a(0) + Fooq(9) (5.28)

w/n(H) = guq(?) +91,9(9) . (5.29)

Solving (5.28) and (5.29), we obtain

g iw g — _—iw W
wy(0) = _ﬁ%e of _ 31'—?50(106 00 4 geZiwod (5.30)
gll 1w g — — W,
wi(0) = m%e of — iqoe o 1 f (5.31)

forsome e = [e1, 5] and f = [f1, fo]7, which we determine. For h(z,Z,0) =

—2RE (q*(0) - Foq(0)) + Fo

_ 2I€F2672ZW()T
ho(0) = — g209(0) — g02q(0) + ,
2G26—2zw0T
2/4,F2
hi1(0) = — g11¢(0) — g11q(0) +
2G,
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Again, from (5.11) and (5.21), we obtain

9209(0) + go2q(0) = +

2G2672iw0T

(5.32)

NBwage(—T") + Grwagr (—T') — 2iwpwag2(0) — wa02(0)

|: K,Fl’LUQ(]l(—T) + /‘i?’]OéUJQOQ(—T) — 2iW0’LU201 (O) ]
2K/F2

9119(0) + g119(0) = +

2G5

I€F1U)111(—T) + H??Oéwng(—T)
Grwin (=T) + nfwii2(—=T) — w112(0)

(5.33)

Substituting the expression for w;j;(x),z € [—T,0] from (5.30) and (5.31)
into (5.32) and (5.33), and finally solving for ey, e5, f; and f», we obtain

e noA1—mo Ao
e = _ | e (5.34)
62 m1A2—n1A1
fi
f =
f2

and

(nB—1)B1—rnaBs
kF1(nB—1)—knaG1 (535)
xFy By —G1By ’

kF1(nB—1)—knaG1
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where

Ay =

—2iwg + kF e 2wl

Knoe 20T
G, el
nBe 20T — 24wy — 1
2iwoT 920 fzon §02 iwoT
920 + Go2 — 2KkF5e” + Kl | e + —e
Wy 3wy
—2| 920+ ] + KN Jo2 qoze™" @QOﬂﬂwOT
3 31w 1wy
—2iwoT 920 o—iwoT 902 _iweT
920902 + Jo2qp2 — 2Gae +Gi | e + e
Wy 3iwo
B ( 02 ZgiwoT _ Qﬂqme—ion) — (2iwo + 1) (92.06102 . 902902)
1w W 3twy

Bl = 2911 - 2K/F2 - HFl (&6_“}071 — &eion)

1Wo Wo

911 — weT |, 911 iwoT
— kna | — =gzt 4+ Z—qoae” ™0
1w Wy

0

. g —iw g W
By = g11(qo2 + Qo2) — 2G2 — G4 (.ie ol _ J1L o OT)

1Wo Wo

- 775 (—iq_eon + &queiWOT) .

Wo

Using the values of e and f in (5.30) and (5.31), followed by substi-

tuting # = 0, -7, we obtain the values for wi;(0), w11(—71"), wy(0) and

waqo(—T). Using these we evaluate go;. Hence, we have the expressions for

920, 911, goz and go.

All the quantities required for the stability analysis of the Hopf bifur-

cation have been calculated. We can now comment on the nature of the
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Hopf bifurcation by finding out the values of i, and 3, (4)

—RE(c1(0))
' (0) (5.36)
BQ = 2R5<01(0))

where, as in (4),

7 1
ci(0) = Q—WO (920911 — 2|g11\2 — 5‘902|2> + % . (5.37)

Now, 115 is calculated for various values of ; in the neighborhood of the

bifurcation pointi.e. ;1 = 0. The values of 1, are plotted in Figure 5.1.

0 02 04 06 08
u
Figure 5.1: Values of ji, in the neighborhood of the bifurcation point i.e.
w=0.

As, can be clearly seen in Figure 5.1, y» < 0 at the bifurcation point, i =
0. Hence, the system (3.1) and (3.2) transitions from stability to instability
through a supercritical Hopf bifurcation and the emerging limit cycles are

stable.

Also, the expressions for period P (¢) and Floquet exponent B (¢) are
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given by
2
Pl) = = (1+ET+0(eY)

Wo
T - CIM(e1(0)) + paw' (0)
wo (5.38)
B(e) = Bae® + O (e
. _ E
f2

5.3 Bifurcation Diagrams

The bifurcation diagrams for (3.1) and (3.2) are plotted using MATLAB.

They are shown in Figure 5.2.
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Figure 5.2: Hopf bifurcation in (3.1), (3.2) for varying parameters 7', «, 7
and 7. In the bifurcation diagram, all parameters, except the
one being varied, are set to 1.
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CHAPTER 6

OUTLOOK

The presence of periodic cycles in the economy provides motivation to
study some nonlinear models of economic dynamics. In this paper, we

analyzed a certain nonlinear Kaldor-Kalecki business cycle model.

We proposed functional forms of the savings and investment functions
in a Kaldor-Kalecki framework, which is modeled as a nonlinear control
system. We then outlined necessary and sufficient condition for local sta-
bility and analyzed rate of convergence of the linearized system. An ex-
tremely interesting feature of the model was its ability to undergo multiple
stability switches: from a stable equilibrium to a Hopf induced limit cycle.
We showed that loss of stability occurs via a Hopf bifurcation which leads
to the emergence of limit cycles. We proved that the bifurcation is super-

critical and hence the limit cycles are stable.

As can be seen from the bifurcation diagrams in Figure 5.2, the sys-
tem undergoes a transition from stability to a stable limit cycle. It can be
seen that the radius of the limit cycle is largest for bifurcation due to vari-
ation of 1. As 7 represents the effect of past capital stock on the present
investment, a larger magnitude of n implies a greater dependence of the
present investment on the past value of capital stock. This can be seen as a
stronger influence of the delayed capital stock, which tends to destabilize

the economy.



Intuitively it may seem desirable to maximize the influence of the cur-
rent investment on the level of economic activity (captured by «). Con-
trary to this expectation, the bifurcation with increasing o demonstrates
that unrestrained maximization of this parameter has a destabilizing ef-
fect on the economy, which may manifest itself as rapid fluctuations in

economic indicators such as GDDP, level of employment etc.

Avenues for further research

Mathematically, it would be natural to characterize the limit cycles. Of
particular interest would be the relationship between system parameters
and the amplitude of the resulting cycles. From a modeling perspective,
it would be natural to extend the model and analysis to cater for inputs
to the system, and to consider external disturbances. This would be a
step towards developing a framework which might be able to offer policy

guidelines.

35



REFERENCES

[1] W. CHANG AND D. SMYTH, The existence and persistence of cycles
in a non-linear model: Kaldor’s 1940 model reexamined, The Review

of Economic Studies, pp. 37-44, 1971.

[2] R. GOODWIN, The non-linear accelerator and the persistence of the

business cycles, Econometrica, pp. 1-17, 1951.

[3] J. GUCKENHEIMER AND P. HOLMES, “Nonlinear oscillations , dy-
namical systems, and bifurcations of vector fields”, Springer—Verlag,

1983.

[4] B. HASSARD, N. KAZARINOFF AND Y. WAN, “Theory and applica-

tions of Hopf bifurcation”, Cambridge University Press, 1981.

[5] J. HICKS, “A contribution to the theory of the trade cycle”, Oxford:
Clarendon Press, 1950.

[6] A. KADDAR, H. TALIBI ALAOUI, Hopf bifurcation analysis in a de-

layed Kaldor-Kalecki model of business cycle, Nonlinear Analysis:

Modelling and Control, pp. 439-449, 2008.

[7] N. KALDOR, A Model of the trade cycle, The Economic Journal, pp.
78-92, 1940.

[8] M. KALECKI, A macrodynamic theory of business Cycles, Economet-
rica, pp. 327-344, 1935.

36



[9]

[17]

L. KLEIN AND R. PRESTON, Stochastic Nonlinear Model, Economet-

rica, pp. 95-106, 1969.

R. KosoBUD AND W. O’NEILL, Stochastic Implications of Orbital
Asymptotic Stability of a Nonlinear Trade Cycle Model, Economet-
rica, pp. 69-86, 1972.

A. KRAWIEC AND M. SZYDLOWSKI, The Kaldor-Kalecki business cy-

cle model, Annals of Operations Research, pp. 89-100, 1999.

A. KRAWIEC AND M. SzyDrowskl, The Kaldor-Kalecki model
of business cycle, Journal of Nonlinear Mathematical Physics, pp.

266-271, 2001.

G. MIRCEA, M. NEAMTU AND D. OpPris, The Kaldor-Kalecki
stochastic model of business cycles, Nonlinear Analysis: Modelling

and Control, pp. 191-205, 2011.

A. MULLINEUX AND W. PENG, Nonlinear business cycle modelling,
The Economic Journal, pp. 41-83, 1993.

G. RAINA, Local bifurcation analysis of some dual congestion control
algorithms, IEEE Transactions on Automatic Control, pp. 1135-1146,
2005.

Y. TAKEUCKI AND T. YAMAMURA, The stability analysis of the Kaldor
model with time-delays: monetary policy and government bud-
get constraint, Nonlinear Analysis: Real World Applications, pp.
277-308, 2004.

J. TINBERGEN, On the Theory of Business—Cycles Control, Economet-
rica, pp. 22-39, 1938.

37



