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ABSTRACT

KEYWORDS: Protograph ; Density Evolution; Heuristics for Protograph Con-

struction; Bounds on Threshold;

The main focus of this project is to come up with simple ways of constructing proto-
graph codes which have thresholds close to capacity. The concept of protographs as
Generalized LDPC codes is explained. The basic properties of the evolution of erasure
probabilities along different edges in a protograph in a BEC are presented. Closed form
upper bounds on the threshold of protographs are proposed, which are used to construct
optimal small sized protograph codes. Using ideas from these upper bounds and ob-
served features of good protographs, a heuristic algorithm for the construction of good

protograph codes is introduced.

il
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CHAPTER 1

INTRODUCTION

LDPC codes have emerged as one of the top contenders for near channel capacity error
correction. They are described by their sparse parity check matrix, which are efficiently
represented as bipartite graphs known as Tanner Graphs. Protographs refer to a new
class of generalized LDPC codes, that are derived from a base template. This template
is called the protograph, from which the LDPC Tanner graph is constructed using the

copy and permute operation (Thorpe, 2003).

1.1 Graphical Representation and Matrix Representa-

tion

A protograph can be any Tanner graph, which typically consists of relatively small
number of nodes. A protograph can be represented by G = (V u C| E), where V
represents the set of variable/bit nodes, C' represents the set of check nodes and F
represents the set of edges in the protograph. Each edge e € E connects a variable node
v € V to a check node ¢ € C. In general, we consider the number of variable/bit nodes
to be N and the number of check nodes to be M. The k' edge connected between

variable node v; and check node ¢; is denoted by eg?).

It is convenient to represent a protograph by a M x N matrix H, where each entry
H(j,7) denotes the number of edges d;; between variable node v; and check node c;.

The matrix corresponding to the graphical representation is

4 2 3
H, = (1.1
21 2

The corresponding graphical representation of the sample protograph is given by
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Figure 1.1: Protograph corresponding to the base matrix H;.

1.2 Copy-Permute Operation to generate Protograph LDPC

code

The copy-permute operation as the name suggests, consists of two major steps (Thorpe,
2003). The first step involves copying the base protograph a given number of times (say
T). The second step involves permuting the edges of the same kind, that is permuting
the endpoints of each edge among the 7" variable and T" check nodes connected to the
set of 1" edges, which are copied from the same edge in the protograph. The derived
graph will have N7 variable nodes and M T’ check nodes. This graph obtained after the
copy-permute operation is called as derived graph, denoted by G’. The design rate of

. . M
the protograph is givenby R = 1 — .

A property of the protograph codes is that any local neighbourhood of a node in the

derived graph (G’) is completely specified by the protograph (G).

Consider the following protograph



Figure 1.2: Graphical Representation of a sample Protograph

The derived graph obtained after copying the protograph two times and permuting

the edges of the same type is shown below.

Figure 1.3: Derived Graph corresponding to the protograph in



CHAPTER 2

Density Evolution for Protograph Codes

We use the standard message passing decoder over a Binary Erasure Channel BEC(e).
In the case of the socket ensemble, density evolution tracks one probability of erasure.
The protograph imposes a structure on the neighbourhood of each node. So, we need to

track the erasure probability for each edge-type in the protograph separately.

Since every edge between v; and ¢; has the same neighbourhood, erasure probabili-
ties of parallel edges connecting v; to ¢; evolve the same way. Let xl(é) be the probability
that an erasure is sent from v; to ¢; along any of the parallel edges connecting them.
Similarly, let yg-) be the probability that an erasure is sent from c; to v; along any of the
parallel edges connecting them. To keep the notation simple, we will denote by e;; a
representative edge between v; and ¢;, and refer to it as an edge type. Let N(v;) and

N{(c;) denote the neighbors of the nodes v; and ¢;, repectively.

The density evolution recursion (Richardson and Urbanke, [2001) over BEC(e) is

given by
A =
FICHEE T § ST o
k‘eN(Cj)\vi
L l i I ,
w = @Y T T )
kEN(vi)\Cj

for every pair (7, j) for which an edge e;; exists. From the above equations, we can

obtain a recursion of the form

0

v

xl(é-ﬂ) = €fij (:z:gll), e ,xg\l}N) , (2.2)

xT =€

for every edge type e;;. The functions f;; are polynomials in a subset of the vari-



ables {z;;}, 1 <i < N,1 < j < M, and their properties play a crucial role in the

convergence of the iteration. The function f;; can be written as

l i l .
fi = (1= =ayst [T (@ —afys
k‘GN(Cj)\vi
di;
[T (t-a-ai)r [T @-afy) (23)
kGN(Ui)\Cj k”GN(Ck)\’Ui

where expressions for ygﬂ) and yg,ljl) from Ib have been used and x denotes the

vector of arguments for f;;.
The threshold of density evolution, denoted by €*, is the supremum over € for which
erasure probability on each edge of the protograph tends to zero, as [ — cc. In notation,

0]

" =sup{e: x;; — 0 forall e;;}. (2.4)

@

For € > €*, there is some x;; that converges to a non-zero value as [ — 0.

2.1 Properties of Density Evolution Functions

In this section, we describe some of the basic properties of the coupled DE recursion

relations, which are useful for determining bounds on the threshold of the protograph.

The first lemma is about monotonicity of the DE functions as in the case of LDPC

codes (Richardson and Urbanke, [2008)).

Lemma 1. DE functions f;;(x) are monotonically increasing with each variable x,,,1 <

m< M 1<n<N.

Proof. If 0f;;/0x .y, = 0, then the above result is trivially true as f;; has no dependence

on Z,,,,. Otherwise f;; is of the form

Fii(%) = (1= (1 = Zn)™ Gonn (%)) X P (%)



where 0¢,n/0Tmn = Ohpn/0Tmn = 0. Consider X, , Tymn, as the components of x;

and xo, such that x,,,,,, > Zn,. Now, we consider

(1= Zmm,) < (1= Tpny)
fij(xl) = (1 - (1 - "Emm)klgmn(x))/I€2 X hmn(x) >

(1= (1= @ina) " G (%)) X P (%) = fij(x2)

Thus, without the loss of generality, f;;(x) is monotonically increasing in each variable.

O

(l+1) )

l=00
Lemma 2. Forall (i,j),z;; ' < x;/, i.ethe sequence {x@} is decreasing.

v

Proof. We prove this lemma by using induction. We have f;; <1V 1 <¢ < N, 1<

) - xg)). Now let us assume that, V(i, j) AR

< M. Given € < 1, we have T, i <

xgj ). Now,

k+2 (k+1) (k+1)
fw(xn s TN )

By using the previous lemma, f;; are monotonically increasing functions with each

variable. Therefore

k 1 k+1 k k
efi (@i ey < ey @)

(k+2)

(k+1)
ij Z

(k+2) (k+1)

Without any loss of generality, Y(i,j), <

ical Induction, JJ(ZH) <

. By the Pr1nc1p1e of Mathemat-
)

V [ > 1. Therefore the sequence {%‘j } is decreas-
=1

zg’

ing. [

Before moving on to the next lemma, we consider an important lemma from math-

ematics literature (Yeh, 2006)), which is relevant to DE equations.

Lemma 3. If a sequence of real numbers is decreasing and bounded below, then its

infimum is the limit.

Proof. Consider a decreasing sequence {a,}, which is bounded below.



Since {a,} is non-empty, and bounded below, we have by the Greatest Lower Bound
Property of real numbers, s = inf {a, } exists and is finite. Now for every ¢ > 0, there
exits [NV such that, ay < s + ¢, otherwise s + € is the lower bound, which contradicts
the fact that s is the infimum. As {a,} is decreasing, if n > N, we have |a,, — s| <
= s = inf {a,}. O

lan — s| < €, which implies that {a,},

Using the above lemma, the following result can be shown.

=00
Lemma 4. For any 0 < € < 1, the sequence {xg)} converges.
=1

=00

Proof. We know that the sequence {xg)} is monotonically decreasing. Also, for
=1

eachl > 1, 0 < ycg) < e. By monotone convergence theorem stated in the previous

lemma, a sequence that is monotonic and bounded converges. Therefore, the given

sequence converges always. O]

To illustrate these properties graphically, the evolution of erasure probabilities of

different edges with iteration of the protograph Hs is shown below.

42 2
H, = (2.5)
2 1 2

Edge Erasure Probability

o

i

[}
T
s

o
o
T
.

0.05f b

0 . . . . .
0 50 100 150 200 250 300 350

Number of Iteration

Figure 2.1: Evolution of Edge Erasure Probability with Iteration



CHAPTER 3

Closed Form Bounds on Threshold of Protographs

The threshold of a protograph code determines the ability of the coding scheme to de-
code errors when the message is transmitted in a BEC. The Density Evolution equation
form a set of coupled equations and are difficult to analyse and hence be useful from the
perspective of designing a code. Upper bounds on the threshold of protograph help us
in gaining an understanding into the goodness of a protograph without much computa-
tion. In this chapter, we look at some closed form expression for bounds on threshold of
protographs, that give insights about their design and guide the heuristic for improving

the protograph threshold presented in the next chapter.

3.1 Preliminary Work

Before going into the closed form bounds, we shall first look at some simple bounds
on the threshold of the protographs as given in (Srinivasan, 2015). We have the fol-
lowing useful results for bounds on threshold of protograph codes, which provide the

framework for the closed form bounds presented in the next section.

Lemma 5. If there exists a function g(x) such that g(v) < f;j(z),VieV,je C,x e

(0, 1], then an upper bound on threshold is

g9()

€ <€ = mg)l 3.1
where € can be interpreted as the threshold for the single edge type density evolution
with recursion function g(-) and f;j(x) = fi;(z, ..., x), that is, all the M N variables

are replaced by the single variable .

The above lemma is useful in the sense that, it reduces the problem of getting an up-
per bound on the threshold of a protograph into a single variable optimization, thereby

reducing computation. The following lemma (Srinivasan, 2015) shows the existence of



a function g(z) in terms of the DE function for some specific conditions on the check

node degrees and bit node degrees on the protograph.

Lemma 6. (Single Edge Bound) If there exists an edge e;; in the protograph that satis-
fies the conditions:
e Highest check node degree - d(c;) = d(c;)

e Dominant Column - d;; > dy,;,V ke C, ieV

then the threshold has an upper bound

% —

T
< €: = mi
€ X 62] I;?;i%)l fz.}(m)

(3.2)

The dominant column. is defined as the column i, which satisfies di=zd; V1<

1 < N for every j.

It can be inferred from the structure of DE equations that f;; is of the form Hf\; (1—
(1 — x)P#)%. In the coming section, we show how to loosen the above form of equation
to get a closed form expression for the upper bound on the threshold of protograph,

explicitly in terms of the protograph parameters.

3.2 1-term closed form bound

Consider the a minimization of the form

. X
W= T a oy

(3.3)
with only 1 term in the denominator.

Lemma 7. (I-TCF Bound) The one variable minimization is upper bounded by

g—1\ !
W, < <pq e—(a=1) [M] ) (3.4)

bq

when q > 1



Proof. The basic inequality we use to prove this is

1
VrIn-<l—-x<e™ z€(0,1]
T

We show that the function in 1/} can be upper bounded

1
1—e™* > +e T In

e~ bz

(1—2)? < P
I1-(1—-2)P >
1—(1—2)? > (px)eP?
(1—(1— x)p)q > pigd e~ PaT/2
x - T
(]_ — (1 — l‘)p>q = plxd e—pqz/2

So, we can upper bound the minimization as

X

1

W, = min

220 (1 — (1 —z)P)?

‘We can rewrite this as

< min

1 1

W <

max,.o (plz?—t e re/2)  J

We can perform the maximization for J by performing

4 _
dv

Substituting this into [3.8] we obtain

0:>a:=[

2(¢—1)

]; qg>1
pq

_ —1
Wy < [pfe @ [2@ - 1)r 1
pq

which proves the lemma.

10

z#£0 (pq"EQ*l equx/Q)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)



3.3 N-term closed form bound

We can similarly obtain an upper bound for /V product terms in the denominator.

T

Wy = mi (3.11)

U N N\ i
w0 [y (= (1 = 2)P)
Lemma 8. (N-TCF Bound) The one variable minimization is upper bounded by

Wy < ((ﬂp) o= lzp_‘{/r) h (3.12)

where ¢' = >,q; — 1, and p' = > p; ¢;

Proof. The proof proceeds in a manner very similar to the previous one. We can use

the inequality on each of the product terms individually. Using

X < €T
(1 — (1 — ;p)pi)qi ~ pglqu e*pi‘]ix/Q’

=1,...,N (3.13)

So we have

T ) ’ / -1
< (([Tpr) a erer2) (3.14)
[T (1= (1 —a))® L
The minima will also follow this inequality, yielding

1 1
Wy < . ; ; = — 3.15
VS o (175 a7 e 72) ~ 7, G-19)

We can perform the maximization for .J; by setting

d 2¢
d_f:o:x:[_‘{];q'>1 (3.16)

where the condition ¢’ > 1 is obviously satisfied for N > 1. Substituting this into

Wy < ((ﬂp) o l%‘fr> h 3.17)

which proves the lemma.

we obtain

11



A special case of this which we use later is the 2-TCF bound, given by

x
i <
w20 (1— (1—2)P) " (1— (1—a)p)®
—1
2 + o 1 q1+q2—1
(p?l pe e (ata2-1) lw] (3.18)
P1q1 + P2g2

We can use the all-edge and single edge bound with these expressions to obtain
looser upper bounds on threshold. While these upper bound values are not very tight,
they help us understand the properties of high threshold protographs, and guide our

heuristic for improving protograph thersholds.

3.4 Design of Protograph based on Closed Form Bound

The objective of protograph design is to find protographs with maximum threshold.
Since we don’t have a closed form expression for the actual threshold, we try find the
parameters of the protograph to maximize the upper bound. We now use the closed

form bounds obtained to help design optimal protographs of small size.

Also, the single edge bound is a closer bound than the others, hence we consider
only those protographs with a dominant column in our design. We provide an intuitive
justification for why a dominant column yields high threshold protographs in Section

4.3] We restrict our attention only to these protographs.

3.4.1 Designing a 1 x 2 protograph

Consider the general 1 x 2 protograph matrix given by H4; = [a, b]. In order for this
to be a valid protogrpah (with non-trivial threshold), the protograph entries must satisfy
a = 2,b = 2. Without loss of generality, we can assume a > b, which forms a dominant

bit node. The Single-Edge Upper Bound, as given by Lemma []is

* —% . T
€ <€y = 15%1 -1 I)a+b—1)a_1 (3.19)

12



We now apply the 1-TCF bound in Lemma|/|to €}, giving

—1
20g—1)7%""
o< < <pqe—(q—1)[ <qm_>] ) (3.20)

where p =a + b —1,q = a — 1. This is a valid bound only if ¢ > 1,a > 2.

Any protograph of the form [a,b| has an upper bound of this form. The design
criterion is to find the values of a, b which maximize the 1-TCF bound. This amounts

to finding

— 1)
(p.q) = argmin pqe—(q—n[ q ]

p,q
(q—l ] -

— argmin pe @Y [
P,q q

— argmin log(p) — (g — 1) + (¢ — 1) log (Q(QT_D)

p,q
= argmin J(p, )
Y2

It is evident that for a given ¢ = a — 1, J(p, ¢) is minimum when b = p — ¢ is minimum.

Since b > 1, b = 2 is the best choice.

Now consider

1 1
=—1+log2 + log <1—a) —i—; (3.21)

which is negative for ¢ > 1. So J(p, q) is a decreasing function of ¢. Since ¢ > 1, the
minimum is attained when ¢ = 2,a = 3. Note that a = 2,b = 2 is a valid protograph,

but doesn’t satisfy our bound conditions, so it is not considered.

Hence the best 1 x 2 protograph, as given by our design method is H4; = [3,2].
The threshold of this protograph is €* = (0.4448.

13



Figure 3.1: Best 1 x 2 protograph using Closed Form Bound

The following figure shows the evolution of erasure probability along the different
edges.
0.06}
0.05
0.04f

0.03

Edge Error Probability

0.02

0.01

0 2 4 6 8 10 12 14
Iteration Number

Figure 3.2: Edge Erasure Probability Evolution for best 1 x 2 code at € < €*

3.4.2 Designing a 2 x 3 protograph
Consider a general 2 x 3 protograph matrix given by

a b c
Hy = (3.22)
d e f

We consider the first column of the H 4o matrix as the dominant column. Without loss

of generality, we can assume a > b. The single edge upper bound as given by Lemma

14



6lis

* —% : T
€St = 0 (1 — (1 = g)etbre=1)a71 (] — (1 — g)d+ets—1)4 (3.23)

We now apply the 2-TCF bound in Lemma [§]to the above equation to get

-1
2 o 1 q1+q2—1
ggazp%ﬁﬂm@DPﬂﬂLJ] (3.24)
P1q1 + P22

wherepy =a+b+c—1,¢y =a—1,pp=d+e+ f—1and g =d.

Our aim here is to find the values of py, ¢1, p2, g2 which maximize the 2-TCF bound.

Therefore, we have

P1,91,P2,92

2(¢1 +q2 — 1)]q1+q21>

P1q1 + P2g2
=w@gwmmm+@mmm—@+@—n+

%%+qr—D)

P1q1 + D2g2

(p17 q1, P2, q2) = arg min (p({l pg2 e_(‘h"r(D—I) [

(1 + g2 — 1) log (

= argmin J(p1, 1, P2, )

For minimizing J(p1, ¢1, p2, ¢2), we enumerate the partial derivatives of .J with re-

spect to p1, q1, p2 and ¢, to zero.

oJ(p1, 1,02, 2) @1 (1 +@—1Da

= — — (3.25)
op1 D1 D11 + P2g2
Setting the above partial derivative to zero results in
1 —1
__(ﬂiEL—>:o (3.26)
b1 DP1q1 + P2g2
Similarly, (% results in
1 —1
__(2i2;_>:o (3.27)
D2 P11 + P2g2
Solving the above two equations results in
D1 = P2 (3.28)

15



This condition means that the check node degrees of both the check nodes in the proto-

graph are equal.

Using p; = ps, we have

0J(p1, qu. P2, @2) log(Q(Q1+QQ_1))_Q1+QQ_1
oq a1+ @+

1 1
= —1+log(2)+log|{1l— — 3.29
5(2) g( f]1+Q2) g1+ q2 ( )

which is negative for ¢; + g2 > 1. So J(p1, q1, P2, ¢2) is a decreasing function in ¢; + ¢».

This implies that, ¢; + ¢» should be as less as possible and in this case it is equal to 2.

Using the above results, we get the following conditions on the optimal protograph.

e a>b>candd > e = f, for the first column to be dominant as assumed initailly

a+b+c=d+ e+ f, which follows from p; = p,

b+ c+e+ f =5, fora valid protograph without degree 2 cycles

a + b = 3, for a higher closed form bound arising from ¢; + g2 > 1

Since all the constraints cannot be satisfied at once, we choose to relax the con-
straints as little as possible without violating the dominant column condition and induc-

ing degree two cycles. In this case, we relax the check node degree equality constraint.

The above set of conditions yield the following protograph.

2 21
Hyy = (3.30)
1 11

Hence the best 2 x 3 protograph by our design is given by H 4o above with a threshold
€' =0.5947.
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Figure 3.3: Best 2 x 3 protograph using Closed Form Bound

The following figure shows the evolution of erasure probability along the different

edges.

0.08
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Edge Error Probability
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0.01

1 2 3 4 5 6 7
Iteration Number

Figure 3.4: Edge Erasure Probability Evolution for best 2 x 3 code at € < €*
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CHAPTER 4

Heuristics for Construction of Capacity Achieving

Protograph Codes

This chapter describes in detail the process of construction of capacity achieving proto-
graph codes based on the observed characteristics of good protographs, and also justi-
fies why those characteristics contribute to a higher erasure threshold for the protograph

code in the BEC channel.

4.1 Commonly Observed Features of Good Protographs

Let us examine some of the protographs that have erasure threshold in a BEC channel

close to capacity.

Consider the following 3 x 6 protgraph

221110
Hy=1|(4 0101 1]|; €=04803, C=05
301101

(4.1)

An optimized 4 x 8 protograph given in (Pradhan et al.,[2013))

12234110
0100500
Hy = ; €=0479, C=05
1 0003041
10106100

4.2)



An optimized 8 x 16 protograph given in (Pradhan et al., 2013)

1200100400000O0O0°O01
01 0001002210001 71
0312100040032 220 3
H. — 05000011001001O00 " — 04876, C = 0.5
13111200100000O0O00O0
15000310001O00O0O00O0
040000011O0O0O0O0O0QO01
05000000010O01O0T10

4.3)

The above protographs have threshold close to capacity. One striking feature com-
mon to these protographs is they have one column/bit node, the number of edges con-
nected to which are significantly larger than the corresponding number of edges con-
nected to the other columns/bit nodes. If we exclude this column from the protograph
matrix, we see that the rest of the matrix is sparse with many entries being 0. These ob-
servation form the basis for the heuristic proposed for construction of capacity achieving

protographs in the next section.

4.2 The Heuristic Algorithm

The heuristic consists of two major steps, which results in a improvement of the thresh-
old of a given protograph code (H). The basic intuition follows from the major ob-
servations about the characteristics of good protograph codes made above. The first
step involves creating a dominant bit node/column, as defined in the previous section,

followed by reducing the entries of the protograph, which results in a sparser graph.

4.2.1 Creating a Dominant Bit Node and Making the Graph Sparse

The column with the highest weight in the /-matrix is identified. For each row in

the matrix, entries from the other column are pushed into the dominant column. A
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dominant column creates a bundle of edges (corresponding to this bit node), whose
erasure probability go to zero much faster than all the others. This can be observed
in the DE plots. Since the erasure probability (for edges in the dominant column) are
already very small (this happens because the dominant column edges are connected to
multiple check nodes resulting in easier decoding), it allows the other edges to converge
faster, hence speeding up the DE. Such protographs intuitively should give a higher
value of threshold. A few points to be noted here are

e Pushing entries (edges) is done by reducing the H-entry in a given row, and

adding the difference to the dominant column entry for the row. This preserves
the degree of the check node.

e If an entry is the only one in it’s row / column (only edge connecting the bit /
check node), then it is left undisturbed.

o [f the reduction of a matrix entry causes the graph to become disconnected (there
no longer exists a single path connecting all nodes), then such a reduction is
avoided.

e The step is terminated when any edge push causes the graph to become discon-
nected or induces degree two cycles or when the rest of the matrix becomes rel-
atively sparse (that is each column degree other than dominant column is around
3-4).

e Repeating columns are avoided as much as possible. For instance, if the column
to be reduced has [3, 2], and an existing column is [2, 2], preference is given to
the combination [3, 1]’ over [2, 2]'.

4.2.2 Reducing the Dominant Column

This is the second step in the heuristic. The entries of the dominant column are reduced

to make the graph sparse, while at the same time ensuring that the dominant column
continues to remain So.

o All the check node degrees are computed first. Let the check node degrees be

sorted in descending order and C'; represent the check node of highest degree and

Cy denote the check node with the least degree. If two check nodes have the

same degree, then the check node with a higher entry in the dominant column is
given precedence.

e The dominant column entry in C; are reduced to make the overall degree equal
to (or just larger than) the degree of Cs.

e The dominant column entries in C; and C together are reduced, to make their
degree equal to (or just larger than) the degree of Cs.
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e Once all the check node degrees are approximately equal, the entries in the domi-
nant columns are reduced till the difference in the degree of the dominant and the
second highest bit node degree column is about 3 x (M — 1).

4.3 Justification of the Heuristic

In this section, we try to reason out the various steps in our heuristic algorithm for

improving the threshold of a given protograph.

4.3.1 Presence of Dominant Column

The first major step in the heuristic is to induce a dominant column in the protograph.
The Density Evolution function corresponding to these edges have relatively smaller

value compared to the other edges, owing to the higher value of the exponents. From

2.1 we have

I+1 I+1 - I+1 )
R A | I AR
k‘EN(’Ui)\Cj

gt =1 @ -2 T (- e (44)
keN(cj)\vi
Let j represent the dominant column. Then, the values of values of d;; and d; are
higher then the corresponding edges of other columns, resulting in smaller values for
x;; in subsequent iterations. This results in an earlier convergence of probability of
erasure to zero for the edges present in dominant column. Intutively, the dominant
column edges are connected to a large number of check nodes, which results in earlier
convergence of erasure probabilities along these edges. This convergence induces the
probability of erasure to go to zero in other edges, thereby resulting in a protograph

code having a higher threshold for a BEC.

4.3.2 Preserving Connectivity

Another important point to be kept in mind while running the heuristic is to ensure

that the connectivity of the graph isn’t disturbed. This is because, if any step causes
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the graph to become disconnected, then it would result in two or more isolated graphs,
thereby reducing the number of checks performed on the received bits, making error

correction difficult, which leads to lower threshold.

4.3.3 Sparsity of Protograph

The concept of sparsity can also be explained using the ideas from the construction of
the 2 x 3 protograph code. We had to minimize J(p1, q1, p2, ¢2), which we observed
was a decreasing function of ¢; + ¢o, for given optimal values of p; and p,. We can
extend this again, using the N-TCF bound to show that J(p1, q1, P2, 42, - -, Pn, n) 18
a decreasing function of ¢; + ¢ + ... + g, for given optimal values of pi,ps, ..., py.
Therefore, for good thresholds, we need X7, ¢; to be minimum. This would force the
dominant column entries in the protograph to be as low as possible, which would in-turn

force the other entries of the protograph to be as little as possible. This throws light on

the observation made about sparsity in good protographs in the last section.

4.3.4 Avoiding Repetition

It is also better to avoid repetitive columns as much as possible because, if there is
repetition, it is possible to find non-repetitive columns which are more sparse than the
repetitive case. This is because repetition adds more edges, without changing the con-
nectivity state. For example, |2, 1]" and [2, 1]’ can be reduced to [2, 1] and [1, 1] with-
out affecting the connectivity of the graph and at the same time making the graph more

sparse.

4.3.5 Equality of Check Node Degrees

We mentioned about ensuring that the check node degrees of the different check nodes
are equal or close to one another. The justification for this can be traced to the construc-
tion of 2 x 3 protograph using the closed form bounds discussed in the previous chapter.
We found that, for a 2 x 3 protograph, the threshold maximizing code had check node
degrees equal or nearly equal as in equation [3.28] It is also easy to see that in general,

for a protograph with M/ checknodes, using the N-TCF bound from Lemma§]discussed
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in chapter 3, we will reach the condition of check node degree equality using the partial

derivative technique as described in section [3.4.2]

4.3.6 3 x (M-1) Difference Rule

It was also stated in the heuristic that the algorithm must be terminated when the dif-
ference in the degrees of the dominant column and the column with the second highest
degree (number of edges connected to a bit node is defined as degree of the bit node)
becomes around 3 x (M — 1). This is because, it is observed that, for good threshold
protographs, the sparse part has at most one, two or three edges between a given vari-
able node and check node, which results in the dominant column having about 3 edges
connected to each check node on an average. Therefore, the number of edges connected
to the dominant bit node is about 3 x M on an average, where M is the number of check
nodes in the protograph. The bit node with the next highest degree has about 3 edges
connected to it. Therefore, the difference in the degree is about 3 x (M — 1). For
instance, the optimized 8 x 16 protograph in [4.3] has this difference equal to 20 while
3 x (M — 1) is equal to 21.

4.4 Improving Protograph Threshold using Heuristic

Now we apply the heuristic to existing graphs and show the resulting protographs and
their thresholds. Note that the final matrix is not unique, and different choices in each
step, yield different results. However, all the resulting matrices have better thresholds

after each step.

4.4.1 Example 1
Consider the following matrix .

5 21
Hg = ;€ =0.4794 4.5)
4 1 2
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Hg is a rate-1/3 code. The BEC threshold of the graph is ¢* = 0.4794. The high-
est achievable BEC threshold for all rate-1/3 codes is 0.6667 (Shannon Limit). The

following matrices are constructed based on the heuristic.

b, 5 2 1
Hi = ;€ =0.4989
5 1 1
2 2 1
HE = © € =0.5713 (4.6)
311

HP is obtained by the push operation, and column 1 is made the dominant column.
The check node degrees are the same as the original graph, and any further pushes
causes a loss of connectivity or degree-2 cycles. H{ is obtained by reducing the entries
in the dominant column. The check node degrees are 7,8 respectively. We reduce
5 — 4 in accordance with the heuristic. The highest bit-node degree is now 9, and
the next highest is 3, we can reduce the entries uniformly till the difference is around
3M — 3 = 3. The BEC threshold of the graphs at each stage are shown next to the
matrices. This demonstrates a 0.0919 increase in threshold through simple deterministic

steps.

4.4.2 Example 2
Consider the 3 x 6 matrix H7 reported in Liva ef al.|(2007). This has a BEC threshold .

122110
H;=13 110 1 1]; € =0.439%
21110 1

“.7)

We now apply our heuristic to the above protograph to get.

221110
HE =HF=14 010 1 1]|; € =0.4803 (4.8)
301 101
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HY is obtained by the push operations, and a dominant column is created. Note that
converting the column [1,1,1]" — [1,1,0] would create a redundant column, and so
is avoided. The dominant bit node degree is 9, and the next highest bit-node-degree
is 3, with the difference being equal to 3M — 3 = 6. So the reduction step yields the
result H* = HI with a BEC threshold as shown. Since the original graph already has
degree-2 cycles, and since the cycles cannot be broken by our heuristic, this code will

have slow block error threshold decay.

4.4.3 Example 3

In this example, we apply the heuristic to a protograph of a slightly larger 4 x 8§ size.

Consider

2201100 2
4 0 01 0111
Hg = ;o €F =0.4208
30112100
21200120
4.9)
Application of the heuristic results in
41 01 1001
P 4 0 010111 .
Hy = ;e =04513
30112100
31200020
31011001
R 3 0 1 0111 .
H = ;e =0.4519
30112100
31200020
(4.10)

H{ is obtained by pushing entries to the dominant column preserving the check

node degrees, leading to the creation of a dominant first column. HZ£ is obtained by
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reducing the entries of the dominant column, till the 3 x (M — 1) rule is satisfied. We
see that HE has the degree difference of the dominant and second dominant as 10 ,

which is quite close to the 3M — 3 = 9.

4.4.4 Example 4

Consider the 4 x 8 protograph matrix Hy. The Shannon Limit for a rate-1/2 code is 0.5,

so this already quite close.

1 3234110
01 005001
Hy = ;€ =0.4785
1 00040 41
1 0106 100
“4.11)
We now apply our heuristic to the above protograph in the following steps.
03 236100
p 01 005001 .
Hy' = ;e =0.4789
1 00 040 41
1 0106 100
02237100
P 01 005001 .
Hy? = ;€ =0.4803
1 00040 41
10106100
02233100
R 01 00500 .
Hy' = ;€ = 04807
1 00040 41
10106100
4.12)

Hg* and Hg” is obtained from the push operation of the heuristic and HZ is obtained

using the reduce operation. Here, we couldn’t further reduce the entries in dominant
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column to make the check nodes approximately equal, hence we don’t move on to the
next step of enforcing the 3 x (M — 1) rule. We improved an already good threshold

graph using the simple steps in the heuristic.

The heuristic gives a resulting graph whose threshold is usually higher than the
base graph. Protograph matrices which are already very sparse, or exhibit the char-
acteristics of a "good" matrix (which already exhibit the dominant column and sparse
properties our heuristic seeks to induce), the improvement is milder. Even in this case,
the threshold is atleast as high, and in most cases the heuristic gives a higher threshold

protograph.

4.5 Construction of Good Protograph Codes using the

Heuristic

In the previous section, we described a heuristic which takes an existing protograph
matrix and returns a protograph with a higher BEC threshold. Protographs with high
thresholds can possibly be made better by the heuristic. In this section, we tackle the

problem of protograph construction.

We choose an arbitrary starting matrix and apply our heuristic to get a higher thresh-
old protorgraph. Some of the smaller examples were done by hand, and we wrote a

script which implements the heuristic.

4.5.1 Example 1

We consider a general starting point matrix as the one with all the entries as the same.

Consider the 2 x 3 rate-1/3 protograph Hy with all entries as 3.

3 3 3
ng = ) " = 0.4035
3 3 3

(4.13)
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Applying the first step of heuristic results in

P 711 .
0= ;€ =0.4570
6 2 1
Applying the second step of heuristic results in
R 311 .
0= ;e =0.5713 (4.14)
2 21

We see that H{§ = H[', which we obtained for Hs. The Shannon Limit on threshold

for rate-1/3 codes is 0.6667

4.5.2 Example 2
Consider now the 2 x 4 rate-1/2 protograph H1; with all entries as 3.

33 3 3

HH = 3 6* = 0.3075
33 3 3
(4.15)
Applying the first step of heuristic results in
P 8§ 2 1 1 .
9 1 21
The application of second step of heuristic leads to
2 2 11
HE = . € =0.4505 (4.16)
3111

The Shannon Limit on threshold for rate-1/2 codes is 0.5.
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4.5.3 Example 3

Consider now the 4 x 8 rate-1/2 protograph /5 with all entries as 3.

H12 =

W w w w

Applying our heuristic results in the following

14
11
13

18
20
18
22

o
|
gl W W

LW W w W

0
1

_ = O O

—_

w w w w

0
1

_— = O =

- o O =

w W w w

0
1

S = O N

[\]

w w w w

1
1
0

)

S = =k O

w w w w

11 01 2 1 3

3
3
3

—_

o O

[ R e o S

w W w w

w W w w

S = N O w w w w

o

I

)

I

I

€ = 0.1953
(4.17)
€* = 0.2345
€ = 0.2675
€ =0.4783 (4.18)

Here Hi} and H[? denote the matrices obtained after the push operation, and H{%

denotes the matrix obtained after the reduce operation.

Let us also consider an example, where we impose a structure on the sparse part of

the protograph matrix. Starting with the same all 3-matrix as before, we have
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P _
H13 -

Py
H13 -

12
12
12
12

20
19
19
20

~ W W =~

oSO O O w o o o w

o o o W

O O w o o o w o

o O w o

o w o o o w o o

o w o O

w o o o w o o o

w o o O

_ W W W W

o O =

w w w w

w w w w

e}

= o O

I

)

)

€* = 0.2325
e* = 0.2670
e* = 0.4544 (4.19)

We can see that restriction on the sparse part of the matrix reduces the number of possi-

ble graphs that can be reached from a given starting matrix and applying the heuristics.

Therefore, it is possible that in such cases, we could miss out on some good protographs.

4.5.4 Example 4

We now show the construction of a 8 x 16 protograph. As in the previous sections, we

start with

Hyy =

W W W w w w w w
W W W w w w w w
W W W w w w w w

W W W wWw wWw w w w

LW W W wWw w w w w

LW W W wWw wWw w w w

W W W w w w w w

W W W w w w w w

W W W W w w w w

W W W W w w w w

30

W W W w w w w w

W W W w w w w w

W W W w w w w w

: € =0.1174

LW W W wWw wWw w w w
LW W W wWw W w w w
LW W W wWw W w w w




The application of the heuristic results in

24 3 0000000333333 3
24 03 0000003333333
24 0030000033333 33
HP 24 0003000033333 33 et = 01497
24 0000300033333 33
24 0000030033333 33
24 0000003033333 33
24 0000000333333 33
43 3 0000 0O0O0O1O0O0OO0OT1TQO0O0
43 0 3000 0001 1TO0O0O0O0O0
43 0 0 300 00O0O0O0OCO0O0T1O0T1
P 43 0 003 0000O0T1TO0O0O0T10O0 04733
43 0 000 300 0001O0O0O0T1
4 0 00003 00O0O01O0O0O00O0
43 0 000003 00O0O0T1O0GO0T1
43 0 0 0000030001010
33300000001 O0O0O0T1O0O0
303 0000O0O01T1O0O0O0O0O0
33003 000O0O0O0CO0O0O0CT1O0T1
HE — 30003 000O0O0O1TO0O0O0T1O0 = 0.4826
33000030000O01O0O0O0T1
400000300O0O0OT1TO0O0GO0O®O0
3300000O030O0O0O01O0O0T1
3300000003 0O001O0T1O0
(4.20)

The above protgraph has a good threshold for a code with capacity C' = 0.5

Let us consider a example, where significant structure is imposed on the sparse

portion of the matrix. We again have the same starting matrix. The heuristic yields
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(4.21)

Here, we see that, despite enforcing conditions on the sparse matrix, we were still

able to end up with a protograph with good threshold in a few simple steps.

In the next example, let us see the construction of a 10 x 20 protograph, where we

have a different starting matrix.
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4.5.5 Example 5

Consider the starting matrix

T U R O U R SO U R U JURI N

N =N =N =N =N =

T U R N U R N JC R U SO

N =N =N =N =N =

T N O N N U N OC R U SURN

—_

N =N

D =N =

W = W ke W e W e W

—_

N =N RN =N =N

T T Ot R S U R SO U O JURN

NI R e e N R N R

O N U N O N U R N JU RN

N =N =N =N =N =

Wl W R W R W R W

N =N =N =N =N =

W = W R W e W R W

Applying our heuristic on the above protograph results in

0 45000010O0301O0¢O0O00¢O0
1432 10000O00O0O0O0O0O0O0
046 0001 000O0O1O0O02O0O0
04300101010O0O0T1O02020
HE — 046 0000O01O00O0O0T1O0T1T1
043 0200011011000 O0
046 0001 000O0O11O0O0O01
146 0010O001O00O01O0O0O0
0431000100O0O0O01O0°O01
04 0001110100010 0O0
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—_

N =N

D =N =

_ o O O O O O N o

e}

W = W s W e W W

- o O O o o = o o O

—_

N =N =N =N =N

- o O = O O o o o

e}

O N U N U R N U N N CU RN
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I

" =0.1171

e =0.1716



0500001003 01O0O0O0O0O0O0O0O0
132100000O00O0O0O0O0O02¢0¢01
06 0O0010O00O01O0O0200O00°O0¢O0°O0
0300101010001 02¢00100
Hf%l: 06 00000100001 O011O0O0O0O0 04792
0603020001101 10000O0O0O010O0
06 0O001000O01T1TO0O0O01O0O0O0O0
16 001000100O01O0O0O0O0O0GO0O®O
0310 01 0000O01O0O011O01T1
040001110100010O0O01O00O0
040000100301 O0O0O0O0O0O0O0OQO0
12210000000O00O0O0O02°¢0¢01
0400010O0001O0O020¢O000O0¢O0°O0
060200101010001O02¢00T1F00¢0
HEe 04000001000O01O011O000O00 - 0.4853
0602020001101 1O000O0O0O01O0
04000100001 1O0O0O01O0O0O0O0
1400100010001 O0O0O0O0O0O0®O
060210001000O001O0011O0T1T71
060300011101 0001O0O0O01O0O0
(4.22)

4.5.6 Example 6

In this section, we present a few protographs generated by the matlab code we wrote
to implement our heuristic algorithm. For every column, a random column is gener-
ated such that the subtraction of the two would yield a bit-node, whose degree varies
between two and four and the subtracted entries are pushed to the dominant column.
The columns are generated such that there is no repetition and no degree 2 cycles. The
reduction step is then carried out till the 3M-3 difference rule is met. Many of the pro-

tographs generated this way had reasonably high thresholds (0.465 for 0.5 capacity).
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Thresholds of Protographs-Code Generated
Protograph size Matrix Threshold
4 x8 Hy; 0.4787
4x8 Hg 0.4771
8 x 16 Hig 0.4713
8 x 16 Hyy 0.4642
9 x 18 Hyy 0.4664
9 x 18 Hsy 0.4630

Table 4.1: Threshold of protographs generated by code
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It is important to note that the heuristic provides simple guidelines for construction
of good protographs. We could end up in different resultant protographs from the same
starting matrix, because there exist many possible ways of coming up with the dominant
column and making the graph sparse. Also, there could be protographs, which do not

obey all the properties stated in the heuristic and still have good threshold.
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CHAPTER 5

Conclusion and Future Work

In the final chapter, we conclude by describing the progress made towards our goal
of understanding the properties of capacity achieving protograph codes and their con-
struction. We also suggest possible pathways for future research that can build up on

our current work.

5.1 Conclusion

The aim of the thesis has been construction of capacity achieving protograph codes. In
the first chapter, we introduced protograph codes, using which LDPC codes are gen-
erated by the copy-permute operation. In the subsequent chapters, we presented some
basic properties of the Density Evolution curves, based on which we came up with some
simple closed upper form bounds on protograph thresholds, which helped us in under-
standing and designing good protograph codes. We used these closed form bounds to
construct optimal small sized protographs. Using ideas from these closed form bounds
and observed properties of good protographs, we came up with a heuristic to improve
the threshold of a given protograph code, which we extended for construction of good
protograph codes from a generic protograph (like an all-three protograph matrix) as the

starting point.

The heuristic algorithm was motivated by the common features observed in good
threshold protographs. They act as a guideline for construction of good protographs,
but there could be protographs with good threshold which don’t follow all the prop-
erties stated in the heuristic (say, the dominant column property). Nevertheless, the
protographs generated using the heuristic have generally very good thresholds (around
0.47-0.48 for C=0.5). We showed examples of protographs constructed using our heuris-
tic for different protograph sizes, which were observed to have good thresholds for a

BEC.



5.2 Suggestions for Future Work

The heuristic algorithm proposed in our work is based on the observed properties of
good protograph codes. While the justification of the steps followed in heuristic have a
mathematical basis, rigorous mathematical analysis could be done to further strengthen

the arguments.

Another possible line of work could be in characterizing the sparse portion of the
matrix of capacity achieving protograph codes. Analysis could be done on how a change
in the degree of a variable node in the sparse region of a protograh affects the threshold

of the protograph.

Future research could also be along the lines of observing the performance of the
codes generated by the heuristic algorithm on other channels like the BI-AWGN chan-
nel, Gaussian channel or the BSC channel, which can give a better sense of the gener-

alizability of the algorithm.

5.3 Summary

To sum up, we have come up with simple closed form upper bounds for protograph
thresholds. We proposed a simple heuristic algorithm that allows us to improve the
threshold of a given protograph and also construct good protographs with thresholds

close to capacity using a few simple steps.
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APPENDIX A

Matlab Codes

A.1 Code for Computing Threshold of Protograph

The following code computes the threshold of a protograph. It has three components.
The first snippet given below performs the iterative DE on a protograph for a given

threshold.

% Performs the iterative density evolution on a protograph for a

given

3% threshold

s| function [x,xmat,status ,conv] = proto_de_iter (A,eps, Niter)

[m,n]=size (A);
xmat=zeros ( Niter ,m*n) ;
x=zeros (1 ,mxn) ;
y=zeros (1 ,m#n);
x(:)=eps;
xmat (1 ,:)=x;
for k=2:Niter
x_old=x;
for i=1:m
x1=x((i—1)*n+1:(i)*n);
x2=(1—x1) .M"A(i,:);
y((i—1Dx*n+1:(i)*n)=1—(prod(x2)./(1 —=x1));

end

for j=1:n
yl=y(j:n:end);
y2=ylL.A(ACG ) )5
y3=epsx(prod(y2))./yl;
y3(yl==0)=0;
x(j:n:end)=y3;
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end

xmat (k,:)=x;

if isempty (find (x>10"—15))
%if sum(find (x<10r—12)) > 1

conv=k;
status=1;
return ;
end
end
status =0;

conv=Niter ;

end

The second part computes the threshold of a given protograph

w

)

%Function to find the threshold of a given protograph by checking for

3l%convergence to zero of the erasure probabilities

function [eps]=proto_thresh_bec_brute (A)
step=0.01;
Niter=2000;

count=0;

for eps=0:step:1
[x,xmat, status ,complete]=proto_de_iter (A,eps, Niter);
if status==0
break
end
end
while count<l10
step=step/2;
if status ~= 0
eps = eps+step;
else
eps = eps—step,;
end

[x,xmat, status ,complete]=proto_de_iter (A,eps, Niter);
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count=count+1;
25 end

if status ==

27 eps=eps+step;
end

29| end

The following function plots the DE equations for the given protograph, when prob-

ability of erasure is less than threshold, to give an idea of the evolution of DE equations.

% Finding the threshold and plotting the DE curves

A= [041000100201000 0;
5 241010100000000 O
040101000010O0T10 O
7 0400101010001O0T1 O
0400000100001 T1T1 2
9 030200011020000 O0;
040001000001 0O0°T1 O

1 1300200010001 00 0] ;

3| [M,N]=size (A);
Niter=2000;

eps=proto_thresh_bec_brute (A)

epsp = eps/8;

[x,xmat, status ,complete]=proto_de_iter (A,epsp, Niter); %Plot DE when

erasure less than threshold

E}

xmat=xmat (1: complete ,:) ’;

*)

figure; %Plotting the DE functions
3 hold on;

)

for i=1:size(xmat,1)

25 j=i—1;

27 al=floor (j/N)+1;
a2=mod(j ,N)+1;
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if A(al,a2) ~=0

p3=semilogy (1:complete ,xmat(i,:),’b’); %Plot DE only for
valid edges
end

end

ylim ([0 ,epspx1.1]);
xlabel (’Iteration Number’);

ylabel (’Edge Error Probability );

A.2 Code for Protograph Construction based on the Heuris-

tic

Hinit=[4,1,0,3,3,1,1,2;
5,0,1,0,1,0,0,0;
4,0,1,0,0,1,4,0;
6,1,0,0,0,1,0,1]; %Starting Protograph Matrix

Jproto_thresh_bec_brute (H)

71 IM,N]=size (Hinit) ;

allowed_sum=[2];
desired_sum=2:3;
nox=1;

H=Hinit;

sl thresh=proto_thresh_bec_brute (H) %Compute protograph threshold

thresh_best = thresh;
Hbest=Hinit;
allindex =1;
allthresh=zeros (1,200);
while thresh < 0.485
H=Hinit;
j={zeros (1 M) };
1=1;
for i=2:N
flag =0;
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29

41

47

49

51

55

57

k=0;
if mod(k,100)==

k
end
z=H(:,1)’;
if ( sum(find (allowed_sum==sum(z))) Il (length(find(z~=0))
==1) ) && (sum(z)==2) %Check for Degree 2 column
I=1+1;
i{l}=z;
v=2;
linit=1;
while v<=linit
jnew=mod(j{v}+z,2); %To ensure no degree two cycle
if sum(jnew)==
I=1+1;
j{l)=jnew;
end
v=v+1;
end
continue ;
end

% The following performs
% Generating the random column and arriving at a 2—4 degree
bitnode
% Pushing the entries to the dominant column
while ~flag
xl=rand (1,length(z)).xz;
xl=round(x1);

sx1=sum(x1);

p=z—x1;
t=find (p~=0);
if sum(find (desired_sum==sum(z)—sx1)) Il ( (length(t)==1)

&& sum(find (p(t)==3:4))) %
if ~(length(t)==1 && p(t)==2)
jmat=reshape(cell2mat(j) M,[]) *;
check=any( (jmat—repmat(p,l1,1))’ );
if ~sum(find (check==0))
if (sum(p)==2)
I1=1+1;
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61

67

69

71

71

79

81

89

91

95

97

j{l}=p;

v=2;

linit=1;

while v<=linit
jnew=mod(j{v}+p,2);

if sum(jnew)==

1=1+1;
j{l)=jnew:
end
v=v+1;
end
end
H(:,i)=p’;
H(:,1)=H(:,1)+x1";
flag=1;

end
end
end
end

end

% Reducing the entries in the dominant column in accordance with
the

% 3M=3 rule

f=H(:,1);

[valO ,index ]=sort(sum(H’), descend’);

valO=val0 ’;

val=H(index ,1) ;

sorted_colsum=sort (sum(H), descend’);

finer=find (sorted_colsum (1)==sorted_colsum) ;
colsum=sorted_colsum (1)—sorted_colsum (max( finer)+1); %

Difference in max and second max degree bit node

1=1;
while colsum > N + randi([—-3,3],1,1) && sum(find (~(val==0)))
I=1+1;
if mod(1,100)==
1
end
i0=1;
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9 il=find (val0(i0)==val0);
if length(il) >=M % All check node degree same
101 break;
end
103 i2=max(il)+1; 9%Next lowrst check node degree
t=(val0(i0)—val0(i2));
105 %Reduction step
if t >= min(val(il)) %1f check node difference greater
than least entry in larger check node row
107 diff=min(val(il));

colsum=colsum—length (il )*xdiff;

109 valO (il )=valO(il )—repmat(diff ,length(il) ., 1);
val(il)=val(il)—repmat(diff ,length(il) ,1);
11 break;
else
113 diff=(val0(i0)—val0(i2));

colsum=colsum—length (il )*diff;

1s valO(il)=valO(il )—repmat(diff ,length(il) ,1);
val(il)=val(il)—repmat(diff ,length(il) ,1);
17 end

end

19 newl=min(round ((colsum—N) /M) ,min(val)); %Implement 3M-3 rule
if newl > 0

121 val=val—repmat (newl M, 1) ;

end

123 gl=randi ([0 3],1.,1);

val(1)=val(l)+gl;

125 if gl

val (2)=val (2)+randi ([0 1],1,1);

127 end

H(index ,1)=val;

129 nox=nox+1

thresh=proto_thresh_bec_brute (H)

131 if thresh > thresh_best

thresh_best=thresh;

133 Hbest=H;

end

35| end
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